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\ system whose Hamiltonian is split into two terms K=Ko+Al 


processes. The first processes are described by Ky 


exhibits two types of irreversible 


alone; only the second processes, which result from the 


pertubation, lead to an increase of the entropy of the system. These processes are illustrated by the examples 
of free precession and cross-relaxation. General formulas are given for transition probabilities and the 
expressions, applied to cross-relaxation in LiF, agree with the results obtained by Bloembergen and Pershan 


1. INTRODUCTION 


HE master equation describes the evolution of the 
populations of the eigenstates or group of eigen 
states of an unperturbed Hamiltonian Ho under the in 
fluence of a small perturbation AV. The unperturbed 
Hamiltonian is separable and has a continuous energy 
spectrum. All the degrees of freedom are mixed in the 
perturbation A} 
eigenstates of Ho. 


which causes transitions between the 


The theory of the master equation is based on the 
existence of a double time scale corresponding to the 
splitting of the Hamiltonian into a large 3» and a small 
perturbation AV. If we follow the evolution of the 
density matrix p, starting from any initial state, we may 
distinguish two different steps. In the first one, the un- 
perturbed Hamilitonian alone, 9, has a uniformization 
effect on the phases of the off-diagonal elements of p 
px i(O) expl—i(E,— E,)t/h). 


peal (1.1 


In the second step, as a result of the perturbation AV, 
and with a time scale depending on the magnitude of 4, 
the diagonal elements themselves will reach their equi- 
librium values. Thus, there are in fact two steps in the 
evolution of the system, and there are also two kinds of 
irreversible processes. The first class of processes is re- 
alone. The second class, which 
results from the effect of the perturbation, includes the 


lated to the action of % 
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real irreversible processes, in the sense that they lead 
to an increase of the entropy of the system. 


2. EFFECT OF THE UNPERTURBED 
HAMILTONIAN KX, 


A perfect gas without collisions, an harmonic solid, 
an assembly of independent spins in a constant mag- 
netic field are all examples of systems with a separable 
Hamiltonian. Borel' was the first to study the evolution 
to homogeneity in space in terms of the velocity distri 
bution in a perfect gas. The case of an harmonic solid 
has been studied in detail by several authors.?* But 
the simplest example of this class of irreversible proc- 
esses is surely the one of an assembly of independent 
spins. 

Consider a set of identical magnetic moments, ini- 
tially all parallel to the x axis. They are placed in a 
constant slightly inhomogeneous magnetic field H in 
the z direction. All magnetic dipoles will precess with 
vyH, where H is the magnetic 
field at the position of the dipole. To make things 


some angular velocity w 


simpler, let us suppose that we observe the phenomena 
in the rotating coordinate system or that the mean value 
of H over the sample is zero. As a result of the inhomo- 
geneity of the field, there will be a distribution function 
g(w) for the angular velocities w. The system will thus 
become rapidly uniform in the angle space, that is the 
resultant magnetic moment will disappear according 

Borel, Mecanique Statistique (Gauthier Villars, Paris, 1925) 


iE 
2G. Klein and L. Prigogine, Physica 19, 1053 (1953). 
*P. Mazur and E. Montroll, J. Math. Phys. 1, 70 (1960) 
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to the formula 


(2.1) 


if one introduces a complex x, y plane. The condition 


for M (t) 
Lebesgue theorem, that is, it 


j 


to vanish at m 1s 


ive , dig 
given by Riemann- 
necessary that the 


integral 


ts 

rhe interest of this example is that it is so simple. It 
allows us to understand immediately that there is no 
ontradiction between the reversibility of the equations 
of motion and the irreversibility of the behavior of 
certain quantities. Also, it permits us to clarify the 
meaning of the two paradoxes known as the recurrence 
paradox (Wiederkehreinwand) and the paradox of the 
inversion of the velocities (Umkehreinwand). If we wait 
a very long time, we know that according to Poincaré, 
the system will come back as near as we want to its 
initial state. This is of course true, but the corresponding 
time is so long* that it has no physical meaning. Further- 
more, it is clear that if we want to predict the evolution 
for such long times, we have to know exactly the initial 
positions and velocities, and then we don’t have a con- 
tinuous function g(w) but rather a sum of 6 functions 
the Riemann-Lebesgue 
On the other hand, if the velocities are reversed, 


for which theorem does not 
hold. 
as in spin echo experiments, we come back to the initial 
situation. It is easily seen that initial situations giving 


rise to an echo are characterized by the fact that there 
exists no initial distribution function in the 
ing “ space 

We may summarize as follows the characteristics of 
this type of irre ve rsible processes : 


orrespond- 


(1) The 
freedom. 


(2) Its Hamiltonian is separable and has a continuous 


system has a large number of degrees of 


pectrum. 
3) There exists no true relaxation time, nor any ir- 
reversible equation, but only a characteristic time. 
(4) The re are as 
momenta. 


many analytical invariants as initial 
(5) The entropy remains constant. 


3. FREE PRECESSION IN INTERACTING SPINS 


W e conside r now a rigid 


lattice of spins, coupled by 
a dipole-dipole interaction. It is 


well that a 
system containing a few down spins in an assembly of 


known 


up spins is described by elementary excitations called 
pin waves. The interaction between spin waves may be 
treated in the same way as the interaction between 

‘Pp. C. Hemmer, L. ¢ 


111, 689 (1958 
§ [. Philippot, Bull. « i., acad. roy 


Maximom, and H. Wergeland, Phys. Rev 


Belg. 45, 591 (1959 


phonons in an anhar ry [his problem shall 
be considered here. Ws ill examine only the 
situation in which there are nearly as many up as down 
spins. As an illustration of the previous ideas, we shall 
study the problem of the free precession signal and the 
problem of cross-relaxation. Wé see that the first 
phenomenon, decay of the free precession signal, belongs 
to the first class of irreversibl 
second, cross-relaxation, corresponds to an increase of 
the entropy. 

The free precession signal is the 
the absorption curve g(w). This means that everything 
happens as if we had an assembly of independent spins 
with frequency distribution g(w). The Hamiltonian of 
the problem contains the Zeeman part and the dipole- 
dipole part : 


not 


processes, whereas the 


Fourier transform of 


>, yhHS 


) 
— I 


(3.1 


where the external magnetic field Ho is now homogene- 
ous. If we had to deal with the Zeeman part alone, all 
would precess with the same angular 
The behavior of the whole system 

equal to the 
interaction Ver 


magnetic moments 
velocity w=yH 
would be pe riodi 
Poincaré recurrence 
contains a part 


with a pe riod . 27w 


Now 4 the 


time. 


Api= (7*n*/r 3 cos*Ox1), (3.2) 
which is diagonal in the representation in which the z 
component S;* of the individual spin of each nucleus & 
is diagonal. Let us imagine a having the 
Hamiltonian 3=%o+ > x<: Axi. We can easily under- 


stand the qualitative behavior of the precession signal 


model 


on the basis of such a model. The precession signal is 


given by 


G(t)=TrLM.AOM, (3.3) 


component of the 
interaction repre- 


where M,(t) is the value of the x 
magnetic 


sentation 


operator in the 


moment of 


M,(t) 11/h)M, exp (3.4) 


exp 


> Ax. 


Thus 


G 


the absorption curve 


| ed (3.6) 


mal goes to zero with 

if the magnetic field 
’ of order two of the 
crystal. We must of cou emember that the effect of 
the flip-flop term B,; has been neglected. 


In this model, the pre 
oscillations, but is alway 


coincides with an axis 


Lowe and 
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Norberg® have taken this into account using a power 
series development in time. The coefficients of f and #4 
are then equal to the second and fourth moments of the 
absorption curve. 


4. CROSS-RELAXATION’ * 


Let us first consider the transport properties in an 
assembly of identical spins. We shall admit that we havs 
always nearly as many up as down spins and moreover 
we shal] suppose that up and down spins are “well 
mixed.”’ That means that we want to exclude very par- 
ticular situations in which different spin states should 
be separated in space. In this case, as a result of the 
diagonal terms in the dipole-dipole interaction (the A, 
terms), the static part of the local field, although vary- 
ing rapidly from one lattice point to another, has a con- 
tinuous distribution function. This fact results from our 
assumption of randomness and from the r~* behavior of 
dipole-dipole interaction. If we try to use the general 
method of integrating the equations of motion, retaining 
all terms which are powers of the combination \*/,’ a 
difficulty appears immediately. The calculations are 
done in the representation where the z components of 
individual spins are diagonal. But, in order to perform 
the asymptotic integrations over long times, we have 
to introduce explicitly a continuous variable for the 
energy levels. The complexity of the relation between 
the two representations prevents an exact calculation 
of this type. 

We may describe the processes of energy transfer in 
the following way. Energy exchange occurs during a 
time interval (0,4) between the spins for which the 
resonance condition in the local field is satisfied. As a 
result, at time At, a new spatial distribution of the local 
fields is realized for which we shall again make an as- 
sumption of randomness. This hypothesis of the per- 
sistence of the chaos of the spins is here the analog of the 
‘‘Stoszzahlansatz.” This physical situation is completely 
different from the one considered by Anderson” in his 
paper on the absence of diffusion in certain random 
lattices. Anderson considers one up spin in an assembly 
of down spins, but a fixed energy is associated once and 
forever to each lattice point. This is the inhomogeneous 
broadening. Thus, if there is no possibility of conserving 
energy in a transition at the initial time, a transition 
shall never occur. When the broadening is of dipolar 
origin, the local field, or the energy of a spin is a fluctuat- 
ing quantity as considered by Bloembergen." One could 
also say that these two distinct situations are character- 
ized by the fact that each spin fixed in space has a fre- 
quency distribution with a vanishing or nonvanishing 
dispersion in the corresponding Gibbs ensemble. 

*I. T. Lowe and R. E. Norberg, Phys. Rev. 107, 46 (1957 

7N. Bloembergen, S. Shapiro, P. S. Pershan, and J. O. Artmar 
Phys. Rev. 114, 445 (1959) 

* A. Abragam and W. G. Proctor, Phys. Rev. 109 

*L. Van Hove, Physica 21, 517 (1955) 


»P. W. Anderson, Phys. Rev. 109, 1492 
N. Bloembergen, Physica 15, 410 (1949 
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An estimation of the relaxation time may be obtained 
in this way. Let us consider the pair of spins located at 
k and /. The probability of finding at & the frequency w 
is g(w). Assume that there are no correlations and that 
the probability of finding the frequency w’ at / is g(w’). 
The transition probability for a double flip becomes 


1 
i ki Jseoree 
47° 


(the temperature dependence has been neglected and / 
has been chosen=4). The total transition probability 
for the spin & is 


‘didwdw'’| By,\* (4.1) 


2r 
h? I 


W=> Wu 
I 
(1/h?)>0:| Bui \* is precisely equal to 1/9 of the second 
moment M,= /w’g(w)dw. Thus we get for the mean 
lifetime of a Zeeman state the expression 


2r 
Mf go \deo. 
46 


If two species of spins with different gyromagneti 
ratio y are present, we have to introduce two distribu 
tion functions gi(w) and ge(w). The cross-relaxation 
time is then given by 


(4.3) 


1 


ferlodestarve oo ‘didudu' > By 2) 
4h” 


11,2) f gulp) (4.4) 


where M,(1,2) is precisely that contribution to the 
second moment M, which is dropped in the calculation 
of the line broadening by different spin species.” Let us 
introduce spin temperatures by writing the probability 
of finding a spin of species 1 with an energy +fw as 


£1 (w)= fs (w) exp(—fw 2kT ), 


gi (w) filw) exp(+hw/2kT). (4.5) 


We thus have for the total rate of energy transfer from 


system 1 to system 2 


dE 
(12 
it 


2x 


VM s(1,2) f hafale) fle) 


36 


| hw { 1 1 hw { 1 1 | 
x exp] ( ~ ) |-ex| - ( — )| dw 
"LaaNT, T wu\T, 72/5! 
aNM,.(1,2)/1 1 
fron i, (w)de ( ). (4.6) 
64 ms 


74, 1168 (1948 
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\ \ 
| sing the relations 


where N number of spins of each species 


dk dl 
/( T;? ), 4.7 
dt dT, 


1 
MN 
[the index 1 (or 2 MN is the 
total number of spin states, here 2% ], we find 


refers to system 1 (or zh 


where we have used the approximation Kyo yhH Ay 
hind eS) 


formula for the 


This gives for this simple case an explicit 
coefficients introduced by Schumacher." 


5. EXTENSION TO HIGHER ORDERS 
IN THE PERTURBATION 


4.4) for 


the transition probability of a cross-relaxation process 


It happe n 


very often that the expression 
Is Vv inishingly mall compared to highe r order terms in 
the perturbation for which the resonance condition is 
much more easily satisfied. In other words, we have to 
calculate the terms which are proportional to the time 
t but of a higher order in the perturbation. In such proc- 
esses, the system goes through intermediate states for 
which the energy is not conserved. We perform this 
calculation using the interaction repre sentation of the 
density matrix. We have 


A J 


HAV, 
pin(t)=exp(—iKol/h)p(O) exp(iWot/h), (5.1 
V in(t) =exp(—1Kot/A)V exp(tK l/h). 5 
The equation of motion is 


PAV 


ihdp;,,/dat L in Pin 


the formal solution of which is 


Pint exp 


PHILIP PO'! 


The exponentials 


tA . 
exp( f } 


When this expre 


of a given order coming 
from the developn only and those 


in which the corre 


of both exponentials 
the 
tion probability 


m proportional 


' li, 
pond ‘ 


are matched pairs. The ist ones determine 
transition probal 
from state s to 


to / in 


When the 


satisfied, the first no 


resol term is not 


s given by 


term is to be 
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performed over “‘linked clusters’ or “connected dia- 
grams” only. Let us illustrate this using the example of 
LiF. Pershan" has recently shown that for fields of the 
order of 50 gauss the essential mechanism consists in 
two Li flips and one opposite F flip. Using Pershan’s 
notations (.S denotes a lithium spin operator, J a fluorine 
spin operator, no prime refers to an interaction between 
two Li, one prime refers to a LiF interaction, and two 
primes to two F), we have to evaluate the modulus of 


I B'C' Cr B'C CB’ 
U rs ‘ )s ‘an 
fy | WI WF WL @OLi WF OL 
DE ED’ 
+ - (5.9) 
2wii WF 


A connected diagram is associated with each term as 
shown in Fig. 1. 
Neglecting correlations and using the approximation 
of the overlap of two Gaussian line shapes, one gets for 
ups 


Pershan, Phys. Rev. 117, 109 (1960 


PHYSICAL REVIEW VOLUME 119 


INTERACT 


ING SPIN SYSTEMS 1807 
the transition probability 
W pe= (24/h?)g12(wie) | Ure! ?, (5.10) 
where 
1 
212(@) 
{ 2x[ 2(Aw)1i?+ (Aw) r? |}! 
(wFro 2w1;)? 
x ¢ xp (5.11) 


2[ 2(Aw)+ ? + (Aw) p? | 


Using the approximation wr= 21; in (5.9), which is 
justified if the Gaussian is very narrow, this result co- 
incides with the expression given by Pershan. 

The temperature variation is then obtained by re- 
placing the expression for W’,, in Schumacher’s formula 


for R, 2. 
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The theory developed in the first two articles of this series 
dealing with the interaction between the electromagnetic field in 
a cavity resonator and a number of two-level molecules, is get 
eralized to include a Gaussian spread in the molecular frequency 
rhe center of the molecular frequency distribution coincides with 
the cavity resonant frequency. There is a coherent driving field in 
the cavity at the same frequency, and cavity loss is taken into 
account 


Using the formalism previously developed for a quantum 


mechanical field in a lossy cavity, expressions are obtained by 


means of second-order perturbation theory for the expectation 
values of the field strength and field energy in the cavity, and of 
the power loss by the molecules. It is shown that the parts of the 
field energy resulting from induced and spontaneous emission, 
respectively, initially increase as the square of the time and 
approach steady-state values after (different, in general) transient 
periods, each of which is determined by two time constants 
cavity relaxation time and inverse molecular frequency spread 


INTRODUCTION 


N the first article of this series,’ an analysis was made 
of the interaction between a number of two-level 
quantum-mechanical systems (hereafter referred to as 
molecules) and a coherent cavity field, the latter as 
well as the former being treated quantum-mechanically. 
The situation considered was that of a lossless cavity, 


I. R. Senitzky, Phys. Rev. 111, 3 
as I 


1958), hereafter referred to 


It is also shown that both the induced and spontaneous emission 
power radiated by the molecules increase initially linearly with 
the time and approach steady-state values after transient periods 
For the induced emission power, the transient period is deter 
mined by only one time constant, the inverse molecular frequency 
spread, while for the spontaneous emission power it is determined 
both by the inverse molecular frequency spread and the cavity 
relaxation time. The ratio of induced to spontaneous emission is 
initially n, and approaches a steady-state value 

nLexp(r?) (1—erfr) }", 


where n is the driving field energy in units of the photon energy, 


and r is the ratio of the cavity resonance width to molecular 


frequency spread. The seeming inconsistency of this value with 


the classical value of the ratio of the Einstein coefficients is 


discussed 


and the molecules were all in resonance with the cavity. 
Under these two idealizations, neither the induced nor 
the spontaneous emission approached a steady state. 
In the second article,? a quantum-mechanical formalism 
was developed for the field of a lossy cavity and applied 
to the interaction with the molecules. In this case the 
spontaneous emission approached a steady state after 


21. R. Senitzky, Phys. Rev 
to as Il 


115, 227 (1959), hereafter referred 
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a transient period determined by the cavity, and the 
induced emission did not. In the present article, the 
second idealization is also removed, and a spread in the 
resonant frequencies of the molecules is considered. It 
will be interesting to note that another qualitative 
change is produc ed in the results. 

\ generalization of the analysis to include a spread 
in molecular frequencies brings it into closer corre 
pondence with many experimental situations occurring 
in microwave spectroscopy and in maser work. This 
would be justification enough for the present treatment, 
but actually there is further motivation. Some of the 
results obtained under the idealization that the mole- 
cules are all in perfect resonance with the cavity are 
different from those conventionally assumed.’ It be- 
$, therefore 


come important to ascertain if this difference 


idealization in more 


than that 


due to an the theory or to a 


on which conventional 


detailed analy 1S 

thinking is based 
The situation to be 

ndividual molecule ha 


the 


among 


considered is that in which each 


two well-defined energy levels; 
these 


Gaussian 


frequency corresponding to levels varies 


distribution 


the mo vith a 


r 


ig, and possibly 


ents inhomogte neou broads ning, 


ome other but not 
broadening.’ It is not the purpose ol 
o go into the details of the problem 
ther to see linewidth affects 
held. We will, there fore, con- 


ause of linewidth, the frequency 


but ra how 


emis coherent 
der Only a Inge 
cribed above, which allows a simple analytical 


The 


ince fre 


spre ad at 


treatment of the pr yblem under consideration. 


results are of valid interest in the mselves, 


quency spread is the main cause of line broadening in 


ome instance It is not unreasonable to assume, 


will not be altered quali 
spread’ by 


however, that these result 


tatively if we frequency 


“linewidth.” 


used is identical to that in I and 


the molecular (angular) frequency 
energy levels 


, Emi)/h. 


remains Ww. 


are 
The 
The 


range at w, 


ile and its two 


index Mm: wy» 
roth 


resonant frequency 


number of mols 


is given by 
exp 


where .\ is the total number of molecules in the cavity 


and a@ is a constant which determines the spectral width 


of the molecules. It is to be noted that the cavity is 


tuned to tl of the molecular spectrum 


me | H ‘ 
McGraw-Hill 
Pake and E. M 


SENITZKY 


The Hamiltonian for the combined system of mole- 
cules, field (classical) driving 
mechanism is the same as that in Eq. (II, 41), except 
for the summation over the 


loss-mechanism, and 


molecule 


H = HéeatXj HjASim Hn t4ecP(Z Til 


Ym Y¥mtt+Dup 


Hs, 


of con ‘ " . the 


| definition 


For the sake I 
of the notation: H, 


dipole moment of the mth mole H 


Hamiltonian and 
and r the 
Hamiltonian and dipole yment of the dipoles of the 
II for 
mechanism), D is the 
by Do sin(wi+@), P and 
the 


and + 
are 
tailed discussion of the 


los mechanism ee 


los | driving dipole given 
V are the field operators (for 


if the cavity) obtained from 


single inent n ( 


forcu(r) P(t H=¥Xu(r)O 


with u(r) being 

spatial dependence 
the 
loss dipole 


pec tive y 
the 


p are magnitt 
molec 
lor SIMPLCITY 4 as m it all molecules 
i 
] 


have 


ue of u(r). The components of the 


ae noted by the 


dipole moments along the field are 
scalar dynamical variables 
uncoupled from the field itly by 


Phe Heisenbe rg p 
As in II, the 


motion Is a 


equations of 
h the coupling 
constant betw contained in 


y) is a small The coupling 


between driving mechanism and the field as well as 
that be the | vechanism and the field is nol 


taken to be necessarily small. The classically meaningful 


tween 
quantities in wh ted are given by the 
expectation value of t d strength, field energy, 
and molecular e1 obtain these up to 


second order ng Detween molecule 
and field is indicated by superscript i 


bracket 
As shown the derivation 1. | 47 


a square 


an 
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Pp *(wWhp CB) Do cos(wt +A)= P’ po cos vl +6), 


Ww t ' 
P; =—-U rf dl; r;° (te bB(r—t sinw(/ 
Y i L 


P,=- ur f dt “Ym! 
( m r 


8 is given in terms of the parameters of the loss me- 
chanism by 
p — 47? (w h)l 2f%p, (w)(I (7 


j/@y 


where pr(w) is the density of loss-dipoles per unit 
frequency range at w, and (/;), is the average expec 
tation value of the operator 


—1 0 
a 
0 1 
for those loss-dipoles the frequency of which is in the 
neighborhood of w. Macroscopically, 8/w is the “Q”’ of 
the cavity. The only difference between Eq. (6) and 
Eq. (II, 47) is the summation over the molecules. 

In order to obtain expectation values, we must know 
the initial state of the system. In the formalism de- 
veloped in II for the field with losses, the driving field 
is prescribed, the (quantum-mechanical) field which 
may have existed in the cavity some time in the past 
is damped out, and the quantum-mechanical as well as 
thermal fluctuations of the field are due to the loss 
mechanism, the condition of the latter being deter- 
mined by its temperature. We thus need only infor 
mation about the initial state of the molecules. In 
complete generality, we have for the state of the mth 
molecule 

Vm = Imi mit Im2Gm2; (9) 
where ¢mi and ¢m2 are the two energy states of the 
mth molecule. The a’s are complex constants, of cours¢ 
and the significance of their phases may be noted from 
the expectation value of the dipole moment of a mole- 
cule [see Eq. (I, 10) ]: 

(ym) (1) = Omi * Oma VO +- Onde ee, 


2 Amidm2| 7 COS(wt+8,,), (10) 


‘ 
Pl u> f al; Y= 


") sinw(t—t;). 


where 6,, is the difference in phase between aq; and dmo. 
Thus, the phase of oscillation of the expectation value 
of the dipole moment, which gives the coherent part of 
the molecular oscillations (see I for a detailed discussion 
of coherence) is determined by the phases of the a’s. 
Two special distributions of the a’s will be of particular 
interest to us. The first is a thermal equilibrium dis- 
tribution, in which the average absolute values of the 
a’s are obtained from the Boltzmann distribution, and 
the phases are completely random. The second is the 
case in which all the molecules are in the upper state; 
that is, |@m2|=1, |@_:| =0, for all m, and the phase is 
of no significance, since only phase differences have 
physical meaning. 

We proceed first to calculate, in Part II, the expec 
tation values of P™!, P™), and P®), which will give us 
immediately the electric field strength. Then we calcu- 
late, in Part III, the expectation value of /* up to 
second order, from which we obtain the energy of the 
field. Lastly, in Part IV, we study the expectation value 
of the average molecular energy (averaged over the 
molecules). 

II 
The zeroth order field is 
P= Py+Pr, 
hown in I, 


and, since, as 


(P; 


pe Pp. 


The first-order field is, from (6¢ 


le 6 


For both distributions of initial states mentioned previously, we can see from Eq. (10) that 


Lom (7m) (t1))=0, 


so that for these distributions, 


po) 


For the second-order field, we have 


pe i us f dl; Ym! 
r m , 


0. 


ere—t 
t,)e~? sinw(i—/; 
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To obtain (P®!) we must have (y"™!). From (I, 12) 


ly ” 


where /,, is given by Eq. (8), so that 


dt, P 


We note the similarity of Eq. (21) to Eq. (II, 52) and also the fact that tl xplicit) frequency in the integrand 


depends now on the molecule. Eqs. (17), (21), and (13) thus yield 


ST ‘ fl 
P(t) wry" > B ' f aus f dle 18 '-) Py 
h m 


We convert the summation over m into an integration over w,,. Thu 


x 


Y (mn) SING _T f didm Pp (wm) Tm) Sit 


where p(w») Is given by Eq (1). Now, 
' Oy» . Ami 


i 


We assume it is a slowly varying function of w,, and take its average (which is heavily weighted for w,,~w) outside 
of the integral sign. The result is 


: cr . 
> (1m) sinwr = N ((Tm))ev f dw» exp 
7" Vr 


, or for the center frequency much larger than the molecular fr 


£ 


a , oe 
ato { dw’ exp(—a*w siInwT COSa 
be x 


di Pp COS wle+f je 
X exp| 
We introduce a change , setting For both w 


assumed, and 
8, whi I I isu r rement that the cavity 


(28) 


relaxation time muc! rger t n a pe riod and which 


and noting that has been assumed i , onl irts the inte- 


grand whi a nono tory in & and vill con- 


: ™ 1 : —{ tribute significant \ » tl integral. ° us. the product 
f dl, Its — f an f dé cos (wts+ inw(t{—?t,) sinw(f le) ¥ 1 ily the term 
e 2 9 —4 cos(a purpost f the ntegration over £ 
and 7. The integrat vel irried out ex- 
The integrand consists now of a sum of products of plicitly I nte t I ver nnot We there fore 
trigonome tric functions of &, , and f, multiplied by the have 
exponentials 


30) 
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where 


t ty? 
F, t) f dt, exp(- ) 
0 4a? 
—€ wf dt, exp( - 
0 4 


(The variable of integration n has been relabeled ¢;.) 
This is obviously the expression for the induced electric 
field strength [when Eq. (31) is multiplied by 
—4ncu(r) |, and it is interesting to compare it to the 
last term in Eq. (II, 55), which is the corresponding 
expression for the case of a molecule exactly at resonance 
with the cavity. We note, first, that as a7'— 0, Eq 
(31) gives the same result as the last term in Eq 
(II, 55), which is what we should expect. However, the 
significant difference between the present case and that 
of exact resonance is that the induced field now ap- 
proaches a steady-state value, while in the case of 
exact resonance it did not. We now have two transient 
effects. One is due to the cavity relaxation time, and 
the other is due to the molecular frequency spread. A 
steady state is achieved only for times larger than both 


wu? . t t 
Pi > f dl, f dl» {y,!° fa) Vea 
2c? mm’ 0 46 
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the cavity relaxation time and the inverse molecular 
linewidth. (The same restriction applies here as in II: 
The time under discussion is short compared to the 
lifetime of the excited state.) A further discussion of 


F(t) will be given in connection with the field energy. 


Ill 


We proceed now to calculate the expectation value 
of the energy of the field, which is given by Eq. (3). 
We have, 


up to second order, 


(P?) = (Pwr) 4.(pure)+(¢ plo, pry 


+({ Pl, Pe), (32) 


where, as in II, we use the notation {A,B}=AB+ BA. 
(P®!) is the as that obtained in the absence of 
molecules. It leads to the zeroth order energy given by 


Same 


Eq. (II, 59), and is not of present interest to use. We 
have, further, 


({P©), Pty) = (PP 


(Pi) =0, (33) 


from Eq. (16). The only terms with which we are 
presently concerned, therefore, are the second-order 


terms (P®)?)4+({ PU) pey 


From Eq. (6c) we have 


Vg 1B (tts sinw t—1t;) sinw(t— ts). 


From Eq. (10) we see that for molecules with random initial phases, 


XL (1 


. wu" t t 
(pur =f ats f dtd { Ym!) (t;), 
2c? m 0 


From Eq. (II, 63), 


Thus 


(fm?) (tr) ,¥m 


2 t t 
(Ptr) = “7d f ats f Aly COSGm (1 
C m 0 0 


so that 


sinw t—t;) sinw(t— fl»). 


(37) 


sinw(i—1,) sinw(t—t,). (38) 


Using the same technique as that in carrying out the summation over sinw,,(¢;— 2) [leading from Eq. (23) to Eq. 


(26) |, we have 


a= COSW m2 


V exp(—7*/4a*) coswn. 


(39) 


Making the change of variables given by Eq. (28), and noting that 


t t 1 ( +9 
f dt, f dts— | f anf dt 
« 2 t v 


we obtain 


, 


t lt—9 1 
+f inf ae} fen fia, 
) 


1 w” n° 
(PU?) = wPN fan f a exp| - — 5 be | cost: osam — Cosw( 2i— £) | 
4c 4ce 


[7 
th (w?/c* wPN f ar fa a —B(t— 4 boy NF 2(t), (41) 
. 4a? 
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, 21 
F(t) f sep ——Bl, 
4a* 2 


and where we have again dropped the oscillatory terms in £ and 7 in 
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where 


There remains, now, the calculation of 
({P@) pe) { Pp, P™)})+4 


From Eqs. (11), (17), and (21), we have 


Rr t ty 
PRI({ wy? >> 1m f ats f dlse 
h m 


{Pp(t'),P; (t'’) 


Since 


we have, immediately, 
{ Pp, P®)(0)})=2Pr(P™) 
(Sr ‘Bh)w 247N id s Pp 


Sor t | 
wus? FU, f aus f dt{ Pr(tz),P 
h m 


which we must yet evaluate 
From Eq. (6b) we have 


we obtain, with previously used approximations, 


(Pr(tz),Pr(b)} 


Wy 


which, when the summation is converted into an integration, become 


Because of Eq. , we can write this as 
{Pr(te),Pr(b} (hw/4arc*) f (Te 


r 


— ((J;).)*=1+4 2(e!! 


lous 


is a function of the cavity temperature, 7, is derived in Eq. (II, 36), and obv 


ture is zero. We thus have 


2- uy" f(7 3 ce f ats f diye *8\—-*) @— 8 *’ sina 


Summing over m as we have done previously [Eq. We note tl 
(25) ], changing the variables to — and » [Eq. (28) ], 
and again retaining only nonoscillatory terms in £ and 


PO!) + ({ Pp, P®)} 


n, we obtain 


(54) (0%) may be 


{Pr,P™}) 
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more easily, from one of the equations of motion for the 
field (see 1), 

(56) 


O=—(4xct/u?)P. 


From Eq. (3) we thus have for the expectation value of 
the field energy 
{ Héeia) -_ (H (0) + (Ageia (2) 
(A gera®!) = (24/B)a*a?2N [1+ ((Im))av f(T) JF 2(t) 
+ (wi? /Bh)N Eve’ ((Im))avl (0). (57) 
The zero-order energy is not due to the molecules. It is 
identical to that obtained in II, and wiil not be dis- 
cussed further. The second-order energy is due to the 
molecules. It is obvious that the part of the field energy 
due to molecular emission induced by the driving field is 
(Héeia™! /induced > (wu? ¥?, Bh)NEp&é( le avd? i (E ly 


(58) 


the part of the energy due to molecular emission 
induced by the thermal field is 
(Hfeia™)) thermal = (44r/8)NaPu?7*((Im)) av 

x (Ae!*T—1) F(t), 
and the part due to spontaneous emission (zero-point 
vacuum—and molecular dipole-moment—fluctuations 


(59) 


1S 


(H feta [2] spontaneous = | ar /B)uruPy?N 


X[1+ ((m))av JF 2(t). (60) 


It is interesting to examine certain characteristics of 
the emission energies just obtained. Some of these 
characteristics, such as the coherence properties 
(which are obtained by comparing expectation value 
of energy to expectation value of field strength) and 
the relationship of the thermal emission energy to the 
spontaneous emission energy, are the same as in II, 
and will not be discussed further here. The significant 
differences between these energies and the ones obtained 
for perfect molecular resonance are the magnitudes, in 
general, and the time dependence, in particular. 

We note, first, that the emission energy for perfect 
molecular resonance, given by Eq. (II, 69), is a special 
case of the present situation, obtained by letting the 
molecular frequency spread approach zero. We note, 
furthermore—and this is probably the most significant 
aspect of the molecular frequency spread—that whereas 
the energy induced by the driving field did not approach 
a steady state in the case of perfect resonance, it does 
in the present case; and, as was mentioned in the 
discussion of field strength, the transient period is 
determined by two effects, linewidth and cavity loss. 
The steady-state values approached by F, and F; are, 
respectively, 


x i? 
F ist -f dt, ep(- wees ). 
9 4c? 
“ t? 1 
Po. f dl, exn( ie <8). 
4a? 2 
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We can cast these expressions into more convenient 
form. We note that 


) 


B8=6.. a=2/éq, (62) 


where 6, and 6,, are the cavity width and molecular 


width according to conventional definitions. We set 


r=56./bm haf. (63) 
Using the notation for the error function® 


) rz 
erfa f dy exp(—y’), 
Vad 


I lat 
F on: 


. : 
2V/ 1/5 m, 

, (65) 
(2\/2/6,,.) exp(r’)(1—erfr). 
For the case in which the molecules are all initially in 
the upper state, we have, from Eq. (24) 


((1m))av = 1, (66) 


and the ratio of induced to spontaneous emission energy 
in the steady state, which is of interest in applications 
(see IT), is 


I ist 
2n ’ 
Fo exp(r?)(1—erfr) 


2n 
(67) 


where 
Epé Rr 


his 


the ratio of energy in the driving field to the energy of 
a photon, or “the number of photons in the cavity.” 
As r approaches zero (molecular width large compared 
to cavity width), the ratio approaches 2n. For r large 
(molecular width small compared to cavity width), we 
use the asymptotic form’ 


erfr= 1—[Lexp(—r*)/ra/r ], (68) 


to obtain for the steady-state ratio of induced to 
spontaneous emission energy in the cavity field 


2nra/ x. (69) 


This quantity may be compared with expression (II, 
74), nBt, which is the same ratio for zero molecular 
frequency spread 


IV 


So far, the energy under consideration has been that 
of the field. We consider now the energy of the molecules 
themselves. This energy is of fundamental interest 
since it is directly related to the molecular transition 
probabilities. 


°4. is the width between the half-power points on the cavity 
resonance curve and 4,, is the width between the ¢* points on the 
angular) frequency distribution curve for the molecules. 

* See, for instance, E. Jahnke and F. Emde, Tables of Functions 
Dover Publications, New York, 1943). 

7H. B. Dwight, Tables of Integrals (The Macmillan Company, 
New York, 1934), Eq. (592 
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We set out to calculate the expectation value of the 
power emitted by the molecules. This is given by 


dH », / dy» 
= ) dorcu =¢? 
m dt m dt 


as obtained from the Hamiltonian of Eq. (2). We have, 
for the first and second orders of this quantity 


H,," 


70) 


drcu Ym (PM lym, (71 


Ym (H,, 2ecu > m [({P" 


— 


+ 22w*u?y?N 


We can break up this expression into spontaneous and 
induced the of emission 
driving field and thermally-induced 
For comparison with results obtained in II 
and with conventional expressions, we give the power 
emitted per molecule 
setting 


emission, 


the 


latter consisting 


induced by 


emission 


averaged over the molecules 


we note the following: The induced emission power per 


molecule due to driving field is 
(wary? /2h)Epe(U, (76) 


v 1\* ’ 
the spontaneous emission power per molecule is 


Qu? yl 1+ (UT, 


(77) 
and the thermally-induced emission power per molecule 


Is 


bru" y m)avier ** — (78) 


molecule In tne 


For thermally-induced 
the spon- 
need not be discussed further for 
In the following discussion, we mean 


refer to 


upper state, 


emission 1s (er®'' | times as large 


as 
taneous emission, and 
present purposes 
signal-induced emission when we induced 
emission, 


SENI 


energy di 


rZK Y 


where, in the last eq 
of P(t 


venience 


nave written the product 
and y(t) a ymmetrized product, 
[ P(t) and ymmute; P 
From Eq ve Can s that the 
power vanishes for the case 1n whicl 


for con- 
and yD) 
do not first-order 
1 the molecules have 


ial pt ises 


random init 

Equations Ox 
(21) give us t 
The technique 
of Eq. (72 ised in evaluating the 
expectation value of the f gy 


ait} 


Ym(l replaced by Tu" (t) }and 
itor ion for P# 


ised in tl iation of the right side 


the 


t oper 


and y!! 


are 


ame 


and it is therefore 
unnecessary to go through 


The 


tails of the calculation. 
result is 
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ol 


determined 


the sponta 
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and cavity loss molecu n the upper stat 
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of time- 
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perturba 
varying perturbatio1 an with 
amplitude H to the 
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unperturbed 
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probability per 
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enters in the calculation of transition probability.) If 
we consider our V molecules and set N = }\/rhé,.p(k), 
one can see easily from Eq. (1) (recalling that a= 26,,~') 
that the density of lower (or upper) states in hw,, space, 
at w,=w, is p(k), if we let the upper (or lower) states 
coincide. The steady-state transition probability may 
be obtained from Eq. (79) by multiplying by NV and 
dividing by hw. The result is 


Mix h)u?y p(k) Ep. (82) 


Since H views 
from Eq. (81 

For a given number of molecules, it 
the narrower the frequency spread, the larger the 
induced steady-state power emitted; but as the fre- 
quency becomes narrower, the transient period becomes 
longer, and if the time of interest is not sufficiently long, 
the steady state will not give the correct result. In that 
event, Eq. (81) cannot be used, and one must resort to 
the more general expression (76). 


-uyEpo, this is also the result obtained 


is obvious that 


As far as the spontaneous transition probability 
inside the cavity is concerned, this has been given by 
Purcell? for a molecule in resonance with the cavity 
In II, it is shown that Purcell’s formula, Eq. (II, 87), 
is really the steady-state value of the spontaneous 
transition probability averaged over the volume of the 
cavity. Comparing Eq. (80) with Eq. (II, 87), 
that in the case of a molecular frequency spread, we 
must multiply Purcell’s formula by the factor 


we set 


A(r)=/xr exp(r’)[1—erfr ], (83 


thus obtaining 


890" A (r)/hV, (84) 


as the steady-state spontaneous transition probability 
averaged over the volume V of the cavity. By means 
of Eq. (68) it is easy to see that A(r) approaches unity 
as r becomes large. Also, for r=1, A (r)=0.66, and for 
small r, A(r) obviously becomes ry/m. As in the case of 
induced emission, the transition probability during the 
transient period must be obtained from the more general 
expression (77). 

We consider, finally, the ratio of induced to spon- 
taneous emission of molecules in the upper state. This 
ratio is of fundamental interest and is directly con 
nected with the Einstein A B co- 
The “classical” value of for the 
latter implies that the ratio of induced to spontaneous 


ratio of the and 


efficients. (n+1)/n 
emission is m. From Eqs. (76) and (77) we obtain for 
this ratio (which we call R) 
erf (46,,/) 
R(t) n. 
Cerf (46,.+97) —erfr | exp(r’ 


*E. M. Purcell, Phys. Rev. 69, 681 (1946 
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>0 


It is not difficult to see that for 6,,4—> 0, or for r 
R(t) indeed becomes equal to n. Otherwise, however, 
R(t) is not equal ton 


R(t) is 


Thus, the steady-state value of 


n 


Ry 


exp(r*)(1—erfr) 


5»), we have erfl=0.843 and 
As r becomes large, Rasymptotic=nry x. The 


For the case r=1, (6, 
R=2.4n 
reason the “‘classical”’ value of the ratio of the Einstein 
coefficients (which is the ratio of the downward to 
upward transition probabilities) does not hold in our 
case is that we are dealing with induced emission 
produced by a coherent fieid.” The original Einstein 
analysis applied to an incoherent (in fact, a thermal) 
field. Thus, if we take the ratio of thermally-induced 
emission power, given by Eq. (78), to spontaneous 
power, given by Eq. (77), we obtain 
(e**/*T—1)~, Planck’s radiation law [or Eq. (II, 40) ] 


tells us that this is just the number of photons in the 


emission 


thermal field energy of the cavity. 
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Note added in proof. 
present article, a more general method than that em- 


Since the completion of the 


ployed here has been developed for the introduction of 
dissipation into the quantum-mechanical formalism for 
the radiation field [I. R. Senitzky, Phys. Rev. 119, 670 


(1960) |. No utilization is made of a specific model for 


the loss mechanism in the new method. The results 
obtained with this method are the same as those of the 
present article. 


In order to avoid possible misunderstandings, due to defini 
tions of the term “coherent field” other than that given in I, the 
word “coherent” should be applied, in the present article as well 
as in II, only to that part of the zero-order field which is specified 
by Pp [See Eq. (11) ], namely, the driving field, or the c-number 
part of the zero-order field. This c-number part may be thought 
of as being due to a macroscopic sinusoidal oscillator which is 
located at an appropriate distance from the cavity, for instance, 
to give Pp» the correct amplitude. If the term “coherent” is applied 
to the total zero-order field without regard to the definition in I, 
then one might, according to the conventional uncertainty re 
lationship between phase and number of quanta [see, for instance, 
W. Heitler, The Quantum Theory of Radiation (Oxford University 
Press, New York, 1954), 3rd ed. ], mistakenly assume that the 
present considerations apply only to a strong driving field. For 
a sufficiently strong driving field, quantum-mechanical aspects of 
the field are unimportant, spontaneous emission is of no conse 
quence, and a nonperturbation treatment such as that of I. Rabi, 
Phys. Rev. 51, 655 (1937), or of R. H. Dicke and R. H. Romer, 
Rev. Sci. Instr. 26, 915 (1955), where the total field is a prescribed 
c number, is preferable 
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\ method is described for measuring the product of the viscosity and 
determining the energy dissipation of a piezoelectric cylinder of quar 
Data are reported for liquid helium under its own vapor pressure as wel 
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DAMPING OF TORSIONALLY OSCILI 
where M is the mass of the crystal and A is a constant 
dependent on the electrode geometry and is obtained 
experimentally. 

If we designate by 7 the viscosity and by p the density 
of the fluid it can be easily shown that, as in the case of 
the oscillating disk experiments, the quantity np is pro 
portional to (A—A»)*. (Ao denotes the value of A in 
vacuum.) If we assume a constant pressure and period 
conditions the Stokes-Navier equation of motion for a 
fluid becomes"* 


nV°V+ iwpV = 0, 


where V is the vector velocity, w= 2xf, and the coeffi- 
cients define a characteristic length A= (2n/wp)!, which 
is the thickness of the “boundary layer” of fluid dragged 
along by the moving surface. Under the conditions of 
measurement (f~ 32.4 kc/sec) \ is only 10-* —10~-° cm. 
Accordingly, to calculate the work done by the crystal 
on the fluid it is sufficient to utilize the plane wave solu- 
tion of Eq. (3) in order to obtain the velocity gradient 
at the surface of the cylinder.’® Elementary calculation, 
taking into account the sinusoidal variation of the 
velocity vector, then yields 


n av on 
W iiquia? = — f V-—dS Le 
f on 4fr 


s 


where S=surface (including the ends) of the 
crystal and V,, is the maximum velocity of a point on 
the rim of the cylinder. Furthermore, by a simple 


integration, 


area 


W°={MV,,. 5) 


Using Eqs. (4) and (5) in Eq. (1) we obtain as a close 


approximation 
M(A—Ao)\? f 
I poten 
S T 


where p, designates the “normal”? component of the 
fluid density when we are dealing with a superfluid. We 
record here also for future reference the expression for 
V, as a function of the driving voltage « impressed on 
the crystal, 


V m= (2e/R)K"2107", 7) 


where ¢ is in rms volts, R in ohms, K is in ohm-sec/cm 
and V,, in cm/sec. Equation (7) is obtained very readily 
with the aid of (1), (2), and (5) by equating the electri- 
cal energy supplied to the crystal during a cycle 
bration with the energy dissipated during the 
time interval. 


of vi- 
same 


“4 The complete Stokes-Navier equation is 
pdV /dt= —gradP+nV°V 


Assuming periodic conditions it can be shown that at a sufficiently 
small velocity and with a high frequency the term involving the 
pressure is negligible 

16 See, for example, J. W. S. Rayleigh, Theory of Sound 
Publications, New York, 1945), Vol. II, p. 318 
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Fic. 1. Sketch of quartz crystal oscillator viewed cut away to 
show electrode system and method of mounting. The crystal is 
supported by the nylon threads at the nodal plane 


EXPERIMENTAL PROCEDURE 


The quartz crystal with which the measurements re 
ported here were made was a 30° cut cylinder 6.00 cm 
long in the direction of the x (electric) axis by 0.60 cm 
in diameter. Its fundamental frequency of torsional 
vibration was 32 429 cps at 4.2°K. A pair of taut nylon 
threads (Fig. 1) supported the crystal near its midpoint 
in a vertical position in the liquid. Two special grooves 
for this purpose had been sawed into the opposite sides 
of the cylindrical surface in a direction parallel to the 
optic or z axis. To excite the lowest torsional mode, four 
electrodes were employed. These were fabricated from 
a single brass cylinder, somewhat shorter than the 
crystal, which was cut lengthwise into four equal 
segments. The electrodes were positioned around the 
crystal in a special Teflon holder in such a way that each 
segment was entirely within a quadrant of the y, z axes 
of the quartz. Then the electrodes were connected so 
that adjacent pairs possessed opposing polarities. If a 
sinusoidally varying potential is applied to this system, 
opposing shears are produced on opposite sides of the 
crystal, due to the oppositely directed electric fields, 
yielding a periodically varying torsion of the cylinders. 
With such an arrangement, when the crystal oscillates 
at its resonant frequency, there is a sinusoidal distribu- 
tion of velocity along the length of the cylinders and 
the displacement node occurs at the center where the 
shear is a maximum. This has the effect of minimizing any 
contribution to the “nuisance decrement” A» from the 
supports. The “nuisance decrement” turned out to be 
quite modest (Ao~10~’) though by no means negligible. 
Indeed, although at 4.2°K it amounted to only about 
one percent of the value of A in the fluid, the fraction 
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measuring circuit 


oscillator at resonance The 


hive percent at a K, where Np» | 


o much smaller. Further details of the crystal mount 
and geometry are contained in Fig. 1. It need be re- 
trodes 


marked that the ele were separated from the 


crystal surface by about one mm. This was still very 
much larger than A and was not expected to affect the 
validity of Eq. (6). Considering the small value of X, 
pecial precautions were taken to assure an optically 
mooth finish on the surface of the quartz cylinder. 

The impedance of the torsional oscillator was meas 
ured with a conventional ac bridge (Fig. 2), one arm of 
which contained the quartz crystal in parallel with a 
condenser sufficiently large to ensure that the reactance 
of the arm remained capac itative over the resonance 
range of frequencies. The adjacent arm consisted of a 
variable capacitor and a 0-100 kilohm resistor variable 
in steps of 0.1 ohm, while the ratio arms were pure re 
istances. The bridge was fed from a General Radio type 
713-B beat frequency oscillator suitably modified with 
a vernier system to obtain fine frequency control. To 
observe the bridge balance, the output was passed 
through suitably tuned amplifiers and impressed on the 
vertical deflection plates of an oscilloscope while the 
oscillator signal was simultaneously applied to the hori- 
zontal deflection plates. Now, if one represents the im- 
pedance of the series resonant branch of the crystal by 
a (frequency-dependent) resistance R in parallel with 


a reactance X the 


where YX lew 1/¢ It 
we seek to measure, R, is the 

In practice R was not found 
“resonance curve” but rather 


is obvious that the quantity 


minimum value of & at 
the resonant frequency 
laboriously from the 


dire: tly from a single bridge balance lo see this it is 


he resonant fre- 


only necessary to note that far from t 
quency the impedance of the crystal is a pure capacity 
C’ (which includes the effect of the 


and the capacity 


elec trodes, leads, 


externally connected and that at 


WEL! 


resonance ted again by this 


after having 


same capacity in parallel with Hence, 


balanced the the variable capaci- 
tor at a frequency remote from fo, it was required merely 
ing unaltered, a obtain R 
from a singie bridge b I ir resonance region 
This allowed very I pid I n made lo 
R io A via Eq t Va our ne 
curve,” but 
ince K in Eq. (2) 


Howe ver, owlng 


to leave this se ind fy) 


relate essary 


finally to have recourse onance 
one set of such measurements sufficed 
is sensibly independent temperature 
to the juency deter 
minations re ng K had to be made with 


V1Z.. Wit precision of +0.01 cps 


sharpne ot the r e, the tre 
ured 


some care, 


INVESTIGATION OF LIQUID HELIUM UNDER 
ITS OWN VAPOR PRESSURE 


A conventional Dewa 
for these 
the bottom of the | va nsure a frost 


surface on the cryst lOollowll rocedure was 


employed 


measurement ocated near 


free 
adopted in preparing irements. Starting 
at room temperature 

pumped and then filled 

helium gas. The 

nitrogen into the 
a positive pressure i 
helium was introduce 
which entered the int 
rubber 


through a single sma 


stoppt yr. Wi ile 


Our temperatures : 
vapor pressure of the bath was m ired with a mercury 
ssure 


manometer corrected to O°C when that pre was 


above 50 mm. For lower pre proved convenient 
to make our readings or 


\ 


a 
0-20 


e other ola pair of 
liernan 
and 0-50 mn pectively 
instruments were re 
a | 


to be very reliable. Our procedure ithering the data 


llace and inometers of ranges 


These 


mm Hg 
th 


everal occasions Ww! 


tube manometer fi proved 


varied somewhat for different ten uf s. Well 
above the A point tl tem] iture of ti ath was 
maintained constant by pumping tl rh a Cartesian 
manostat, until tem] tu ullibrium was achieved 
A heater was em d to assu idequ: stirring, a 
precaution which wa to avoid 
severe temperature grad 


iower temperatu n determi: ing tne 


warmed from a 


from the vapor pressure a correction was 
Phis 


ame increas- 


temperature 


made for the height the crysta 


correction was neg 
ingly more important neighbor 
hood of the \ point 

adopted the fo 


proached very gradua 
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pump to operate at 
always that the | 
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Fic. 3. Values of np, vs temperature 
in the normal and superfluid regions, 
as measured with the torsional crystal 
Two different voltages were employed. 
At any given temperature these are 
proportional to the average velocity 
of the cylinder. The inset shows the 
data near the \ point 
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volume. Under these conditions the initiation of the \ say at time 7;. From this point on the bridge was con- 
transition at the surface of the bath was clearly marked tinuously balanced and readings recorded as frequently 
by the fact that the bath pressure became stationary, as possible as a function of time. The transition of the 


fluid in the neighborhood of the crystal, located about 
, c _ a lesa. " > 7 ature . - < ° 
PaBLE I. Smoothed values of the product np, vs temperatur ten inches below the surface, was again very clearly 
for liquid helium under its own vapor pressure ; . : “hy 
marked by the sudden fall in the bridge readings, 1.e., 
the value of np,, occurring say at time JT». To determine 

1P , °  # ° 
micropoise g/cm? the temperatures during this interval of a few minutes, 


~ 


duration, the hydrostatic head corrections were dimin- 
ished linearly with time starting with the full value of 
T; and ending with zero at Ty. Below the \ point the 
hydrostatic head correction was omitted entirely. 


om om md bed me bd 


Furthermore, with no fear of possible temperature 
gradients we did not trouble to regulate the pressure 
but instead took numerous data while gradually pump- 
ing down, and while warming up. 

Figure 3 shows the results of two typical sets of meas- 
urements from 4.2°K down to 1.3°K, which was the 
lowest temperature then attainable with our equipment. 
Table I provides a set of smoothed values derived from 


NmMNMNMNM Wh iy hw 


~ 


one of the sets. The data shown in Fig. 3 were obtained 


erm 
ne 


on two different occasions in a matter of a few hours. 
It is evident that the general character of the data with 
respect both to the magnitude and temperature de- 
pendence of np, is similar to what has already been ob- 
tained with the oscillating disk method, but that the 
scatter of the data is in general considerably smaller. 


1 NRNHNHNNH 
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BAG BS 


Considering now these data in more detail, we ob- 
serve that apart from the anticipated behavior at the 
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\ point, which will be discussed presently, there is ap 
parently a maximum in 7 in the helium I region. Taking 
account of the temperature variation in p,'* we find that 
this maximum occurs at 3.3°K thus confirming a similar 
observation by de Troyer ef al.° It is very probable that 


this maximum is intimately connected with the strong 


variation of density with temperature of the fluid, and 
that a measurement of np, at constant density would 
reveal the viscosity to have a steady rise with tempera- 
ture above the \ point. A similar maximum is found in 


8.9 


the data of Dash and Taylor** which we have included 

in Fig. 3 for comparison, but the peak in this case 1 

about 2.7°K. 
We have been 


urements in the 


IS al 


ible to make a large number of mea 

vit inity of the X point, but 
because of a lack of elaborate temperature regulation 
we could not exploit to the full the possibilities of an 
investigation of this region. Thus, the gap in the data 
just below 7) is simply due to the sharpness of the drop 
and the fact that we could not “‘sit’ 


immediate 


on the temperature 
long enough to make our readings. Nevertheless, we 
have obtained enough data in these and other measure 

ments to be quite certain that 0(np,)/dT7 is discontinu 
ous at 7). Approaching from above, 0(np,)/07T ~7 X10 

cgs units in the “run” at higher velocities and somewhat 
larger for the other run; from below 0(np,)/dT2 13 
x 10-° cgs units. The uncertainty in the latter figure 
could presumably be removed by further measurements 
employing more refined techniques for regulating the 
temperature near the \ point. It should be borne in 
mind, however, that be sufficient to 
determine the precise behavior near the \ point of », 
the “normal” 


this would not 


fluid viscosity, because very large un 
certainties still exist regarding the rate of change of 
pn, the “normal” fluid density, in this region. It is 
obvious from Fig. 3 that the values of np, in the region 
above 7) obtained with the quartz cylinder are some- 
what smaller th: 
disk. More 


O(npn) al 


n those obtained with the oscillating 
significantly, perhaps, the 
well in the 
especially if the intercomparison is made on the basis 
of the “run” at 


quantities 
agree surprisingly two cases, 
lower velocity. This may not be ap 
parent from Fig. 3 where the data of Taylor and Dash 
are not shown in any detail near the \ point, but is 
nevertheless found to be true upon closer scrutiny of 
their data.* Considering the widely different frequencies 
€ mploye d in the two cases, this agreement suggests that 
at least in the range 0-32 kc/sec the quantity 0(np,)/dT 
near T) is actually independent of the frequency. 

One of the interesting features of these measurements 
is the fact that away from the \ point they appear to 
be indepe ndent of the velo ily of the « rystal. In making 
our measurements it was convenient to operate with a 
constant voltage ¢ impressed upon the crystal as we ran 
through the temperature range. This meant that the 
velocity V,, increased sharply in accordance with Eq. (7) 
as the temperature fell below the A’ point. The data 


*E. C. Kerr, J. Chem. Phys. 26, 511 (1957 
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shown in Fig. 3, showever, seem to indicate that except 
for some erratic behavior in one of the “runs” near 
2.4°K,"? a change in it any given tempera- 
ture by a factor of 


change in the 


velor Ity | 
eighty produced no remarkable 


resultant np 


It should be noted that the vO! 


in hown in the 


figure were obtained on two separate occasions between 
brought to room temperature and 
i fairly stringent test of 


prov ide 
urements. 


which the crystal was 
handled. They thus 
the reproducibility of the mea A direct com- 
parison was also obtained between “runs” 
same day, differing by as much as a fa 


velocity. These 


made on the 
tor of ten in 
confined to the region below the 
\ point, and they reproduced each other so well that 
ly indistinguishable 
Fig. 3 i ler to 


Finally, to isfy ourselves still further on 


were 


the runs are virtua They have not 


been included in avoid unnecessary 
crowding. 1 
the question of velo ity inde pe ndence we 
measurements of np, against voltage ¢ at several fixed 


1.34°, 1.40°, 1.94°, and 2.14°K. In each 


case we varied the voltage from 0.002 volt to 0.5 volt. 


made special 
temperatures, 
This voltage range corresponded to a range in V,, from 
about 1.34°K and from 


about 0.02 cm/sec t cm/sec at 2.14°K. 
vity of the bridge wa ich that even 


0.1 cm/sec to 25 cm/se 
rhe sensiti- 
at 0.1 cm/sec npn 
was still measureable to 4 , so that within an error 
at least as good a we found no evidence of velocity 
nges We 
e Reynolds number, Re, 
calculated from tl] xpression Re V »prX/n, 1S 
small. 


depende nce over note also that 


bigg« 


for even the 


very 


MEASUREMENTS AT HIGHER DENSITIES 


With only slight 
venient to employ the 


modificatio1 has proved con 


apparatus aire idy described to 
the viscosity of liqui helium at higher 
These 


closing the torsional oscilla in a thick 


Investigate 
densities. modifications consisted mainly of en 
walled stainless 
steel container which was ‘d in a bath of liquid 
ns of 


of helium gas at hig ire 


helium and was connect 1 capillary to 


source The capillary 


served also the coaxial s} ld wr the wire eading to 


the crystal. 
tainer 
together with the soft 


iting cover of the con- 


were machined wi arp which, 

copper gasket, 

satisfactory low-temperature s 
Liquid helium at 4.2°K wa 


tainer by admitting gas through the capillary until the 
} 


serrations 
assured a very 
| even at 1000 psi. 

mndensed into the con- 


desired pressure was attained and then closing the inlet 
s made at 


surré yunding bath 


valve. A s [ viscosity measurements wa 


various whi I the 


A probable explanatior the peak iich occurs in one of the 
two “runs,” near ., is th have here an effect produced 
by a small I wave excitation via the 
eccentricity of the cryst his w liscussed more fully in a 
later section, but 1 ould marked here that the 
of the effect depend r com] ay or 
etry and probably all age. The crystal in fact was 
dismounted ar mbled betv the two “runs” and this 


resulted, unavoidabl : slicht alteration of the geometr 


occurrence 


the electrode geom 
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Fic. 4. Viscosity of liquid helium vs 
temperature for several densities. The 
following table gives the various den 
sities together with the expected 
values of 7,, the lambda temperature, 
and T,, the solidification temperature. 


p, g/cm? i. =. 2a 
Vapor 2.17 
pressure 
data 
0.175 
0.181 
0.187 
0.190 
0.194 


1.90 
1.79 


either to the lowest attainable temperature or until th 
liquid around the crystal solidified, the latter event 
being sharp and unmistakable. 

Our results at several liquid densities are shown in 
Fig. 4. For each isochore are indicated the densities 
deduced from the pressure at 4.2°K"*; we have neglected 
the slight decrease in density with temperature and 
bath level which must occur because of the nonvanish 
ing volume of the capillary and connecting fittings. For 
the sake of completeness we have also included in the 
figure some of our previous measurements on helium 
under its own vapor pressure even though these do not 
refer to a strictly constant density. We indicate also in 
an accompanying table, the temperatures 7, and 7) 
which solidification and superfluidity are expected to 
occur” on the basis of the known density. In point of 
fact we found that solidification around the crystal 
occurred at a somewhat lower temperature and indeed 
there was evidence (from the observed pressure) that 
the capillary became plugged at 7,. Therefore, the data 
in Fig. 4 at temperatures below 7, should be ignored as 
they refer necessarily to a changing density of the liquid 
component in equilibrium with the solid as one proceeds 
part way along the liquid-solid phase boundary 

18 F. J. Edeskuty and R. H. Sherman, Proceedings of the Fifth 
International Conference om Low-Temperature Physics and 
Chemistry, Madison, Wisconsin, August 30, 1957, edited by 
J Saas University of Wisconsin Press, Madison, 1952 
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A notable feature of these results is the progressive 
increase in the (negative) slope of the isochores in the 
helium I region as the density is inc reased. This is not 
unexpected, since with a higher density and a smaller 
atomic spacing liquid helium I may be plausibly ex- 
pected to behave more like a classical liquid.” The 
increase of the viscosity with density may be similarly 
interpreted. Tjerkstra*' has made an investigation of 
the influence of pressure on the viscosity of liquid helium 
flowing in a capillary, and from the smoothed data has 
constructed a family of curves at constant density. On 
comparing we find that his results agree qualitatively 
with ours but not quantitatively. We have measured 
considerably smaller viscosities at corresponding den 
sities, and also we found the temperature coefficient to 
be somewhat larger. We do not know the reason for 
these disc repane ies 

A closer examination of the curve in Fig. 4 for density 
p=0.181 g/cm® (pressure ~900 psi at 4.2°K) reveals 
the presence of an apparent peak in the viscosity near 
the A point. A similar, but not so pronounced peak, is 
present in the curve p=9.190 g/cm’. This we feel is not 
a real effect ; rather we suspect that it may be caused by 
the strong-focusing action of the electrode geometry 
which produces an undesirable resonance. In this con- 


nection we recall that longitudinal sound waves in liquid 


™ F. London, Superfluid 


1957), Vol. II, p. 37 


John Wiley & Sons, Inc., New York 


H. H. Tjerkstra, Physica 18, 853 (1952) 
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helium, unlike 
Therefore, 


hear waves, are not damped out readily 
where the velocity of sound will 


al pre ures 
satisfy the boundary conditions imposed by the con 
centric electrodes, conditions will be particularly favora 
ble for coupling toa longitudinal mode. 


ments 


Our measure- 
indicate that for the geometry employed this 
situation prevailed at several different pressures but the 
peak which occurred at the lowest pressure, around 200 
p i, proved to be the most pronounced and hence also 
the most ome. It 


trouble is for this reason also that 


measurement in this re gion have been avoided in Fig } 
lo ascertain that the above is the correct explanation 
“lowest excited 
5 and 6. The 
pressure at 4.2°K and two lower 


we made detailed measurements on the 
mode” around 200 psi as shown in Figs 
first figure gives np» VS 
temperatures, with the very pronounced spurious maxi 
mum at 200 psi. The change in position of this maximum 
with temperature is given by Fig. 6. It is clear from this 
figure, well-known the 
velocity of first sound at high pressures,” that the peak 
occurs Consiste ntly at those pressures where the veloc ity 
thus 


together with the data on 


of sound is 325 m/sec, lending support to our hy- 


pothe sis about the geometry. The existence of these 
purious maxima is troublesome, but we suppose that, 
the 
values obtained for np, are unaffected by them. It may 


very 


except In the neighborhood of these resonances, 


well be that ultimately the origin of the spurious 
maxima lies in eccentricity in the quartz cylinder 
Indeed, at 
maximum 
2.010 
oO Important, then the diffi ulty is scarcely avoidable 


room temperature the difference between 
high as 
‘cm. But if the absence of eccentric ily is really 


and minimum diameters was as 


even with a perfect cylinder in view of the pronounced 


tal anisotropy. (At room temperature, for instance, 


coethcient of thermal expansion of quartz perpen- 


ular to the ¢ axis is nearly twice that parallel to z.) 


a) 


ARBITRARY UN 


7, 


300 350 400 


200 250 
GAUGE PRESSURE PSI 


rious peaks and the shifting of the 
* points corresponding to data 


i ine 
ad r 


Phys. 31, 1156 (1953 


AMIN 


f pressure and 


Fic. 6. Locat | 
temperature. The yitary point be vy the 0 hould not be 
overlooked. The different repre t data taken at dif 


ferent times 


However, it should be to avoid these maxima 


in any given region of int ippropriate modifica- 


tion of the electrode geomelry ne attractive possi- 


bility is to eliminate ng brass electrodes by 


sultable irect on Lhe 


evaporating a surface of 


the ¢ rystal 


MEASUREMENTS AT LOWER TEMPERATURES 


With the aid of a high-speed pumping system which 


we have recently in our laboratory we are 


seeking to extend the ran rf 


ler it wl ipor pres 


our measurements on 


liquid helium unc ure to yet lower 
to the 
work has not pro- 
ailed comparison with 
the theoretical predictions of Khalatnikov™ for this 
region. Our preliminary results, | suggest that 


temperatures, where phonon contribution 


viscosity must make it t. Thi 


gressed sufficiently to a wa det 


owever, 


the rate of rise of viscosity of the normal component 
with falling temperature in the neighborhood of 1°K is 
considerably steeper than observed by Zinov’eva.44* We 
hope to carry these me 


asurements to yet lower tempera- 


tures by means of a helium ifter which a 


full account will be pul 
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The partition function proposed by Feynman for liquid Het, based on 


4, 1960 


his path integral method, is 


evaluated for a simple cubic lattice considering long-range permutations as well as nearest-neighbor 


permutations (to which the previous analysis by one of the authors was restricted). The 


second-order phase transition at the point 


1) the specific heat behaves as 7* near absolute zero, (2 
the A point, and (3) when triangles are added as possible finite polygons above 7) 
T, increases over the previous result, showing an improvement 


result indicates a 


rhe marked improvements over the previous treatment are 


2) the specific heat peak is more pronounced at 


the specific heat just above 
Equating the theoretical \ point with the 


experimental, a value for the effective mass of a helium atom about 1.6 times the normal mass is obtained 


1. INTRODUCTION 


PPLYING his path-integral approach’ to quantum 
statistical mechanics, Feynman?* has shown that 

the partition function of a system of He* atoms can 
be written in a form equivalent to that for a group of 
atoms of effective mass m’ in fictitious motion between 
various permutations of the helium atoms. Using 
certain experimentally known characteristics of liquid 
He*, he derived a third-order phase transition between 
two liquid phases, and succeeded in obtaining some 
other qualitative features of the specific heat curve 
Experimentally, however, the transition at the A 
point is not of third order, and also many properties 
of the observed specific heat remained to be explained 

Adopting Feynman’s expression for the partition 
function and assuming a simple cubic lattice structure 
for the liquid, one of the authors,‘ applying techniques 
developed earlier for cooperative phenomena, considered 
in detail! correlation effects between nearest-neighboring 
atoms, and found a second-order phase change at the 
\ point. 

The specific heat, as obtained in (I), was based on 
the part g of the partition function Q given by Eq. (7 
of reference 3: 


Vv q(Kg N!)(m'bT /2rh?)?* 2 (11 


In (1), the factors following g were omitted in calculat 
ing the specific heat because the main interest was 
whether the transition would be of the second or the 
third order, and these factors believed to be 
continuous functions of temperature and to have no 


effect on the order of the transition. If one ignores the 


were 
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Kikuchi, Phys. Rev. 96, 563 (1954), hereafter referred to 


as and regarded as Part I of this paper. 


temperature dependence of Ag (see Sec. 6), but includes 
the effect of T**”?, the specific heat curve of (1) becomes 
as shown with the dashed curve in Fig. 6. 
Qualitatively, this curve does not behave properly 
as T approaches 0°K and also just above 7), since 
experimentally the specific heat approaches zero as 
T* near 0°K, and decreases monotonically as T increases 
above the transition point. The present paper treats 
correlations the atoms of the lattice model 
more accurately, and derives an expression for the 


between 


specific heat which has the correct qualitative behavior 
as T approaches 0°K and which has improved behavior 
above 7), preserving the second-order phase 
transition. 


while 


2. NECESSITY FOR LONG-SIDED POLYGONS 


When one applies Feynman’s path integral approach 
to quantum statistical mechanics, the essential math- 
ematical problem is to sum Boltzmann factors over all 
polygons in space?4 A 
polygon, as will be explained in detail below, is defined 


possible configurations of 
as a closed chain of permutations among atoms of the 
lattice. In (1), 
linked only nearest-neighbor lattice points, as shown in 
Fig. 1. We call this side, whose length is that of the 
lattice constant, a short side. This assumption on the 


it was assumed that a side of a polygon 


length of a side was based on mathematical convenience. 
Polygons with longer sides are as important as those 
with short sides, but were omitted in (I) only because 
the inclusion of them was imagined to make calculation 


Fic. 1 
of short-sided 
gons in the lattice 
model of liquid Het 


treated in (1 


Examples 


poly 
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Fic. 2. First set of 
pair probability pa 
rameters(simple 
cubic lattice treat 
ment) used in (1) 
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intractable, and also because the emphasis in (I) was 
on the existence of a second order transition point. 

This limitation on the length of a side is tolerable 
near and above 7) for the following reason. A side 
(of a polygon) of length / contributes a virtual energy 
ol 


m’ (lkT )*/ 2h?, (2.1 


or a Boltzmann factor exp(—m’PRT/2h*). Here the 
effective mass m’ is of the order of twice the actual 
mass of a He‘ atom. It can be seen that €;*/&7 is about 
when J is the observed 7) and 1 is the 


unity average 
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Fic, 3. Second set o! 
side or 
with a short side 


pair probability parameters. —>+ is a short 
> is a long side. A connects a long sice 


s a lattice point between two long sides 


nearest-neighbor distance between atoms in liquid Het 
This means the Boltzmann factor becomes much smaller 
than unity as the length of 
nearest-neighbor distance of the 


a side increases beyond the 
atoms, which is 
approximately the lattice con 1 the lattice model 
of Feynman 


However, for a | 


temperature much lower than the 
decreases and the Boltz- 
-¢€)*/kT) approaches unity even for 
large values of /. For this reason the approximation of 
(I) becomes poor as T approaches absolute zero. Then 


it is clear that the result may be expected to improve 


observed \ point, ¢€,* of (2.1 
mann factor exp 


as one includes long-sided polygons in the calculation. 
(In this paper a side lor ger than the neare st-neighbor 


lattice distance will be called a long side 


3. DEFINITION OF PARAMETERS 


For the pair approximation treatment used in (I) 
the probability parameters shown in Fig. 2 were used. 


CONFIGURATION | PROSABILI TY WEIGHT @ 
i 


rs (simple cubic lattice 


take iccount 
the additional parameters defined in Fig. 3 are 


In order to polygons with longer 


sides, 


introduced, where a broken line indicates a long side 


In these figures, an arrow indicates the direction of 


permutation. At a triangle lattice point A a long side 


meets a short side. An open circle is a lattice point 


where two long sides meet. I nting 6; in Fig. 3, 
long side 


attached to it are not 


cou 


the two different directions for a (when 


there is no arrow counted. 
For long sides, or », neither lengths nor 
configurations for 


4. Only x 2X2, 


spatial directions are specified. The 
one lattice point are shown in Fig and 
x, were used in (I 

Let N; be the total number of long sides of length l 
the following relation 


in the system. It satisfies 


where c is the lattice constant of the su 
lattice and N the total n 
in the system. Since the need arises later, the quantity 
V, which is the total number of long sides, is defined in 

3.1). The 


nple cubic 


umber of lattice points (atoms 


factor OXgra omes from the consideration 
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that a configuration in which a long side comes inio 
a triangle point and a short side goes out has the 
probability x, and weight 6, and a circle lattice point 
has the probability x, and weight unity. 

Using these parameters, the virtual energy E* of 
the system becomes 
E*=3Ne.* (2y¢t+ yet yirt+2yis) + D 


— 


e;*N. 


Here the first term comes from the short sides and the 
second from the long sides. 

Brush® has emphasized that the virtual energy for a 
double-sided polygon is different from twice the value 
for a single side. This difference is not taken into account 
in the present paper, however, in order not to complicate 
unduly the mathematics, since the main object of the 
present work is to discover the effect of adding the 
long-sided polygons. 


4. COMBINATORIAL FACTOR 


Using Figs. 2 through 4, one may extend the com- 
binational g factor of Eq. (5) of (I) and write for a 
system of N lattice points: 


5 i9 
g=C IT (eV) PC TT (vy) eve (4 
i=! =} 


But in the present case this is not the correct weight 
factor, because configurations of long sides have not 
been included. This point will be clarified by the follow- 
following illustration. Equation (4.1) counts only the 
skeletons like Fig. 5(a). When one draws the long 
sides on it, there are many possible configurations; 
two of these are shown in Figs. 5(b) and (c). In other 
words, when the factor g of (1.1) is written in the form 


q=G({xi}, {ys}, (NY) 


Xexpl[— E*({x:}, (ys), (Ni) /kT (4.2 


the weight factor G is now given by 
G=gl, (4.3 


where I comes from distributions of long sides over a 
pattern like Fig. 5(a). 

The factor [ is calculated in terms of .V; in the 
following way. Let N, be the total number of lattice 
points of the type A or O which can be reached by an 
arrow of length / starting from a lattice point A or O 
in Fig. 4. (As is seen in Fig. 4, either A or O can bea 
starting point for a long side.) In actuality, N, varies 
from point to point, but it is assumed that N, is the 
same for every point A or ©. Then, on the average, 


Ni = (6x44+2%5)Ni, (4.4) 


where NV, is the number of lattice points which lie at 
a distance | from a certain lattice point. V; is a 


*S. G. Brush, Prox 
4247, 225 (1958). 


Rov. So London) A242, 544 


1957 
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Fic. 5. Methods 
of constructing poly 
long and 
short sides. (a) Short 
sides only. (b) Long 
sides added. (c) Al 
ternative pattern for 
the added long sides 


gons of 


purely geometrical quantity and a few examples for a 
simple cubic lattice are NV,“ =12 for l=vV2c, and 
NV, =8 for 1=v3c. 

Suppose a distribution such as is shown in Fig. 5(a) 
has been completed and now the long-sided polygons 
are to be filled in. The total number of long sides to 
be drawn is NV. We may draw the long sides in the 
following way. First we draw Niu long sides of the 
length /,, then Ni sides of the length k, etc. The 
number of ways, ',, of drawing Ni, long sides of the 
length J, is counted as follows. The number of ways of 
drawing the first long side is NN, because there are 
N lattice points from which the side can begin and for 
each of these points there are Ni, points where it may 
end. For the next long side, the number of available 
lattice points where it may begin is now N—1 and for 
each of these points there are Ni,(1—1/N) possible 
end points on the average, so that the number of ways 
of drawing the second long side of length J, is (V—1) 
«Ni, (1—1/N). Similarly, for the (v+1)th long side 
of length /,, the number of ways of drawing it is 

(N—v)Ny(1—v/N). (4.5) 


Thus ['y, becomes 


(4.6) 


Vi, TI (N—»)*Nn/QN. 


The division by Ni,! arises because the final configura- 
tion is independent of the choice of the order of Ny 
sides. 
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number of ig of the drawing A 


j 


the 
sides of the length Jo, the available number of lattice 
tart with is V \ so that 


For ways 


points to 


4.7) 


The total 


can be obtained by multiplying together the factors 


number of ways of drawing all the long sides 


r=TTra=C TE Netw 


XK exp | V InN) IT (N,)*!. (4.8 
This 


G factor as 


expression multiplied by g of (4.1) gives the desirec 


shown in (4.3). Using Stirling’s formula 


and taking the logarithm, it follows from (4.8) that 


ax 


Int =N nN—N+ ¥ N,(inN,—InA (4.9) 


5. FREE ENERGY 


For the lattice the free 


expre ssed as follow 


model treated here, energy 1s 


m' kT / 2ah®)8X'* 


I kT \n[ KgN 
tE*—kT iInG, (5.1) 


} is due to the coefficient of q in 


where the first term 
ww (4.3) 


Eq. (1.1), E* Eq. (3.2 


Kg is a function of temperature for which Feynman? 


given in and G in 


derived the relat 


on 


(5.2) 


Ks 


volume. of the 
” for the A in the system. As long 
as the system remains liquid, it is expected that Kg 
will not change much 


The F in (5.1) m 


where V is the system and Vy is the 


“free volume atoms 


iy be written as 


where 


DENMAN, 


AND SCHRI 


isa dimensionless quantity proportional! to the te mpera- 


ture. \ in the last term of (5.4 
for the condition (3.1 
the probability parameters {x 
will be minimized with respe 
F is separated in 5 
First F or F’ is mit 
result 
V.=N, exp 


The multiplier is detern 


as 


VV," was defined be 
one to transform (5.7 


-eoLy 


L 


where 1, %, and n 


lattice 


cubie 


definition of the 6, fur 


IS assumeé 


one Can W 


Equations 3.1 
F'/kT=N(6 


Then (5.3) becomes 


This is a function of x; anc 


next ste 
j 
| 


eliminated. The 
with respect to the inc 
this, it is 

function B. 
J; function® 


‘ 
( 


é 
1 1 + 
worthwhile 

- 


[ sing 


to these 


is the Lagrange multiplier 
This F ir 


5.3) is a function of 
}, and {N,}, and 
parameters. 
uppears only in F’ 
with the 


5 9) 


hat a simple 


Using the 


& 


Since \ 


unimize F in 


has been 
5.13) 
ind y,. Before doing 
the 
the 


iorm ol 


for 


nother 


expression 





ST 
one transforms (5.10) into 


exp(—m*n*/r) | 


w/e E 


x 


— (r/)§(1+6e-")}. 


This expression is particularly important when one 
discusses the behavior of the system near 0°K. 


6. MINIMIZATION OF FREE ENERGY 


The next procedure is the minimization of F, Eq 
(5.13), with respect to the independent probability 
parameters. Among the parameters x, and y, defined in 


Figs. 2, 3, and 4, there are the following relations: 


Xi + 62X54 30x34 12x44 Xs, 
Vit Syot+ 2Wy5t+ 10y+ vio, 
yet Syst 2Wy6t 10yu+yi2= Vs, 
= vst Syot 20y7+ 10¥3+ yi 
vot Syst 20yi3+ 1015+ yi 


Yiot Syiet 20y iat 10yi6+ Viv. 


S¥at+ Viz, 


SVi7t+ Via, 


Out of the 24 quantities x; and y,, 15 are independent. 
Choosing a set of 15 parameters as independent, one 
can minimize the free energy, obtaining 15 higher order 
algebraic equations which are then solved simulta- 
neously. The details of this mathematical procedure 
will be omitted here, but the final equation is the 
following for a variable a: 
a®—a'( Be’+-3)—a’( Be’+ 14+ 2e’) 


+ 5a? ( Be’+ 2+ 27) + 5a( Be’ +9)+25=0. 


Here a is defined by 


where 
for i=2,3,---,19. 


After a is obtained from (6.2) the probability param- 
eters x; and y, are found from the following relations: 
x1= (a—5), [B(a+1) ], 
X2= 22M, 
X3> 25%1, 
X4= %2Z1, 
Z10%1, 


(a—5)e"/[ Ba(a+1) }, 


When these 


becomes 


results are substituted in (5.13), F 


F = NRT{—In[(Ko/N 1)" (m'RT/2eh?)*) 


—5 Inx,+3 Iny,;+6244+%5}. (6.6) 


The entropy S is derived from (5.13) by differentiation’ : 


OF I P 
_ +kT0 |InKg/dT+3Nk 
oT T 
3Nkr 2¥4 T SOy t 20917 +2 ys) 
+ NRT (6x,4+2%5)01nB/OT. (6.7) 
The energy E i 


E=F+TS 
kT°0 Ink 4 OT T 5 \ kT 
ONRT r (yet 2595+ 1017+ ys) 


+-NRT?(6x44+45)0 1nB/OT. (6.8) 


It should be noted that this is the true energy of a 
system, whereas E* of (3.2) is a virtual energy. 

In the expression for the energy, the first term 
depends on the temperature gradient of Kg. This 
quantity Kg has not been fully analyzed, but Feynman 
has written it in terms of Vw [see (5.2) ], which in 


turn is defined in Eq (10) of reference 3 as 


Vn foe \d* z,. 


the coordinates of the N atoms and 


(6.9) 


Here 2* represents 


p(z) is the weight function corresponding to a spatial 
configuration z*. In so far as the system stays liquid, 
the weight function p(z*) will not depend strongly on 
the temperature, resulting in small temperature 
dependence for Kg. Because of this presumption and 
also because of the lack of detailed knowledge of Kz, 


the first term of (6.8) will be neglected hereafter. 


The expression (6.6) is not convenient to use here, because if 
to differentiate x r,, and x, with respect 
5.13) is convenient because it is known that 


with respect to the independent variables 


yne uses it, one has 
oT also Equatior 


derivatives of (5.13 


vanish 
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The solid curve: Sec. 9 of 


I). The dot-dash 


Fic. 6. Specific heat vs temperature 
this paper. The dashed curve: previous paper 
curve: Sec. 10 of this paper 


7. THE X% POINT 


As r is varied (and thus 7), one obtains, from Eq. 
(5.10) and (6.2) to (6.5), values of the probability 
parameters {x,;} and {y,} for each assumed value of r. 
As the value of 7 is increased from zero, one finds a 
point where the probability parameters x; to xs and ys 
to yi9 become zero. Any further increase in 7, using 
these equations, would result in negative values for 
these parameters, which is impossible. It is this point 
which is associated with the A transition. It is interesting 
to note that the probabilities for both the short-sided 
polygons (except the and all the 
long-sided polygons become zero at the same tempera- 
ture. The only polygons which can exist (using these 
equations) above this temperature are the double-sided 
ones, in agreement with the results of (1). 

Analytical conditions for the \ point may be obtained 
by setting zs and 2:9 equal to zero in Eqs. (6.1) and (6.5); 
two simultaneous conditions on r, result 


two-sided ones) 


* 


7 5)/ay |, a 


5) (ay?+ 1) [ (ex 


.=In[ (ay 


> / 
B,=(a- -O)(aat (7.2 


where B, is B of (5.15) with ry replacing r. When 


these equations are solved numerically, one obtains 


1.886, 


7.278. 


(rt) 


r 


This value of r, may be compared with the result of 


(I) which is, in the present notation, 


1.386. 


D SCHR 


‘ 


observed 


If the d 
used with the result (7.3) and Eq. 


2.19°K, i 
, and if 3.58 A 
(the average distance between atoms in liquid helium 
at the A point) is used as the value of c, the effective mass 
m’ is found to be about 1.57 times that of the He atom 
This result agrees with that expected by Feynman.’ 


point te mper ature, 


(SS) 


8. ASYMPTOTIC RESULTS NEAR 0°K 


Using Eq. (5.15), the 
Bland 0 InB/dr near 0°K 


asymptotic expressions for 
} 


pecome 


T+O(exp T)), 8.1) 


us 


+-O(exp(—72?/r)). 


> 
) 


}. 


in 


Also, from e B becomes infinite as 7 


approaches zero, the asymptotic 


sin 
form for a 
region becomes 

Be™+ 4-4 


a 


Substituting these results into the expressions for 24, 
Xs, Vs, Va, ¥ Eq. 
for the energy FE. of (6.8) under these conditions 


E/ NkI 


and is given 6.5), one obtains 


in 


1 tre 


5 


, one obtain 


Using (8.1 


to 7, -: varies as JT‘ ne 


obt ins tne 


Since r is directly proportional 
O°K. From (8.5 
0°K as 


or specific heat ne: 


*% 6) 


qualitatively agr with the experi- 


This expression ‘ 
mental results for low temperatures 
O°K i 


yt 


a co n 


5 in the sense that 
horizontal tangent. 
» emphasize the T* depend- 
fas 


in 


{ with 


C, becomes zero 
Although one is ten 


a A 


inMted 
l 


r 
I 


ence in (8.6), this particula 


tional form is probably 
heory does not take 
cause the experimental 


fortuitous, because (i ne present 


into account the phonons, whic] 
T? spec ific heat, (ii) tl 


was neglected, and (i 


the temperature variation of Kg 
the coefficient of 7* in (8.6) 
larger than the experimental! 
should be emphasized here 
that as the combinatorial of the treatment is 
concerned, the ipproximation becomes more and more 
the temperature and ap- 
it O°K, since the infinitely 


ii 
il 
is two orders of magnitud 


value.* Nevertheless, it 


spect 


accurate with decreasing 


proaches the exact analysis 


long sides predominate at the lowest temperatures. 


9. THE SPECIFIC HEAT BELOW THE 2% POINT 


In order 
between O°K and tl 


obtain energy and specific heat 


B of Eq 


i 


to ne 
é first (5.15) is 


X point 
and 
mference 
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D 
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Fic. 7. Small finite 
polygons assumed to 
exist above 7). a: 
double-bond, b: 
square, and c: tri- 
angle 











calculated for a given value of 7, and then (6.2) is solved 
for a. The probability parameters are calculated from 
6.5). The factor 0 InB/dr is also evaluated by means 
of the expansion (5.15) in the form (1/B)dB/dr 
When these results are substituted into (6.8) and the 
first term involving Kg is neglected as mentioned before, 
the energy E is obtained as a function of the tempera 

ture 7. Numerical differentiation of this energy yielded 
the curve for the specific heat at constant volume C 

which is shown by the solid line between 0 and ry in 
Fig. 6. This numerical work was done on the IBM-650 
digital computer at the Wayne State 
Computation Center. 


University 


10. ABOVE THE 2% POINT 


As was pointed out in Sec. 7, above the A point Lhe 
preceding treatment leads to exactly the same results 
as those of the previous calculation (I), since in bot! 
cases the only polygons assumed to exist above 7) are 
the double-sided ones. The larger value of 7, found in 
this work [compared with that of (I) ] removes most of 
the rapidly ascending portion of the specific heat curve 
of (I) just above 7), as is seen in Fig. 6. Nevertheless a 
slight rise in C, above the new 7) still remains. This 
result does not agree with the experimental observation 
and the conclusion derived by Feynman*) that th« 
specific heat détreases monotonically above the \ point 

The unsatisfactory behavior of C, just above 7), 
obtained here is interpreted as due to the fact that all 
of the finite-sized polygons which are suspected to 
exist above 7) are excluded in the treatment except 


the smallest ones, i.e. 


the double-sided polyogons 
which we shall call ‘“‘double-bonds’’). 
interpretation, a study of the possible existence of 


Following this 
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Fic. 9. Pair probability parameters including points, 
double-bonds and triangles only. 


finite polygons other than the double-bonds was made 
for temperatures above 7). In order to secure math- 
ematical simplicity, only square and triangular polygons 
like those shown in Fig. 7 were introduced. Since the 
virtual energies -* of these figures are lower than all 
other finite polygons, except a double-sided polygon 
between second nearest-neighbors, their effects would 
be next in importance to those of the double-bonds at 
temperatures above 7,. The mathematical treatment 
was formulated using a modification of the pair approxi 
mation of the previous se tion 

A calculation showed that the syuare polygons could 


not exist with the double-bonds above the transition 
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temperature. A possible explanation of this result is ing to ), th ry in this case is written as 
that the virtual entropy S* associated with the com- 
binatorial factor for this symmetrical figure is too low F/RT 
compared to the virtual energy, and therefore minimiza- 
tion of the free energy led to its disappearance 
A study of the system of double-bonds and triangles 
was then made with the result that such a system was 
found stable at temperatures above 7). The lack of n * sw; Inw.. (10.2) 
symmetry in the triangle perhaps made the virtual 
entropy contribution of the figure dominate over its 
virtual energy (which equals the virtual energy of a Because of the relations in ly 11 variables of 
square). The effects of the existence of such triangles on _ the four »’s and 19 w’s are in ndent. A set of eleven 
the specific heat curve in the high temperature region of these variables is chosen ippropriately, and the 
will be discussed in this section free energy (10.2) is minimi t of nonlinear 
A new set of configuration variables is defined in ‘Simultaneous equatior btained, which may be 
Figs. 8 and 9. It should be noted that in this new Witten in the f 
system the only existing polygons are double-bonds [56+ (9/24) 
and triangles, all larger polygons being excluded. 


: ~Obd 
Although these figures have some configurations in 


common with Fig 2 to 4, the weight factors for the 
same configurations are not necessarily equal. For 
instance, the weight 24 for v3 in Fig. 8 counts only the 
perpendicular arrows which form two sides of a triangle, 
whereas the weight 30 for x, in Fig. 4 includes the two 
arrows pointing in the same direction. Because of the 
existence of the dotted sides, which represent the 
hypotenuse of the right triangles, subtle differences 
appear among Ws, wo, and wi, among wy, Wiz, and 
Wi4, ANd aMON, W415, Wig, Wiz, aNd ws. For instance, in 
Wo, the dotted side lies away from the bond, whereas 
in W@W); it lies towards the bond. In counting the weight 
for w,, the configuration in which the double-bond 
and the dotted side have a common lattice point must 
e Omitted 


Among the new variables the following relations exist. 


ti 761 4 


In deriving 3), the quantities of order (us/A 


are neglected with res} to unity. This is justified 


since it can be 
above 7, and A 
The numerical computation as follows 
When a set of test values , Ue, Us and ws is chosen,! 
(10.4) is solved fi ct (10.3) is solved for us. 
New values of t! iramet I 10.5) are calculated, 
and this procedu peated iteratively until ts is 
determined to four 
After these ¢ juations a ved ti! cific heat is 
ort sides of length derived as low Sv analogv to the energy of 
the lattice constant) is now given by 3N(2w4+32wis) the system bl : 


} 


The total equivalent number of s 


i 


t 
} 


since each wy bound is related to one-half of the four 


“equivale nt side s” of a tri ingle P The re fore, corre spond- 


* The virtual energy asso d wit triangle is (m'k?7?/2h? ” The first triz t ving with all the 
2 


5 j 
2c8+ (ve 4e.* terms ol order 
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where 
W,> W Ue(1—bugA *) 
Wig = Wyus(1—ugA~'), 


wy = 14+ 6+ 24u,+48us+6(8d—b)uotgA 


The specific heat C, is derived from F of (10.7) by 
numerical differentiation. The result is shown by the 
dot-dash curve in Fig. 6. Although C, is still slightly 
ascending for r<2, the general shape of the new C, 
curve is better than the solid curve of the previous 
calculation. This indicates the correctness of the 
interpretation that the specific heat curve above 7) 
will approach the experimental behavior when more 
finite polygons are added in this treatment. 

It must be noted here that the calculation in this 
section is only for the region above 7, and the value 
of the \ point has not been calculated in the approxima 
tion corresponding to this section. In order to do this 
the triangles of this section must be combined with the 
long sides of the previous sections, which would require 
considerable additional calculation. 

Nevertheless, without expending more mathematical 
effort, based on what was found in this section and 
also in previous sections, the shape of the spec ific heat 
curve for a more accurate treatment of the model can 
be inferred as follows. The solid curve in Fig. 6 for the 
very low temperatures, probably below 7r=1, will 
remain practically the same in better approximations, 
because near absolute zero the very long sides are 
predominant and the approximation in this paper is 
good. As the approximation is improved, the curve 
right above 7) will increase as was shown in this section. 
This will induce the lowering of the \ point because the 
total area below the C, curve must remain the same in 
order to keep the same values of energy at 0°K and at 
temperatures well above 7). It is a general tendency of 
cooperative phenomena that the peak of the specifi 
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heat becomes higher as the approximation is improved, 
and so this will probably be the case in the present 


model. 


11. SUMMARY AND CONCLUSION 


The partition function for liquid Het proposed by 
Feynman, Eq. (7) of reference 3, based on his path 
integral method, was evaluated for a simple cubic 
structure previously by Kikuchi,‘ considering only 
nearest-neighbor permutations of the atoms. In this 
paper the same partition function is evaluated consider- 
ing long-range permutations as well. The result is 
plotted in Fig. 6 
transition, and the 


It indicates a second order phase 
value for the effective mass of a 
helium atom becomes about 1.6 times the normal mass, 
if the theoretical 7, is equated with the experimental 
point. The marked improvements of the present work 
compared with the previous work‘ are (1) the specific 
heat varies as 7* near absolute zero, (2) the peak of C, 
at 7, is more pronounced than in (I), and (3) when 
triangles are added as possible finite polygons above 
Ty, the specific heat just above 7, increases over the 
previous result, indicating an improvement. 

It is now concluded that 


Feynman’s partition 


function calculated on a lattice gives a satisfactory 


qualitative picture of the \ transition of liquid Het, 
and also that the technique for handling the long-range 
permutations of atoms developed in this paper is correct. 
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\ model for a partially ionized, partially 


has been formulated using known theoretical concepts to describe 


lissociated plasma 


both bound and free electron states, internal molecular degrees 
of freedom and Coulomb interactions. It has been applied to a 
system of particles arising from the hydrogen molecule. The 
Coulomb interaction is treated in the classical Debye approxima 
tion. However, a distance of closest approach between ions and 
on the kinetic electrons is in 


cluded to avoid the short-range divergence of the Coulomb po 


electrons depending energy of the 
tential. The kinetic energy of the free electrons is calculated from 


the partition function for a perfect Fermi gas. The vibrational 
treated in the harmonic 


with the 


oscillator and 
energy 
electronic state depending on the dissociation 
energy of the state. A v 


and rotational motion are 
rigid approx 
counted tor a given 


rotor ation number of levels 


lume dependence of the bound electroni 
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INTRODUCTION 
*. INSIDERABLE progress has been made in using 


diagram methods to derive the equilibrium prop 


erties of systems of charged particles.' This approach 


is of particular interest theoretically for its rigor and 
generality. In principle one proceeds from fundamental 
laws to exact ¢ xpressions lor the macros opl prope rties 
lhese expressions ideally take the 


form of rapidly converging infinite series whose terms 


of arbitrary systems 


are tractable detinite integrals. However, this ideal has 


not yet been attained even for a two-component plasma 


of electrons and protons lo calculate the properties of 


multicomponent systems, we have therefore adopted 


another procedure, a “‘model’” approach, involving 


many ad hoc assumptions based on physical intuition 
In this model 


1 multicomponent system is a collection 


which are molecules ions and 


free electrons. The 


of subsystems 


atoms, 
interactions of electrons and nuclei 


within these subsystems is taken into account in their 
] 


internal electror vibrational 


I lectroni 


_ and rotational partition 


functions eigenvalues are made functions of 


the volume per subsystem. The functional dependence 


is based on that of the eigenvalues of a hydrogen atom 


in a spherical box.’ The free electrons are treated as a 


verfect Fermi gas. Electrostatic interactions among 
| 


( harged partic les are calculated in the De bye’ approxl- 
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EQUILIBRIUM PROPERTIES OI 
titative utility of this method of calculating the prop 

erties of multicomponent systems will rest on agreement 

with experiment. 

In the next section is presented a more detailed de- 
scription and a brief general discussion of the model 
which is currently incorporated in a working computer 
program. It is followed by a presentation and discussion 


of some of the results obtained when the method is 


applied to a system of particles arising from the hydro- - 


gen molecule. 
Il. MODEL AND METHOD OF CALCULATION 


The system considered is an equilibrium distribution 
of atomic, ionic, and molecular species arising from one 
mole of original molecular substance. The ad hoc as- 
sumptions of the model are all contained in the approxi- 
mations used to calculate the free energy of the system. 
The free energy is calculated as the sum of the contri- 
butions from the translation of the classical nuclear 
subsystems, from the translational motion of perfect 
Fermi electrons, from the internal degrees of freedom of 
the subsystems, and from a modified classical electro- 
static interaction between charged particles. Inter- 
actions between neutral particles are neglected, and we 
consider only small molecules. The calculated Helmholz 
free energy is minimized with respect to the concentra- 
tion of each independent component. The equilibrium 
distribution of the species so obtained is then used to 
calculate all thermodynamic quantities of interest. 


A. Model 


1. Translation of Perfect Classical Particles: 


The Free Energy Contributions 


This free energy, F;, is given exactly by 
FP, =kTD AN, InN ,— RTL (3) InkT+-6.9744+ In MW + Inv | 
XY Ni— (32T/2)5 Ni nM, 


where V,;=number of molecules of species i per mole 
cule, M,;=atomic weight of ith species, t=volume 
(cc/g), kT is in electron volts, and MW=molecular 
weight of the original nuclear species. 


2. The Electronic, Vibrational, and Rotational 
Partition Function 


Experimental data, referred to a common zero of 
energy, was used to obtain energy eigenvalues for the 
bound electronic states of each component. For the H 
atom, the electronic energies were made functions of the 
volume by assuming each atom to be in a spherical box 
of a size equal to the average volume per particle in the 
system.? For more complicated components, approxi- 
mate expressions were formulated, based on the results 
for the hydrogen atom. Appendix I describes the details 
of the analytic expression used for each species. When 
the size of the box was such that the energy of a given 
bound state was zero, that state was no longer counted. 
Hence, in addition to the energy eigenvalues, the num- 
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ber of bound electronic states for each component is also 
a function of the volume and is finite for any finite 
volume. The harmonic oscillator find rigid rotor ap- 
proximations were used for the vibrational and rota- 
tional partition functions. The number of these states 
was determined from the dissociation energy of the 
given electronic state. Thus the total internal partition 


function for a given component is given by 


Kmax(®) (max(*4) Jmax(! 


0 2 = a 
x * — ae — 
kel 4) j7~~ 


x exp{ _ [ Exit 


(2) t 1) gecges(R) 


0) KWiedX Begg G41) VRT}, 


where Ex,;(v) = energy of kth eigenstate of species i at 
volume »v, gi;= degeneracy of kth electronic state, W,, 
vibrational frequency of kth electronic state, /=vi- 
brational quantum number, B,;=rotational constant 
of kth electronic state, 7= rotational quantum number, 
and gi,(R)=fractional weighing factor used to avoid 
discontinuity in Q as a function of volume; ge:(R) #1 
only for the last state counted, which is the one of highest 
negative energy. The cutoff of the vibrational and ro- 
tational states is determined by the relationship 


Dox=Widt+Buj(j+)), 


where Do,; is the dissociation energy of kth electronic 
state of the ith species, and /max(j7=0) = Doni/W, with 
4 Jmax determined for each 1. Then the total internal 
free energy is 

kT>_ N, lnO,. 


3. Perfect Quantum Electron Gas 

The free energy of a perfect Fermi gas is given by 
Fy= N ATL e— (1 ()/Ty() ], 
where v is the chemical potential g/kT and 


w 


T,.(v) f x"dx/[1+exp(—vXx) }. 


The /, integrals are related to the electron density by 
the normalization condition 


N, h* 
Til) 


~ V(RT)! 4e(2m.,)! 
where .V, is the number of electrons. 

Through this last equation the quantity (v) is im- 
plicitly given in terms of the specified variables 
(N., V, T). Hence given (N,, V, T), we can find /;(y), 
v, and J,(v). For this purpose we have used a four-term 
asymptotic expansion for y>4, the published tables* 
relating these quantities for 4>»> —4, and the classical 
expression for »< —4. We thereby calculate F; to within 
0.3% for all values of (V,, V, T). 


S| McDougall and E. C. Stoner, Trans. Roy. Soc 
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1. Electro 


latic Free Energy (F , 


According to the Debye-Hiickel model, the contribu 
tion to the free energy due to electrostatic interactions 
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where .V; is the number of particles of charge z,, a is the 
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arising from a hydrogen molecule. Six species were as- 
sumed to be present: H,, H,*, H, H~, H*, and free elec- 
trons. In the calculation of F; the energies of the two 
stable states of both H,*+ and H~- were used. Of the infi- 
nite set of bound states possible for an isolated H atom, 
only 37 states are bound in the maximum size spherical 
box considered in this calculation, i.e., a specific volume 
of 4X10-” cc/molecule. For H». we included the two 
Rydberg series of singly excited states which terminate 
in the two stable states of H,*. In addition, all doubly 
excited states with energies between the ground states 
of these two series were included. 

As noted previously, the energy of a hydrogen-like 
orbital is known exactly as a function of the volume 
of a confining sphere. For the other species an ap- 
proximate relationship between bound state energies 
and volume was used. The electronic energy of each 
state was represented as a sum of the energies of one- 
electron hydrogen-like orbitals with different effective 
nuclear charges. These were chosen to reproduce the 
excitation and ionization energies of the isolated species 
when these were known. In the remaining instances, 
the energies of the isolated molecules were estimated by 
interpolation. For many excited states, molecular con- 
stants used in the rotational and vibrational energies 
were also estimated by interpolation. Appendix IT gives 
the details of these procedures. 

For the electrostatic free energy, F4, the ions, protons, 
and electrons were all treated as single particle charges 
with the same pairwise distance of closest approach. 
The total free energy was minimized in a grid of four 
independent concentration variables for a given set of 
temperature-volume points. The calculations cover the 
temperature range 0.025< T< 100 ev; and the volume 
range 0.1 to 12 000 cc/g. 
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Fic. 1. Schematic representation of the behavior of H2 system 
kT is given in ev, and V in cc/g. The normal solid density of 7, 
is 12 cc/g. 


Ill. RESULTS 


A. Regions of Importance of the 
Partial Free Energies 


Figure 1 is a schematic representation of the behavior 
of the H, system over the entire v-T region considered. 
Table I explains and defines the meaning of the Roman- 
numeral designations of the figure. To define the regions 
of Fig. 1, we arbitrarily label free energy contributions 


of less than 1% as negligible, and greater than 10% as 
strong. If a quantity other than the free energy had 
been used as a basis for comparison, somewhat different 
definitions would apply. It should be noted that there 
is no region of a perfect quantum gas and in all regions 
except the one that is called metallic, Coulomb inter- 
actions are more important than electron degeneracy. 


TaBLe I. Interaction regions of Fig. 1. 


Region Description 

Perfect classical gas of point 
particles 

Classical gas of interacting 
point particles 

Classical interacting gas with 
internal degrees of freedom 

Quantum gas of interacting point 
charges 

Quantum gas of strongly inter- 
acting point charges 

Highly degenerate gas of strongly 
interacting point charges 

Metallic. Comparable potential 
and kinetic free energy 

Molecular solid 

Perfect classical gas with internal 
degrees of freedom 


VI 
VII 


Vill 
IX 


* Included in F: is a factor 15.833 N: which is just a correction for tl 
ylecule. In calculating the contribution of the electronix 
F, is the total kinetic free energy of the electrons. To deter 
electrons and the calculated value is significant, i.e., AFs =Fi—F; 
legeneracy of the electrons. The spin degeneracy of the electron re 
¢ The range of value of the F's are given in percent relative to 
* Negligible means <1% of | F 
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AF, | largest; F:, Fs, AF, negligible 
10> | AF;| >1; Fs, AF; negligible 


isolated protons and electrons to the ground state of the Hs 
free energy, this factor is subtracted 
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a SFsre + to F; which is used to determine the degree 
t and is hence not included in the quantum effect. 
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B. Composition Variation 


Figure 2 illustrates the composition variation with 


volume and temperature. The most striking result of 
this model is the effect of particle density on the degree 
of ionization. The 


system is completely ionized for all 


bound state 
electronic energies were independent of volume, then 


the number of 


temperatures at infinite volume. If the 
would decrease 
This would occur 
since the free electron translational energy increases 


free electrons mono- 


tonic ally as a function of den ily. 


and the number of states per energy interval decreases 
as the density increases. However, with this model, the 


bound state energies also increase with density and the 


number of bound states decreases due to the confine 


distortion of the bound state electronic wave 


Thus, at 


ment 


lunctions some density, free electron states Cal 


once again be favored relative to bound states and the 


can increase with density. We do 
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find 


percent 
indeed “pressure 
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volume dependence of the 
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any 


higher densities, we have a totally ionized plasma. For 
low temperatures, i.e., 7<7 ev, total ionization occurs 
as a nearly discontinuous increase in the degree of 
This is most extreme 
for T=1 ev where we have nothing but H. molecules 
and H atoms up to almost fifteen-fold liquid density 
and complete ionization at slightly greater density. For 
the range T 


ionization with increasing density 
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degree of ionization is a smoothly increasing function 
of the temperature. At two-fold liquid density the last 
of the bound states for H~ disappears, but since this is 
always present in trivial amounts it has little effect on 
the rate of ionization. At four-fold liquid density, the 
ground state of the H atom disappears at 7=8 ev. At 
T= 9 ev, the last bound states of H, and H,* disappear, 
giving complete ionization. This leads to a rapid, con- 
tinuous rise in the number of free electrons from 25% 
of all electrons at T=7, to 72% at T=8, to 100% at 
T=9. At eight-fold liquid density, the last bound states 
of all species disappear together at T=5 where the 
number of free electrons rises abruptly to 100% from 
a negligible 0.75% of all electrons at 7=4.5. For higher 
densities there is complete ionization at all temperatures 
These rapid changes are the coincidental results of the 
increase in particle density with temperature and the 
increase with particle density of the bound 
electronic energies. The resulting abrupt composition 


State 


changes resemble phase transitions, but. no physical 
meaning can be attached to them on the basis of this 
calculation. 


C. Discussion and Evaluation of Results 


\t all volumes and temperatures for which th 
position and free energy were calculated, the entropy, 
internal energy, enthalpy, Gibbs free energy and pres 
sure were also obtained. The reliability of these results 
is better measured by the accuracy of the pressure than 
the free energy, since the volume derivative is more 
sensitive to the deficiencies of the model and does not 
contain the arbitrary constants of the free energy. Our 
estimate of the accuracy of the calculated pressure | 

ummarized schematically in Fig. 4. This estimate wa 

made by a qualitative theoretical analysis of the limi 
tations of the model and by comparisons with both ex- 
perimental data and other theoretical calculations 
Qualitative information concerning the limitations of 
the calculation was obtained by comparing our approx 

mate model with the more exact considerations provided 
by quantum statistical theory. This information was 
used together with the numerical results to define 
regions of reliability of the model. For.example, com- 
parison with exact theory might indicate that Coulomb 
interactions are poorly represented by our model. The 
results delineate regions of strong Coulomb interactions 
thereby allowing us to define regions of questionable 
accuracy. Because of the lack of other independent 
data, it happens that for a large portion of v-T space 
this process affords the only available means of evaluat 

ing the results obtained. 


!. Limitations of the Model 


In a rigorous derivation of the equilibrium propertie 


of a hydrogen plasma, one considers a two-component 


system of electrons and protons which experience only 


Coulomb interactions. All possible combinations of 
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Schematic repre ntation of 


simultaneous interactions among them would be evalu- 
ated. Because an exact solution of this problem is ex- 
tremely difficult, much effort has been spent in develop- 
ing approximate methods involving various expansions 
of the potential. In these expansions an attempt is made 
to find systematic groupings of the interactions between 
the particles based on the kinds of particle groups one 
expects to be important. One convenient classification 
of these groups is into bound or unbound systems. A 
group of particles is considered bound if there is a high 
probability that the distance between any two particles 
in the group is small compared to the radius of a sphere 
containing a mole of such groups. A group is unbound 


if any two particles in it have a high probability of 


being separated by a distance comparable to the radius 
of such a sphere. If we do not restrict the number of 
particles in these groups then we get a complete de- 
scription of the system, in which Coulomb interactions 
alone occur. However, in this calculation we consider 
only the groups symbolized by H,, H,*+, H~, H, Ht, 
and e~, in the hope that these groups represent the most 
important bound state systems. By including the elec- 
tronic, vibrational and rotational energies of these 
species, we are considering to some approximation the 
Coulomb interactions between the fundamental par- 
ticles which resulted in the formation of these systems. 
In order to describe the unbound states of these groups 
and to account for the interactions of larger groups of 
fundamental introduced several 
further approximations, some of which involve non- 
Coulomb interactions. There are also approximations 
in our description of the bound states of H, and H,*. 
We assume the separability of electronic, vibrational 
and rotational energies, we use the cutoff harmonic 
oscillator and rigid rotor models for molecular vibration 
and rotation, and we use only approximate electronic 
energies for the excited states of H, These approxima 
in regions VITI and IX of 


Fig. 1, where mostly atoms and molecules are present. 


partic les, we have 


tions are most significant 
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Another approximation in the calculation is the use 
of the Debye-Hiic kel model for the collective Coulomb 
interactions of the four charged species assumed present. 
As is well known, this approximation is accurate only 
in the limit of low charge density and high temperature. 
Moreover, when both the electron degeneracy and the 
Coulomb interactions are significant, there are addi- 
tional errors due 
ration of kinetic and potential energy, and the neglect 
of quantum effect 


to the breakdown of the classical sepa- 


due to the wave nature of the elec- 
trons and the Pauli exclusion principle. No attempt has 
been made to include exchange effects However, we 
make a crude correction for the dep. ndence of the po- 
tential energy of the electrons on their kinetic energy, 
and thereby for diffraction effects, through our inter- 
pretation of the cutoff radius in the Debye expression. 
the Debye result 
covered the of 


Coulomb interaction energy is given accurately only 


since with zero ionic radius is re- 


in limit infinite charge density, the 
when this ene rgy al d the electron de generacy are both 
II, III, and IV of Fig. 1. It should 


be progr sSive ly worse, the greater the « harged partic le 
density at a given temperature and the lower the tem- 


small as in regions 


perature at a given rat nsity, i.e., the order of error in 
1 is V<VI<VIL. 

In any model which, like the present one, includes 
only a few of the possible bound state systems, it is 


the re gions of Fig 


necessary to approximate in some way the Coulomb 
interactions of the remaining groups of particles. Part 
of this is accomplished by the use of the Debye model 
for the simultaneous interaction of all the charged 
groups present. To approximate the remaining inter- 
actions among the subgroups to form larger groups, 
one common method is to assume some form for the 
potential of interaction which is a function of the con- 
figuration of the subgroups considered as point parti- 
cles. This approach is inexact since the energy of the 
entire group is not uniquely defined by the configura- 
tions of the centers of mass of the individual subgroups. 
However, this should lead to a reasonable description 
of the system in density-temperature regions where the 
dimensions of the individual bound state systems are 
small compared to their center-of-mass separations. 
rhis method then can describe only weakly attractive 
or repulsive forces, neglecting completely bound states 
of the larger groups. The present calculation approxi- 
mates the interactions between the small subgroups by 
a density-dependent spherical confinement of the bound 
electrons of each group, which leads to a perturbation 
of their energy eigenvalues. We have, then, nothing in 
our model which corresponds to weak attractive forces, 
such as Van der Waals forces. In addition, we over- 
estimate the repulsive interaction by the extreme con- 
finement of the bound electrons in a hard-wall sphere 
whose volume is equal to the volume per group. How- 
ever, the model does give a qualitatively correct descrip- 
tion of the effect of density on the electron distribution. 


rS, AND TRULIO 


As the individual! subgroups approach one another, 
I t 

they interact 

of electrons resulting ir 


in such a w ty as to Cause a redistribution 
delocalization. The reason for 
this is that a forced confinement of the electrons in- 
their kineti rapidly than their 


potential energy. Thus the minimum energy configura- 


creases energy more 
tion subjec t to the den 
the 


localization is synon with 


ty constraint must be associated 
This de- 
loss of identity of 

model, we have 


with maximum possible delocalization. 


the 
the small subgroups present 


allowed for ippearance of the subgroups by a 
gradual decrease in t nber of states. A 
when its energy has 


ly equivalent 


bound 
bound state is n 
increased to ze 

to the exclusion « i Sta vnen 5 ‘rage volume 


exceeds the volun uS a 
the density effect 
our quantitative re- 


likely to have significant error due 


qualitatively corre 


ot tree ele 


on the number 


sults are to our 


crude approximation of the energy-volume dependence. 
} siid } 
ould De 


The approximation most reasonable when the 


perturbation due to the surrounding groups is small. 


of region VIII and 


poorer as the density increases. 


Thus it should be valid over mu 


IX of I ig. 1 but be 


ome 


Comparison and Discussion of Results 


(a) For a gas at normal volume down to a tenth of 


liquid density, it is believed that the calculated pressure 
is good to within a few percent l the entire temperature 
range studied. This estim based on the following 
considerations 

(1) There is th experimental heat ca- 
pacities and pressures 0.025 points at these 


volumes.® Since are present at this 


temperature, this indicat the model provides a 
ional and vibrational 


degrees of freedom. As a furt test 


reasonable des« ription of tne 


of the treatment 
of vibration, the harm itor eigenvalues were 
replaced by those obtained from a Morse potential. 
This change had al 


most 


10 effect on the pressure and 
heat capac ity, indicating that the detailed desc ription 
factor in 
the fact that 
very differ- 
ent answers shows that the counting of the vibrational 


of the vibrational states is not a Significant 
determining the results. This result, plus 
a previous calculation‘ with no cutoff gives 


states is much more important than their exact eigen- 


values. Also, since we find that H. d 
the ground electronic state 


the excited states of H 


sociates mainly in 
in our estimates of 


errors 
] 


can not lead to significant error. 


(2) The electrostatic interactions never exceed 5, 


and the system is always classical in this region so that 
the Debye approximatio1 to be fairly accurate. 
It seems that at p1 nt tl method gives the only 
reasonable description of a lticomponent system in 
International Critical 


New York, 1928), 


* Experiment 
Tables 
Vol. II, p. 5 
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this region. The Thomas-Fermi statistical model? is in- 
applicable for a dilute gas and the more rigorous dia- 
gram expansion methods have not made much progress 
as yet in regions where two-, three-, and four-particle 
bound states make the most important contributions to 
the properties of the system.' At temperatures where 
the system is completely ionized, so that existing dia- 
gram techniques can be applied, it is also a perfect 
classical gas and hence of little interest. 

(b) As the density is increased at T=0.025, from a 
fifth of liquid density to twice liquid density, the cal- 
culted pressures exceed the experimental values by an 
amount which increases rapidiy from 30% of the ex- 
perimental pressure to a factor of 25. Only H, is present 
under these conditions, which means that F; and F, are 
zero. Since F; is exact, the error in the pressure is due 
entirely to (0F2/dv), i.e., to the assumed relation be- 
tween F, and »v. 

It will be recalled that the energy of a hydrogen-like 
orbital in a spherical box is almost unperturbed by a 
change in the radius of the box, down to a small radius. 
The energy then increases rapidly over a very short 
interval, producing a similar increase in the magnitude 
of Fy. Since the population of excited states is always 
small, this contribution to F; is due almost entirely to 
the volume dependence of the energies of the /s orbitals. 
Furthermore the contribution to F, from the ground 
states of H., H,*, H-, and H is proportional to the 
number of bound groups, being otherwise independent 
of temperature. Therefore, since the number of bound 
groups decreases with increasing temperature and other 
contributions to the pressure increase, both the relative 
and absolute magnitude of the error in the pressure 
caused by this aspect of the model goes down as the 
temperature rises. 

At these densities and T=0.25, the experimental 
evidence indicates that the interactions of bound groups 
strongly affect the pressure. However, in the same way 
that the effect of F, on the calculated pressure becomes 
small, the relative contribution of other molecular inter- 
actions to the pressure must also decrease with tempera- 
ture. Furthermore, when the system consists mainly of 
ions, the contribution of Coulomb interactions to F is 
found to be moderate and the system is classical. As a 
result of this analysis, a temperature region for this 
volume range, i.e., »=3—120 cc/g can be estimated 
where the error in pressure is less than 10% and another 
where the error is further reduced to less than 5%, as 
indicated in Fig. 4. 

Unfortunately, except for the low-temperature ex- 
perimental data and the normal density Thomas- 
Fermi-Dirac calculation of Cowan and Kirkwood,' 

™N. H. March, Advances in Physics, edited by N. F. Mott 
Taylor and Francis, Ltd., London, 1957), Vol. 6, No. 21, p. 1 
N. Metropolis and J. R. Reitz, J. Chem. Phys. 19, 555 (1951); 
R. P. Feyman, N. Metropolis, and E. Teller, Phys. Rev. 75, 1561 

1949); R. Latter, Phys. Rev. 99, 510 (1955); 99, 1854 (1955): 
J. Chem. Phys. 24, 280 (1956) 


*R. D. Cowan and J. G. Kirkwood, J. Chem. Phys. 29, 264 
1958). 
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Taste II. Comparison of Cowan-Kirkwood (CK) and present 
calculation H, at normal liquid density. 


kT 
PV/kI 100 5 x) 20 
CK 2.0 


Present 2.0 


1.70 65 


1 
1.90 1.88 


there is nothing with which to compare our results on 
these regions. A comparison with the Cowan-Kirkwood 
results in Table II show that our pressures are too high 
at the lower temperatures. That the use of orbitals in 
a spherical box would lead to excessive pressures was 
obvious from the outset. While we were interested to 
discover quantitatively the error incurred, the model 
was used mainly to achieve pressure ionization in a 
simple way, and for correct physical reasons. 

(c) Four- and eight-fold liquid density are special 
volumes in this calculation since complete ionization 
occurs as the temperature increases due to the increase 
in particle density beyond a critical value. These are 
abrupt changes similar to phase transitions and give a 
discontinuity in the pressure. At temperatures lower 
than those required for ionization, the pressures are 
much too high, due again to the erroneously large de- 
pendence of the bound state energies on volume. After 
ionization, the contribution to the pressure from the 
Coulomb interactions increases drastically. This is the 
only region where the quantity a/R’ becomes greater 
than one. The results at these volumes are not to be 
trusted until the potential energy has again become a 
moderate fraction of the kinetic energy. For »=3 this 
means a minimum temperature of 10 ev and for »=1.5 
a minimum temperature of 15 ev. The results of a 
Thomas-Fermi’ (TF) calculation are better than ours 
at the lower temperatures for these volumes. Their 
pressures at zero temperature are still higher than ex- 
periment, but lower than ours. The TF results continue 
to be lower until 5 ev when ours become lower and stay 
lower even at 100 ev. This latter comparison indicates 
that our estimate of the interaction pressure is larger 
than that in the TF model. 

(d) In the region of complete pressure ionization, 
v<0.8 cc/g, the results are very poor at low and moderate 
temperatures. This is a region of extreme degeneracy 
and large interactions. Hence the neglect of quantum 
diffraction and exchange effects and the use of only the 
Debye term, with a cutoff ineffective for complete 
ionization, severely limit the applicability of the model. 
Table III gives a comparison for »<0.4 and zero tem- 
perature of the results of Gell-Mann and Brueckner,’ 
the present calculation, and a TF calculation. If the 
more rigorous Gell-Mann and Brueckner results are to 
be taken as most accurate in the region of convergence 
of their series of terms, then it isapparent that our model 
severely overestimates the electrostatic interaction 

°M 


1957). 


Gell-Mann and K. A Rev. 106, 364 


trueckner, Phys 
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fase III. Comparison of high-density zero-tempe 


v=0.4(r,=1.0)* 
P.E.® 


Calculation K.E.° 

Present 28.86 
GMB 8 53 
rkD 


28.18 


o=ro/a, where ro is t volume 
Kinetic energy and potential energy in units 


Pressure in megabar 


per electron and a is the Bohr rad 
of electron volts 


while the TF model underestimates it. Any improve- 
ment of our model in this region must come from a con- 
sideration of quantum effects on the Coulomb inter- 
actions in the completely ionized plasma. In this region 
the usefulness of our model is extremely limited and the 
have made the most progres 


more rigorous calculation 


\t temperature 


where the Coulomb interaction is 


again a small part of the kinetic energy our results 
hould again become reasonable. In this high density- 
high temperature region our accuracy is comparable to 
that of the diagram calculations of DeWitt! on the 
partially degenerate completely ionized plasma. 

felt that 
in describing the equilibrium propertic 


In summary it is progress has been mad 
of a partially 
ionized, partially dissociated. multi omponent pla ma, 
n regions of v-7 space where internal degrees of fret 
dom and bound electronic states art important and 
in regions of moderate interaction and moderate de- 
generacy. Under conditions of complete pressure ioniza- 
tion, i.e., high density, low and moderate temperatures, 
At higher temperatures 


where the kinetic energy terms again dominate, our 


this model is unsatisfactory 


model, the TF model, and the more rigorous approac} 
ippear to be about equally accurate 


APPENDIX | 


The Laguerre polynomials provide energies for each 


hydrogenic state at a discrete set of radii of the con- 


fining spherical box. These radii correspond to integral 
juantum number, m. For the 
lowest energy states no energies can be obtained for 


values of the principal 
finite radii greater than a few angstroms. Nevertheless, 
except for the ground states of each species, we have 
used only the discrete data afforded by the Laguerre 
polynomials together with the energy value at R= « 
} 


to determine a smooth variation of the energies with R: 


(R 13.595(Z, Nn 


X {1—expla;(Roi/ Zi: R—Zi:R/ Rei) |), 


where Ej, ith bound state of the Ath 
species in spherical box of radius R, Z,;= effective 
nuclear charge of the ith state of the kth spec 1eS, R 
he energy of ith state of the H 
lor 


energy of the 


the radius at whicl 


atom becom zero lant the ith state 


of the H 


the ;tl 


atom, and nceiple quantum number of 


state of tl ton he ground states, 


p= 24(r,=0 865 
K.E 


AND 


*rature results of Gell-Mann and Brueckner 


v=0.1(r,=0.644) 


P.I K.E 


39.5 


the functions 
were used’ to determine more accurately the energy- 


This leads to a dif- 


zeros of more general hypergeometric 


volume relationship for large radii 


ferent dependence of Eon R 


I 13.595Zc1»)*L1— Xerox 


where a and 6 are constant 
and X=Z,;R/Ro;. Thi 
energy of an H 

perturbation for large R, and a larger value of (@E/0R) 
for box sizes near the region of applicability of the 
Laguerre polynom Che more 
applied only to the grou it im it 
that before excited state 


2 and 1.16 re spectively, 
more exact expression for the 


. ° 
atom In a 


box then gives a smaller 


ationship was 


exact re! 


was thought 


ippreciably populated 


atoms and molecules w onger be a significant 


part of the compositlo h l I inly a good ap- 


} 
+ 


proximation for the mole r states and is least true 


for the states of the hydrogen 


APPENDIX II 


Each electroni is expressed as a sum of 


atomic hydrogen-lil having various effective 


nuclear charges, wi 


in the molecule 


tron present 


13.5952, 


the f’s represent tl 
We 
the procedure used to det ine the values of 
effective nuclear charge Z, 

For the Ise state of H.* we 


where 


| dependence de- 
scribed in Appendix I 


me examples of 
the 


13.595Z?(H.*,1 


tronic energy of the 


partic les 


where e(H,*,1sc) is the 
lso state of H: to the fur 
at infinite separatioi 


Z(H3*,1se 
of H 


idamental 


For the lso 


13.595Z7(H 
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and obtain 
Z( Hoe, isa) = (31.925/27.190)* = 1.0836 


The calculation of Z(H-,1s*), etc., exactly parallels 
these examples. 

lor the Rydberg series starting with the (1se,2se 
state of H, and ending in the Ise state of H.*, the eigen 
values were taken to be 


E(H2; 1so,n) = E(H,*, 1s) + E(H,»), 


where is the principal quantum number for any on 
electron excited state. Application of this expression to 
the (1sc,2sa) state of Hy gives an electronic energy of 


— 19.78 ev, while the experimental value is — 19.26 ev 


To obtain the corresponding vibrational and rotational 
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constants we used the « xpressiol 


D(H; lso.n 1 n 
W (He; lso,n l—n 
B(H;; 1soyn l—n 


)Do(He* ,1so) +n" DAH, (1s0)*), 
)W (H,* ls) +n“? W (Ha, (1s0)*), 
B(H,* ,1sc)+ nn BCHg, (1s0)*). 


These expressions give H 
for the (1se.2se 


0.350 ev, B=4.66XK10™ ev 
state of H, in comparison with the 
experimental values, W=0.321 ev, B=4.05X10-' ev, 
The experimental value of Do for this state is not 
available. 

As suggested by Teller’s work on H,*," only one other 
Rydberg series appears in the calculation. The series 
begins with the (3de,4so) state of H, and ends in the 
3da state of H,*. The calculation of electronic eigen- 
values and vibrational and rotational constants for 
these states follows exactly the procedure just given. 

i E. Teller, Z. Physik 61, 458 (1930). 
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ral possible mechanisms leading to spin transitions in the elect 
and its neighboring nuclei have been examined. Calculations sh 
ne in which the electron spin changes, but the nuclear spin 
econd-order perturbation of the spin-orbit coupling of the 
spin-lattice relaxation time of the F-center electrons in NaCl at 300°K ha 
8300 gauss. The relaxation time is 2X10~* second, indeper t of 


agreement with the theory 


I. INTRODUCTION depend upon the initial value of ms and my except for 


; : 
. ] : ¢ . " ; itzmani 1LIT¢ nce LV n upwi% anc - 
HE relaxation rate ol the spin ol an electron the Boltzman ' . be = 7 urd ind down 
wae ; ; ward transitions us th will be four characteristic 
trapped in L negative lon vacancy (F center) has ~ ae z = 

rates for this system. The nomenclature we will use is 


been measured'* for a few of the crystals which exhibit 


} 


; . , given in Table 
F centers, but no theoretical treatment of this phe , “5 


If the transitior +) — (4,4), for example, is 


nomenon has been made. It will be the purpose of this : 
' +} | r +} 4 ' saturated with I rowa'\ po r, there are tnree possi- 
paper to examine he theory of the various electron 

j ble ways by which th lan energy can be trans- 
mitted to the latti ctron can flip independently 
of the nucleus i i ¢ i terist! ime 7's, or the electron 
can undergo an electron-nuclear AM=0 or AM=2 


It will be vn that the theory ind expe riment are in men? oe 7 e : : 
transition preceded or follower y a nuciear spin flip. 


spin-lattice and electron-nuclear transitions rates, and 


Lo present t] results of some expe riments on the spin 


lattice relaxation time of the F-center electrons in NaC] 


approximate igreement. 


: — f the latter processes a nd ndent. tl . ld leas 
Since an F-center electron has a relatively large hyper- If the la ‘| z 7 » Se would lead 


to electron spin relaxation having characteristic times 
Tx or Ty, Ww I rl irger, and the larger of T x2 
and 7, res 1 I understand the spin- 
lattice relax: n prot s, V must obtain estimates 


fine coupling’ to the nuclei which surround the nega- 
tive lon vacancy, the designation of the Zeeman states 
of the electron must include not only the msg value of the 
electron spin but also the my values of the coupled 


of the magnitud four of thes haracteristic 
nuclear spins. There will then be more than two levels oo yey 
, - #.% . 1 es 
in the Zeeman energy system, and the definition of —_ 


“relaxation time’’ becomes ambiguous unless the tran- 
sitions by which relaxation is taking place are specified. 
To simplify the problem of nomenclature, we will con- 


sider an electron spin which is coupled with only one 


neighboring nucleus, and we will take the nucleus to 
have spin one-half. This system will include all the 
essential features of an actual phy sical case of an elec- 
tron coupled to six or eight neighboring nuclei of spin 
+. The levels of the simplified system appear in Fig. 1. 


> 


The St paration of the 1 and { , - , } leve ls is not the 


same as the separation of the }_ —4) and (- 


levels and varies with the orientation of the magnetic 


} 


field with respect to the line joining the center of the 


vacancy with the nucleus under consideration. We will 
define relaxation times for this system to characterize 
the six possible transition rates shown in Fig. 1. It will 
be assumed that the transition probability does not 


* Supported in part by the Office of Naval Research and the 
National Security Agency 
t Present address: Bell Telephone Laboratories, Murray Hill, 
New Jersey a 
\ Portis, Phys. Rev. 91, 1071 (1953 \ 
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2A. M. Portis, Phys. Rev. 100, 1219 (1955 
+A. F. Kip, C. Kittel, R. A. Levy, and A. M. Portis, Phys. Rev Fic. 1. Zeeman energy level ram of or sctron coupled 
91, 1066 (1953); N. W. Lord, Phys. Rev. 105, 756 (1957): and by anisotropic hyperfine inte tior a nucleus of spin one-half 
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Phys. Rev. Letters 170 (1958); G. Feher, Phys. Rev. 105, for arbitrary ntation of the magnetic field he levels are 
1122 (1957), labeled (ms, 
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SPIN RELAXATION OI 


Taste I. Nomenclature of transitions in the 
electron-nuclear Zeeman system 


Characteristic 


time 


lransition 


Am, 


Van Vleck‘ has considered several ways in which spin 
relaxation can occur for paramagnetic ions in a crystal. 
This treatment cannot readily be adapted to the / 
center as the states split by an electric crystal field 
which are necessary for the operation of the Van Vleck 
mechanism are not well understood for the F center if 
indeed they exist at all. Pines, Bardeen, and Slichter 
Abrahams® considered 
mechanisms in relation to donor states in silicon which 
might be applicable to the F center. They have com 
puted values for relaxation rates based on the fluctua 
tion of the hyperfine interaction and have found that 
these rates are much too slow. We shal! show later that 


and have several relaxation 


this is also the case for the F-center electron. 
We will use the spin Hamiltonian® 


=p H-S+y,;H-1+Al-S 
+b[3(1-r)(S-r)—I-SJ+AL-S, (1) 


where r is the unit vector relating the nucleus to the cen 
ter of the vacancy. This Hamiltonian, when combined 
with the Hamiltonian for the crystal energy, provides 
matrix elements for spin transitions of various types 

1. The value of A, as will be shown later, is a function 
of the relative positions of the vacancy and the neigh- 
boring nucleus, and thus the lattice vibrations make the 
hyperfine coupling time-dependent. The first-order per- 
turbation of A(/)I-S on (1) has nonvanishing matrix 
elements (/,S;) and leads to transitions of the type 
Ams= +1, Am; = #1, in which the electron and nucleus 
flip in opposite directions. 

2. The anisotropic hyperfine coupling can be made 
time-dependent in two ways. The coupling coefficient 5 
is dependent upon the geometry in a manner similar to 
A, and thus 6(t)[3(I-r)(S-r)—I-S] perturbs the re- 
mainder of (1) to give matrix elements (/,5,), (S./4), 
S J+), and (S,I-), by a first-order perturbation. This, 
perturbation can then cause transitions in which either 
the electron or the nucleus flips alone, or both flip 
simultaneously. Secondly, the value of S, can be time- 
dependent if the electron spin is undergoing transitions 
caused by one of the other perturbations. In this case, 
we have 6(3(1-R)[S(‘)-r]—S(s)-I} as the perturbing 


‘J. H. Van Vleck, Phys. Rev. 57, 426 (1940 


*T). Pines, J. Bardeen, and C. P. Slichter, Phys. Rev. 106, 489 
1957); E. Abrahams, Phys. Rev. 107, 491 (1957 

* See for example, B. Bleaney and K. W. H. Stevens, Report 
n Progress in Physics (The Physical Society, London, 1953 
Vol. 16, p. 108. We have assumed that the effects of crystalline 


fields may be neglected 
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Hamiltonian. By a first-order pe rturbation, this leads 
to matrix elements in which the nuclear spin flips in a 
manner not correlated with any electron spin flips. 

3. Since A is 
mensions of the 


also a function of the geometrical di- 
system, lattice vibrations will cause A 
to be time-dependent. The perturbation term A(1)L-S 
in Eq. (1 
order perturbation but has, in second order, the matrix 
elements (S, 

of the type Ams 


has no nonvanishing matrix elements in first- 


Thus this process leads to transitions 
+1, Am,;=0. 


Il. DEVELOPMENT OF THEORY 
A. Perturbation of Isotropic Hyperfine Coupling 


We shall now make an estimation of the transition 
rate caused by fluctuations in the isotropic hyperfine 
coupling. It will be assumed that the lattice temperature 
is high enough so that the Raman or two-phonon tran- 
sition is more important than the direct or one-phonon 
transition.’ Then the transition probability is given by 


The 
Hamiltonian, is to be taken between states characterized 
by (ms,m,,n,m) and (ms+1, m1, n+-1, m1), where 
the parameters represent the quantum numbers of the 
electron and nuclear spin and the quantum numbers of 
excitation of the two lattice oscillators involved. The 
brackets denote an average over all final lattice oscilla- 
Since energy conserved in this 
process, the energy difference of the two phonons must 
equal the energy change of the Zeeman system. We will 
have assumed that, in that portion of the phonon spec- 
trum where the density of oscillators is large, the Zee- 
man energy difference can be neglected with respect to 
the energy of either phonon. A Debye spectrum will be 
chosen for p(w 


matrix element of 3%’, the fluctuating part of the 


tor states. must be 


), and w,, will be chosen to be «6/h, so that 
the total number of lattice oscillators has the correct 
value when 6 is the Debye temperature. The Debye 
spectrum gives 

p(w 9h V / AP a’, (3) 


where V is the volume of the crystal and a is the inter- 
nuclear distance. We take the amplitude of a given 
vibration as 
2h 
, (4) 
3M exp (hw/xT)—1] 


The fraction of g appearing as a relative displacement 
between neighboring nuclei is wag/v, where v is the ve- 
locity of sound. For an approximate value of P, the 
effects of the different modes and polarizations of the 
phonons may be disregarded, as well as the average over 

7 For a review of the details of deriving the transition proba 
bilities of one-phonon and two-phonon processes, see A K. Saha 


and T. P. Das, Theory and A pplication of Nuclear Induction (Saha 
Institute of Nuclear Physics, Calcutta, 1957), Chap. 4. 
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the angular distribution of phonon momenta which where & and 
variation cal 


transition probab itv. Then this wave func 


would be necessary for a precise determination of the 


dha 
Ir? 30°M[exp(tw/«7 


° , . is ohta ad 
Io determine the radial derivatives of the ny perhine Is Obtaine 
ti 


coupling coefficient, one must know the wave function rhe complete ex 


icing Is now, combi 


of the /-center electron as a function of lattice spi 
Gourary and Adrian*® have calculated way 


\ 


for the /-center electron for values of the lattice spacing 


corresponding to all the alkali halides. Thus, by inter 
polations, it wou d be possible to obtain the wave fur 

tion as a function of pacing and compute l(r Phis i 
an unnecessarily complicated procedure, however, in 


view of the ap} roximations which were made concerni! vy 


the phonon spectrum. It is assumed that the value of A 


computed as given by the calculations of Blumberg 


ind Das®. The employ the relation 


y p has | written for M/V and 7* 
1/6. For T= 300°K and 1=66 Mc/sec, P=4X 10? 
' This would give a value of 7; 1/2P==10 


inction computed from 
neglecting overlap effects,* and 


electron 1 on ne ighboring ion 


+ 


sec. 


B. Perturbation of Anisotropic 
Hyperfine Coupling 


the greatest contribu 


the terms 


hyperfine coupling. 
trinsic property of the ion result Is the same 


itself and does not ce pend upon vibrational coordinate 


‘ values of 
rhe term (a, then represents the major factor in A ntal rameters and ~ Mi 
vhich doe lepend upon geometrical coordinate It 

umed 


sec,” 


ontaini an dependent 
cen is another 
non, the sha nad ex it i We is me I 


hanged apprecia irb I ( gy to ar spin transitions, 
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factor, the enhanced probability may be written as 
BP Ts 


h? 1+u*T s? 


(13) 


For 6/h=2.5 Mc/sec, w=2eX10' sec, and Ts=2 
X 10~* sec, this gives P=3X 10‘ or Ty =1.6X10~ sec. 


C. Perturbation of the Spin-Orbit Coupling 


The ground-state wave function of the F-center ele: 
tron is primarily of s character. The existence of a ¢g 
shift” for the electron spin resonance shows, however, 
that there is an admixture of states of higher angular 
momentum. The calculations of Blumberg and Das® 
show that the admixture of />0 states into the s state 
Yr is adequately taken into account by the Léwdin 
orthogonalization process by which the function wy is 
made orthogonal to wave functions of all the ion core 
electrons on neighboring ions. 

Blumberg and Das made the approximation that 


Ag 2/ Ey SF availa! L? ; (14 


ar 


which says in effect that the F-center electron appears 
to have the spin-orbit coupling of the ion core electrons 
reduced by (a; / the square of the overlap of the 
computed /-center wave function with the wave fun 

tion. of the ion core electron. Here ip is the /-band 
energy. 

The summation in (14) represents the average spin 
orbit coupling of the F-center electron and it may be 
taken equal to the A of the spin Hamiltonian (1). For 
NaCl, r has the value 13 cm. Since the angular mo- 
mentum is quenched in the ground state, the effect of 
the term AL-S vanishes in first order, and a second 
order perturbation must be used to compute the relaxa 
tion transitions. 

In (14) it will be noted that A,; and (L,’) are intrinsix 
properties of the ion itself, and only the part (F |a,) is 
dependent upon the geometry of the lattice vacancy 
and the F-center wave function. The time-dependence 
of Xx arising from ¢ nanges in (F a@,) due to lattice vibra 
tions leads to the relaxation transitions. 

We now second-order matrix elements of 
5=AL-S connecting the different Zeeman and vibra- 
tions states of the spin system and lattice oscillator 
system. These will be given by 


need the 


(His) js 


—on (15 


where we have lumped all the quantum numbers desig 
nating a state of the complete system into a single index 
initial state i, intermediate state j, and final state 
2 C. A. Hutchison, Jr., 
1952) 
% Per-Oloy Léwdin, J 


and G. A. Noble, Phys. Rev. 87, 1125 


Chem. Phys. 18, 365 (1950 


ECTRONS 1845 
There are only a finite number of bound states 7 in the 
sum, and these states have an energy greater than the 
F-band energy Ey but less than the binding energy of 
the F-center electron, which is only slightly larger than 
Er. The free states will make no contribution to the 
sum in (15) as the angular momentum of these states is 
zero. Thus £;— Ey may be replaced by Fy in (15) and 
the matrix sum carried out to obtain 


KISH, 7|/Er. (16) 


Proceeding exactly as in Sec. IIA, that part of the 
perturbing Hamiltonian interacting with two phonons 
is obtained : 

m, dr? 2ha’w 

x’|S , (17) 

Ep dr 30° VM [exp (te «T)—1) 
The derivatives of the spin-orbit coupling coefficient A 
are obtained in an analogous manner to the derivatives 
of A previously evaluated. This gives 


d°)?/dr? =[12(n+1)°+4(2+1) \*/a*= 162d2/a?. (18) 
Now, combining (3), (17), and (18) into (2), we obtain 
2r fe” (9eK VY? 
rea Gee) 
41? 9 wea 
2ha’w 


2 
) ae (19) 
30° M Lexp(hw/xT)—1 | 


M/V, T*=T7/@ and x@a 
(6m*)'hy gives the final expression for the transition 
probability, 


(— 
; P 


As before, introducing 0 


7s dx 
(20) 
(e*—1)? 


lor F centers in NaCl at 7 
410% sec! or T 10 sec. 
It must be emphasized here that there are two distinct 

ources of approximation involved in the preceding 

treatment. First there is the question of the detailed 

nature of vibrational amplitudes and phases near a 

lattice imperfection. First, one might say that, since the 

ions neighboring the vacancy are not subject to as strong 
restoring forces as the ions in the bulk medium, the 
vibrational amplitudes of these ions would be larger and 
thus tend to decrease the value of 7's. Moreover, in this 
treatment, the phase difference between the vibration 
of different ions has been neglected. Above the Debye 
temperature, one can assume that even neighboring ions 


300°K, this gives P 


vibrate with random phases for the purpose of comput- 
ing an order-of-magnitude ¢ 
probability. 

Second, there is the question of the detailed nature of 
the spin-orbit interaction itself. We have proceeded as if 
the entire interaction were due to the overlap of wr with 
the />0 electrons of the nearest neighboring ions only. 


timate of the transition 
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containing the 


air 


For the case of KCl, calculations'*® show that the six 
nearest A* ions contribute more than twice as much to 
the spin-orbit interaction as the eight nearest Cl~ ions. 
For heavier potassium halides, however, the contribu- 
tion from the halide ions increases to a much greater 
proportion relative to that of the K 
roughly the same for all the K halides. For F centers in 
LiF’, on the other hand, there is no contribution at all to 
the spin-orbit interaction from the Li* ions in this model, 
as these contain no />O0 electrons, and the principal 
contribution is made from the eight nearest / 
Adrian’s more exact model of the spin-orbit coupling 


is indeed a small contribution to 


ions, which remains 


ions. 


shows that there 
from the Li* ions. The effects on the relaxation due to 
the next-nearest and more remote neighbors have been 
neglected since, at greater distance, yr becomes less 
curved, and the value of d*\*/dr*? decreases. 

It is seen from the several preceding rough calcula- 
Ts (1.210 
spin-orbit-phonon process is much smaller than the 
T's (1 see 
Also, the value of 7's is much smaller than the smallest 
calculated value of either the larger of T’x9 and Ty 
(10-% sec) or the larger of 7’x2 and J» (1 sec), so that 
excess Zeeman energy in the electron spin system is 


tions that the value of 5 sec) due to the 


arising from the hyperfine-phonon process. 


transmitted to the lattice predominantly by means of 


an electron spin flip in which the nuclear spin quantum 


| ange d. 


numbers are not « 


“F. J. Adriat Rev. 107, 488 
18 A discussion of the various contributions to the 
found in B. S. Gourary and F. J. Adrian, 
edited by F. Seitz a D. Turnbul ademic 


to be published 


g shift will be 
Solid-State Physics, 


Press, New York 


Ill. EXPERIMENT 
The 


trons in 


spin-lattice relaxation time 7's of F-center elec- 
NaCl has been measured at 300°K at three 
ic field by three entirely different 
At very low fields an experimental determina- 
tion of 7's was made by observing the relaxation of the 
Na” nuclei in the bulk of t! ystal. At 2950 gauss, an 
X-band microwave ele nce experiment using 


value s of che magnet 
methods 


slow passage techniques yield T's by the observation 


of the relative values of i absorption and dispersion 
mode signals. At 8300 gauss, a A-band microwave elec 
tron last 
niques, was used to calculate 7's by obtaining the disper- 
field 
discussed 


resonance experiment, using passage tech- 


sion mode signal a 1 function of modulation 
amplitude. Each of these 


separately. 


method will be 


A. Low Field Measurement 


1 ¢} 


As has been discussed by Bloembergen," the presence 


of unpaired electron spins in a crystal may have a large 
effect upon the relaxation rate of the nuclei in the crys- 
pe r- 


nuclei) 


tal. A pulsed nuclear resonance « x pe riment!® wa 
formed at 9100 gau 10.6 Mc/sec for the Na* 
on a pure Harshaw quality Nat ngle crystal and on 
a similar crystal’? which contained approximately 108 
F-center electrons per cn to determine the nuclear 
spin-lattice relaxation time of each. These two crystals 
exhibited the me, 12 sec, 
that the /-center electrons not effective in relaxing 
the nuclei at this magnetic f l n ason for this is 
that the factor 7's/(1-+44 for the 
electron-induced transition probability is too small. At 
lower values of the field, where 
of 1/7's, the relaxation effects 
increased. 

It would thus 
relaxation as 


same relaxatior indicating 


vere 
( Xpre ssion 


becomes of the order 


of the electrons should be 


+} 


appear desiral he nuclear 


of the magnetic field by chang- 


a tunctior 
ing the frequency of the nuclear spectrometer. This, 
however, prese nts some severe experime ntal diffic ulties, 
since the sensitivity of nuclear resonance apparatus is 
proportional to H?, and lowering the field would reduce 
ratio of the Therefore, 


"was adopted vhict allow the field 


the signal-to-noise xperiment 


a procedure would 


at which the nuclear spin population was measured to 


at 9100 gauss but owing the field at which 


remain 
relaxation took place to vary. The 


ample 


was placed in 
a small cylindrical cartridge which fitt 
The tube pa 


the nuclear resonance apparatus in the 


ed inside a long 


glass tube. the receiver coil of 


center of the 
magnet gap and extended tically well into the fringe 
16 The equipment used for t anllens ha = 
in detail by E. G. W r, thes { versit lifornia 
unpublished 
rhe aut! 
crystals containing the F centers 
‘8 This procedu ! 1 em¢ e fir 
R. V. Pound ar Ramse » eV 278 
has been previou SCI y the author [W. E. B 
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Fic. 3. Block diagram of se 
quence generator. To the right is 
shown the sequence of events dur- 
ing one cycle of the apparatus. The a ee 
height of the free induction tail H REPETITION f 
is a measure of the nuclear mag- PULSE 
GENERATOR 
netization remaining after relaxa- “0 
tion for a time Tz 


field of the magnet. The tube was fitted with appropriate 
stops at each end such that the two limits of travel of 
the cartridge in the 
receiving coil and a point 70 cm from the gap of the 
magnet, where the fringe field was approximately two 
gauss. The cartridge could be made to travel from the 
receiver coil to the upper stop outside the magnet by 
means of compressed air. When the air pressure was 
removed, the cartridge would fall back into the magnet 
gap. A solenoid was wound on a long cylindrical form 
which would cover the glass tube from the receiving 
coil to a point 25 cm beyond the upper stop. A schematic 
diagram of the apparatus is shown in Fig. 2. The sample 
could be transported from the nuclear resonance ap- 
paratus to the field of the solenoid, where it could relax 
for any desired time interval and then be returned to 
the magnet for a measurement of the nuclear spin 
population. The trip up and down required about 0.4 
second each way. This rate was slow enough so that 
the transiton from the high horizontal field to the lower 
vertical field was adiabatic at all] times. 

To eliminate the human reaction time from the ex 
periment, the entire apparatus was programmed to run 
automatically. The block diagram of the sequence gener- 
ator and the program of the air pressure, solenoid field, 
and nuclear resonance apparatus are shown in Fig. 3 
At the start of a cycle, the air and the solenoid current 
were turned on simultaneously. The sample rose and 
relaxed in the field of the solenoid for a predetermined 
time, after which the air was turned off, allowing the 
sample to fall. After the sample had returned to the 
receiver coil, a delayed pulse triggered the radiofre- 
quency transmitter to measure the nuclear spin popula- 
tion. An additional delay of 0.1 sec was made to allow 
for variations in falling time. The sweep of the oscillo- 
scope was triggered by the transmitter, and the nuclear 
free induction signal was presented on the cathode-ray 
tube where it could be photographed. When the oscillo- 
scope had completed its trace, the solenoid current was 
turned off. After the completion of one cycle, a sufficient 
time elapsed to insure that the nuclear spin system re- 
turned to thermal equilibrium before another cycle was 
begun. 

While the preliminary data from the experiment was 
taken photographically, it was found that a more precise 
measurement could be made by using an electronic data 
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sampler” which measured the height of the free-induc- 
tion signal and fed this information to a Brown recording 
potentiometer. The apparatus was gated so that the 
recorder held the value of the signal from one cycle 
until the next cycle was completed. In practice, the 
sequence generator was allowed to complete about 10 
cycles at a given value of the solenoid field before 
changing to a new value, and an average of the signals 
was taken from the recorder. 

Results for one set of measurements are shown in 
Fig. 4. Here the ordinate is the fraction of the nuclear 
magnetization remaining after a time 7» (2.5 seconds 
in this case) multiplied by exp(+T7./T,), and the 
abscissa is the Larmor frequency of the Na*™ nuclei. 
For the values of the solenoid field Hr used, we have 
neglected pH r/xT with respect to wHo/xT. Thus, if the 
only relaxation processes present are those taken into 
account by the measurement of 7,=12 sec at high 
fields, the ordinate of each experimental point should be 
unity. It will be seen that this is true for the NaCl 
sample without ¥ centers, but an additional relaxation 
process appears at low fields for the sample containing 
the F centers. Seven such runs were made for different 
values of Tz on samples of two different concentrations” 


of F centers. The additional relaxation rates occurring 
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s oo we 4 10" 
Vv, IN CYCLES PER SECOND 
Fic. 4. Results of a run in which the time Tz spent in the low 
field was 2.5 sec. The ordinate is proportional to the nuclear 
magnetization remaining after return to the large magnetic field 
The effects of relaxation due to the F centers become important 
orvs 310 cps (H”—~100 gauss 


SE G Wikner, reference 16 
» The 
microwave 


concentrations of the 
Faraday 
centers per cm’, 


4. M. Portis, 


two samples were measured by 
rotation and are 4.410" and 2.310" } 
as reported in D. Teaney, W. E. Blumberg, and 
following paper [Phys. Rev. 119, 1851 (1960) }. 





1848 


while the 
F-center calculated from 
of Faraday rotation is 5.2, 
with an error of approximately 20%. If the nuclear re 


fields were in the 


of the 


measurements 


at low ratio of 6.7:1+ 20%, 


ratio concentration 


microwave 


laxation is occurring by a process in which the diffusion 
of nuclear spin energy to the F center plays a large role, 
the relaxation rate should be proportional to the concen 
tration of unpaired electrons.”! The data from the vari 
run The 
each plot similar to Fig. 4 was observed 


ous were combined and are shown in Fig. 5. 
ordinate y of 
to have a low field plateau yo for each run. The ordinate 
of Fig. 5 is taken In(1—yo). Thus, the 
vertical of Fig. 5 is the power spectrum of S,, 
Iw (1+-w°7's to J(0 1. the 


power spectra of S, and S, are spread over a frequency 


as In(1 y 


normalized Since 
range of the line width of the /-center resonance, ~ 500 
Mc they are assumed to have negligible effect. It 
will be noted that, within the experimental scatter of the 


Sec, 


points, all the data lead to the same J(w) independent 
of the time the sample was allowed to relax and the 
concentration of # centers. The solid curve is drawn to 
have the Lorentz form J(v)= (1+4rv7")—", with 7 

chosen to be 2 10~* sec for the best fit. The scatter of 
the points allows the determination of T's to be made 
+ 20%. This measurement of 7's is taken to be 
appropriate to 70 gauss, where J(w)=4. However, the 
good fit to the Lorentizan curve indicates that 7's is a 


within 


constant in the range 10 to 400 gauss 
The value of T 


relaxation time and contains no contribution from the 


obtained above is the true spin-lattice 


pin-spin relaxation time 7s due to interaction between 
F centers. Since 7 
the average distance between F centers, it should vary 


;s depends” upon the sixth power of 


inversely as the concentration squared, but no concen 


tration de pe ndence was observed in this expe riment. An 
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relaxation measurement 
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open points represent the sample of higher concentra 

tion, and the solid points from the more dilute sample 
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B. X-Band Measurement 
{ sing X band microwave i slow passage saturation 
expe riment was p rformed wi! \ is exactly analogous 
in KCl. The 


been discussed by Portis 


to that reported by Port for F centers 


microwave apparatus used ha 


The n 


parameters and their use in computing the microwave 


and Teaney. leasurement of the microwave 


magnetic field H, is discussed in the following article.” 
Under the experimental 


of thi 
microwave field in th 


As 


conditio1 Ss measurement, 


the value of the average e sample 


was 0.53 gauss at mz ywer Portis! has 


ximum pe 
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shown, the ratio of 


signal for an inl roadened Gaussian 
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ot Lion, 
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Fig. 6. At icrowave power, the 
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aximum 
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C. K-Band Measurement 
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mode electron resonance signa! as a function of magnet 
field modulation amplitude, followed by fitting this 
function with a theoretical expression containing T's as 
a parameter. 
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Fic. 6. Peak absorption and 
peak-to-peak dispersion signals for 
F-center electron resonance in 
NaCl at 8300 Mc/sec. The value of 
the microwave field //; at 0 db is 
0.53 gauss in the rotating frame of 
the electrons 
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ponent at frequency w,, and at a phase difference y with 
respect to the modulation field. Assume that H, is large 
enough to ensure saturation of individual spin packets 
in the resonance line, i.e., yH,7's>1, and that the pas 
sage through a given spin packet is adiabatic, i-e., 
mld m <yH 2. Under these conditions, Portis™ has shown 
that the strength of the dispersion signal is given by 


®Xo WwW 
= = € Sinw »l, 
4 (29) Aw 


xo Ww 


Sa= Inf (+ (1+ ¢7)' | sinw,t, (€>1). (23 


(29)! Aa 


Here xo is the static spin susceptibility and ¢ has been 
written for H,w,.7s/H,;. There is a small transition 
region near {=1 where both expressions become ap- 
proximate. Note that both expressions have time-de 
pendence sinw,,¢ and thus are #/2 out of phase with 
the modulation field. 

One could place the sample in a position of uniform 
H, and increase the value of H,, until the signal changed 
from a linear dependence upon H,, to a logarithmic de 
pendence. The position H,,’ of this break would give 
T s=H,/w,,H,,.’. However, because of the dilute nature 
of F-center samples, a rather large sample must be used, 
and the achievement of a uniform microwave field is 
difficult, especially at the higher frequencies. 

In this experiment, no attempt was made to create 
uniform microwave field. The sample was cut to exactly 
fill a resonant rectangular cavity. The coupling of the 
cavity to the waveguide was varied until the cavity was 
matched (8>0.99) in order to obtain the maximum H, 
The value of H;, calculated as indicated in the following 
irticle,” was 9.4 10 gauss at the position of maximum 
intensity in the cavity. According to the position in the 


at Ca ot 
RELATIVE 


MICROWAVE FIELD 


crystal, the microwave field varied from zero to H;. The 
value of the microwave field as a function of position 
will be denoted by A(r). In some parts of the crystal 
where 4 was very small, the adiabatic passage condition 
was violated. This case gives a complicated dispersion 
signal which decreases with increasing H,,.7* It is as- 
sumed that for w,f,,>yh* there is a negligible disper- 
sion signal component #/2 out of phase with the modu- 
lation field. A phase-sensitive detector** was used to 
detect the resonance signal. The phase of the detector 
was adjusted to accept signals differing in phase by 2/2 
from the modulation field, which varied sinusoidally at 
a frequency of 1050 cps. 

To obtain the theoretical dependence of the signal on 
modulation amplitude, Eqs. (22) and (23) must be 
averaged over the volume V of the entire cavity. This 
was accomplished by numerical evaluation of the follow- 
ing integrals 


x ) - heH 
SINW ml = td*r 
(29)*V Aw 4S h<HmemTS 


s HmewmTs 


“ih 


Inf ¢+ (14-7) >. 9 (24) 
; 


(H mem 


The parameter ¢ now has the meaning H,w»,7s/h(r). 
The integrals are to be carried out over the entire 
volume of the cavity. The limits of the integrals are 
given in terms of the microwave field at the boundary 
between the three regions: (1) that contributing a linear 
signal; (2) that contributing a logarithmic signal; and 
(3) that contributing no signal. 

75M. Weger, Phys. Rev. (to be published) 

** The author is indebted to D. N. Langenberg and T. W. Moore 
or permitting the use of their equipment for this experiment. The 
entire K-band spectrometer has been described in detail by X 
Langenberg, thesis, University of California, 1959 (unpublished) 
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The experimental curve is plotted in Fig. 7, along 
theoretical (24) 
with 7's, in microseconds, as a parameter. Since no 


with several curves calculated from 
measurement was made of the absolute signal intensity, 
been normalized to one of 
the experimental points. It can be seen that the experi- 
mental data fits with a value of 7s of approximately 


1.8 10~* sec. The uncertainty in determining the micro- 


the theoretical curves have 


wave parameters places estimated limits of accuracy of 
t+ 50% on this value. 


TABLE IT. Summary of measured 7s for NaCl 


Magnetic field 


gauss 70 2950 8300 


Ts, microseconds 2.0+0.4 1.7+0.9 1.8+0.9 


measured values of 
It is noted tha 


By way of summary, the three 
Ts are listed in Table 
Ts is practically independent 


t the value of 
of the magnetic field, as 
would be pre dicted from The agreement between 


the theory and experiment is considered within the 


range of the approximations 1 treating the lattice 
vibrations and the nature of the spin-orbit interaction. 
It would be interesting to measure the values of Tx y 
T x2, and Ty by cross-saturatior 
whether the orders of mag: 


experiments to see 
estimated in Sec. II 


itude 


for these times are correct 
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The use of a bimodal cavity for the observation of electron spin resonance is described. The two samples 
of NaC! containing F centers used by Blumberg are investigated by electron spin resonance. Their F-center 
concentrations are found to be 4.410" and 2.310" electrons/cm', respectively. The spin-lattice re- 
laxation time at room temperature of the F-center electrons is found to be 1.7 microseconds. 


INTRODUCTION 


E describe the use of a bimodal cavity’ for the 

observation and comparison of absorption and 
dispersion signals in electron spin resonance. Application 
is made to the F-center resonance in NaCl. The two 
samples employed in the study of nuclear relaxation by 
F-center electrons’ are investigated. We describe the 
determination of both the F-center concentration and 
spin-lattice relaxation time. 

The method used is similar in principle to the method 
first used by Silsbee® since both depend on the para- 
magnetic properties of F centers for their detection. 
Silsbee’s method relies on the resonant absorption of 
microwave power by the precessing electrons in a cavity 
having a single resonant mode. The method herein de- 
scribed utilizes the transfer of power from one mode to 
the other of a bimodal cavity by the precessing electrons. 
Since these methods depend on the same physical 
property of the F-center, they have approximately the 
same ultimate sensitivity. However the fact that the 
bimodal cavity as used here has a stability much greater 
than that attainable for a microwave bridge as used 
by Silsbee gives this method a decided experimental 
advantage. 

BIMODAL CAVITY 


The bimodal cavity used here is similar to one de- 
veloped for microwave Faraday rotation studies on 
semiconductors‘ but has been modified by moving the 
entrance iris from the end of the cavity to the top. This 
change makes it possible to place a magnetic sample at 
the end of the cavity without seriously affecting the 
coupling to the cavity. The equivalent circuit theory 
already developed' may be applied without alteration 
to the present cavity. This theory relates the elements 
of the microwave susceptibility tensor to the variation 
in power P, coupled through the cavity as a function of 

* Supported in part by the Office of Naval Research, the Na 
tional Security Agency, and the U. S. Atomic Energy Commission. 

+ Present address: Bell Telephone Laboratories, Murray Hill, 
New Jersey. 

1 A. M. Portis and Dale Teaney, J. Appl. Phys. 29, 1692 (1958 
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(1958), and W. E. Blumberg, preceding paper [Phys. Rev. 119, 
1842 (1960)]. 

*R. H. Silsbee, Phys. Rev. 103, 1675 (1956) 
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magnetic field. In practice the cavity is first adjusted so 
that no power is coupled through the cavity; thus the 
cavity modes are completely degenerate. Power is then 
coupled through the cavity by lifting this degeneracy 
either by a perturbation of the frequency match of the 
two modes or by a perturbation of the amplitude balance 
of the modes. The former type of unbalance is accom- 
plished by inserting a metal plug oriented at 45° with 
respect to the direction of the waveguides, thereby lift- 
ing the degeneracy in the reactance of the normal modes 
along and perpendicular to the direction of the plug. We 
call this a reactive unbalance of the cavity. By increas- 
ing this unbalance in coupled power, P2, max is ultimately 
reached. The latter type of unbalance is accomplished 
by inserting a resistive plug at 45° with respect to the 
direction of the waveguides, thus reducing the Q of the 
cavity mode along the direction cf the plug, leaving the 
transverse mode unaffected. We call this a resistive un- 
balance of the cavity. With reactive unbalance the 
equivalent circuit analysis yields for the fractional varia- 
tion in power coupled through the cavity 
cot 

- 89f Ov —", (1) 
P, "wo [(14+81)(14+ 2) } 


bP, WwW 


With resistive unbalance, we obtain 


bP, Ww 
+8xf Og 


x’, 
P, wo [ (1 +81)(1+8:) }* 


cote 
(2) 


where we have assumed that only a small fraction of the 
incident power is coupled through the cavity and that 
the magnetic resonance perturbs the cavity modes only 
slightly, so that 6P,/P:<1. The quantities 8; and f, are 
the voltage standing wave ratios in the input and output 
lines, respectively. The angle @ is defined in terms of the 
ratio of the power coupled through the cavity to the 
maximum power that may be coupled through the 
cavity: 6=4 sin (P2/P2, max). The factor w/we is the 
ratio of oscillator frequency to yH»o, the Larmor pre- 
cessional frequency, and f is the filling factor. 


MEASUREMENT OF CONCENTRATION 


The concentration of F centers in the samples em- 
ployed in the preceding paper has been determined from 
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a measurement of the variation in coupled power on 
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in the CuSO,4-5H.O would give such a large absorption 
signal that the restrictions in 6P2/P:in Eqs. (1) and (2 
would be violated. Therefore, we tuned the cavity to 
give a circularly polarized microwave field. In this case, 
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geneous broadening.’ In this case, there is negligible 
coupling between spins,’ and we expect that the ratio 
of the peak absorption signal to the peak dispersion 


signal will be 


4 . = 1.65/(1+y7H YT? 

The klystron employed for these measurements, a 
Varian VA-6315/\V-153, delivered 130 mw to a matched 
load as measured with a microwave bolometer. The 
actual power absorbed by the cavity is 


P,=[481/(1+-B1)? Po. 10 


In this experiment we measured 8,=0.16 giving an ab 
sorbed power of 62 mw. The energy stored in the cavity 
may be calculated from the relation, 


U=QoP./w. (11 


Under the experimental conditions, this amounts to 


0.050 erg or, taking the cavity volume to be 11.1 cm’, 
the average energy density within the cavity is 4.5 x 10~* 
erg/cm*. The magnetic energy density within the sample 

rt. e 
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is larger than this by a factor of 9.8, as we have seen 
from the determination of the sample filling factor. 


Then, taking the energy density at the sample to be 


1/8) (2H)? = 0.044 erg/cm’, (12) 


we compute H,=0.53 gauss. At this level of microwave 
power, the ratio of dispersion to absorption is observed 
to be 16. We thus calculate from (9) a spin-lattice 
relaxation time of 1.7 microseconds. 

In computing the relaxation time from saturation 
measurements, we should have used the quantity, 


H?/(1+7H?T;*)), (13) 


where the average is taken over the sample. Instead, 
by introducing the filling factor, we have actually used 
the quantity, 

(Hy 


(1 T y(H)T ;*)4. (14) 


Normally, with only a slight variation in magnetic field 
intensity over the sample, there is very little difference 
between the two expressions, and this difference becomes 
smaller as the ratio x’/x”’ becomes larger. For our meas- 
urements, taken in the region of high saturation, we 


neglect the effects of this approximation. 
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Changes in the absorption of KCl crystals in the spectral region 
of 200 my to 1000 my have been observed during room tempera 
ture x-ray irradiation and subsequent bleaching with F light. It 
is observed that both coloration and bleaching of the F ban« 
occurs in two stages. Secondary centers such as M, R, and |} 
centers grow primarily during the second stage of coloration, ar 
the rate of growth of these centers during the second stage is 
enhanced by plastic deformation in a manner similar to that of 
the F band. It is found that the absorption change at the F ban: 
during the first stage of bleaching approximately equals that 
during the first stage of coloration. Furthermore. the initial rate 
of bleaching of the F band is proportional to the initial F band 
absorption in samples irradiated only into the first stage of 
coloration, but is essentially independent of the initial F-band 
absorption in samples irradiated into the second stage of colora 


INTRODUCTION 


T has been known for some time that when NaC] 
and KCI crystals are irradiated with ionizing irra- 
diation at room temperature the resultant growth of 


* Part of a thesis submitted in partial fulfillment of the re 
quirements for the degree of Doctor of Philosophy in the Facult 
of Pure Science, Columbia University, 1959. This paper was 
originally presented at the International Symposium on Color 
Centers in Alkali Halides, at Oregon State College, Septe eT 
1959 


other evidence that the center 
the first stages of coloration and bleaching differs 
from the center responsible for the second stages of coloration and 
bleaching. A major point of difference is that the first stage 
centers are considered to be located in the bulk of the crystal, 
whereas the second stage centers are located in the vicinity of 
dislocations 

It is also observed that 


tion. It is concluded from this and 


responsible lor 


VW centers which are formed from F 
centers during the first of bleaching can be bleached with 
Fr light. To explain the observations concerning this M-band 
bleaching, it is proposed that M as well as F centers are bleached 
when they joined by mobile defects, possibly vacancy pairs 
Some of the second stage centers located in the vicinity of disloca 
tions are thought to compete with the centers located in the bulk 
of the crystal for the mobile defects 


stage 


are 


8 During 


the first stage the increase in the absorption is rapid, 
while in the second stage the increase is much slower. 
It has recently been shown‘ that when alkali halides 


the F band absorption occurs in two stages 
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RAY COLORATION AND 
copper target operated at 40 kv and 20 ma. The x-ray 
were filtered through 1.5-mm thick crystals of NaCl, 
so as to filter out the soft component. The x-ray unit 
contained voltage and current regulating circuits. In 
this manner an x-ray beam of approximately constant 
intensity was obtained, and a measurement of the dura 
tion of an irradiation was used to indicate the amount 
of x-ray exposure. During the irradiation the sample 
was mounted at a distance of 3 inches from the x-ray 
port with the large face perpendicular to the x-ray 
beam. In this way the sample was irradiated uni 
formly over the area of observation, which was a 
square of dimensions 4 mmX4 mm. The irradiation 
was performed under ambient conditions in the dark 
Actually the method of using the irradiation time as a 
measure of exposure gave rise to a small error in the 
determination of the rate of coloration of the crystals 
rhis error comes about through the change in coloration 
rate with temperature fluctuations of the ambient. It 
was also found that the rate of coloration was influenced 
by the number of interruptions for absorption measur 
ments. Apparently a small component of the coloration 
is thermally bleached during the room temperature 
absorption measurements. The total error in the ab- 
sorption coefficient arising from these sources is esti 
mated to be less than 0.01 mm~. 

Optical absorption measurements were made in a 
Beckman Model DU spectrophotometer equipped with 
a stabilized ac power supply. Absorption measurements 
were made over the spectral range of 200 my to 1075 
mu. The major absorption bands which were observed 
were the F, M, Ri, Ro, N, and V3 bands. In general the 
accuracy in the measurements of the optical density 
were highest for the F band and are accurate to about 
+0.01. This estimate of the error does not apply to 
optical densities of less than 0.6 or at wavelengths in 
the vicinity of the V; band. Because of the reduced 
sensitivity of the spectrophotometer in these cases, the 
estimated error in the optical density increases to 
+0.05. 

Optical bleaching was accomplished in the spectro 
photometer with the variable slit set at 2 mm, and the 
wavelength set at 560 my (F light ). Under these condi 
tions the spectral band width of the bleaching light was 
approximately 100 my. 


EXPERIMENTAL RESULTS 
1. X-Ray Coloration 


The x-ray irradiation of the various KC] crystals, as 
described in the previous section, was interrupted 
periodically and the optical absorption was measured 
over the spectral range of 200 my to 1075 my. The F 
band was the most prominent of the various absorption 
bands which were observed. On the red side of the F 
band the M, R;, Re, and N bands were observed with 

the order named. On the 


descending magnitudes in 
blue side of the F band, the K band was observed 
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Fic. 1. Absorption at the peak of the F band (A=560 my) as 
a function of irradiation with filtered x-rays, and as a function of 
plastic deformation 


usually only after prolonged periods of x-irradiation. 
In the ultraviolet a sharp, prominent band appeared 
This coincides with the 
position of the usually observed V,; band. As had been 
expected,'® filtered x irradiation did not produce an 
observable V2 band (A= 230 my). In addition to the V 
band, two unidentified, minor absorption bands were 
observed at 260 my and at 330 mu. 


with a maximum at 215 my 


The growth of the F band during x irradiation in 
undeformed and deformed Harshaw KCl is shown in 
Fig. 1. The initial stage of rapid growth, in the unde 
formed samples, is assumed to cease at a value of 
0.5 mm for the F-band absorption coefficient. This 
absorption is equivalent to a F-center concentration of 
about 3X 10'* cm~ on the basis of Smakula’s formula,'’ 
and an assumed value of 0.81 for the F-center oscillator 
strength. In the underformed samples the first stage is 
followed by a second stage during which a small, but 
finite, rate of growth is observed. The rate of growth of 
the F band during the first stage in deformed samples 
appears to be somewhat enhanced over that of the un- 
deformed However, during the second stage 
of irradiation, a considerably enhanced rate of growth 

tendency toward a decrease in the 
observed below 1.010" cm™~*. It may 
that 3.2% deformation increases the rate of 
growth of F centers during the second stage by a factor 


- imples. 
occurs and no 
growth rate is 


be seen 


of 4 over that of undeformed crystals. These results 
agree qualitatively with those obtained for the growth 
of F centers during irradiation with y rays.’ 

It was found that small additions of CaCl, to KCl 
markedly increases the amount of first stage coloration 
of the F band over that observed in Harshaw KCl. On 
the other hand, it was found that CdCl, and MnCl, 


are much less effective than CaCl, in enhancing the 


early coloration rate. In this respect the present results 


are in agreement with those of Etzel.'* It should be 
*R ( 
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transition period, | vel ¢ ol coloration ol 
the F band sentially the same for undoped and 
doped crysta . shown in Table I which lists 
the average rate « jloration of the various crystals 
in the interval between 100 hr and 300 hr of irradiation. 
It should be that tl ( the growth curves 
during the md stage ; tI i for the Ca doped 
crystal and the Harshaw crystal, even though th 
F-band absorption, ar, in the doped sample was about 
2.5 mm in contrast to about 0.6 mm in the Harshaw 

crystal. 
, Apparently the of these divalent 
K-RAY IRRADIATION T positive impurity ions primarily affects only the first 
Fic. 2. Absorption at the peak of the M band (A=830 my) as stage of coloration. This result is in accord with the 
a function of irradiation with filtered x-rays, and as a function of proposal of Schulman” that impurities influence the 
plastic deformatior 


I 
concentration of negat n vacancies present in the 


crystal prior to irradiation, although how this is a 
pointed out, however, that the concentration of im- complished by divalent positive impurities is not clear 
purity ions actually in the crystal varies depending on I'wo stage coloration is also indicated in the growtl 
the particular impurity. This occurs because the frac- of the M-, R»-, and V;-band absorptions. The general 
tion of impurity ions in the melt to that dissolved in characteristics as well as the duration of the two stages 
the crystal is different for each impurity. Too much correspond directly wit! pective stages of th 
ignificance should not, therefore, be given to the rela- F-band coloration. The gri rr the M band 


enhancement of the first stage by the impuritic are shown in Fig. 2. It should | d that the M-band 

The transition pe riod between the first and second absorption 1S kimate ‘ ra magnitude 

stage of coloration in the doped samples (equivalent to less than that th ibsorption h t, plus the 

the period of 10 hr to about 40 hr of irradiation in fact that the % ( l measurements we conducted 

Fig. 1 for Harshaw KCl) occurs at longer times in the at room ten ture, ul the larger scatter in 
» ¢ ! 


doped crysta than in the Har haw crystals After the the data v1 ow ( f ) rowth of VU 
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Fic. 3. Absorption at the peak of the F band for a typical crystal during x-ray irradiation and subsequent illumir m with F light 
rhe dotted lines indicate the method used to estimate the change in absorption during the 1 the second 
stage of bleaching (B 


9 | H ™ t 





X-RAY COLORATION AND 
centers during the first stage is somewhat less for the 
undeformed samples than for the deformed samples 
Although the scatter in this region is considerable, the 
predominant number of data points 
Fig. 2) indicate that compared to F centers, M center 
are formed very slowly during the first stage of irradia 
tion in undeformed crystals. Plastic deformation greatly 
enhances the rate of second stage coloration to an even 
greater extent than for the F band. It may be seen that 
3.2% deformation increases the rate of second stage 
growth of the M band by a factor of 8.5 over the rate 
in the undeformed crystal. 

rhe scatter in the data makes it impossible to discern 
whether a difference exists between deformed and 
deformed crystals in the first-stage growth rate for the 
R, and V; bands. However, a real difference is easily 
observed in rates during the second stage of 
coloration. A deformation of 3.2% increases the second 
stage growth rate by factors of about 10 and 5.5, for 
the R, and V; band, respectively. 


not all shown in 


these 


2. Correlation Between Stages of Coloration 
and Bleaching 


The method used in the comparison between the 
growth and bleaching of the F band is most easily 
illustrated with the aid of Fig. 3. The left side of thi 
figure shows the growth of the absorption at the maxi 
mum of the F band during irradiation of a typical 
Harshaw KCl ‘crystal, and the right side of the figure 
indicates the decrease of the absorption during subse 
quent bleaching with F light. As a rough approximation, 
the growth of the F band during the second stage of 
coloration is assumed to be linear. The quantity A in 
Fig. 3 is the F-band absorption attributed to the 
second stage process and is the difference between the 
final absorption attained and a linear extrapolation of 
the long-time irradiation data backwards 
Similarly, the absorption change during the 
stage of blea hing is roughly obtained by 
extrapolating backwards to 


to zero time. 
econd 
lineal y 


zero time the long-time 
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rasie I. Rate of increase of the F-band absorption coefficient 
during the second stage of coloration of Harshaw and doped KC! 
crystals 


F band growth rate 
Crystal mm”"'/hr of irradiation) 


1.26K 10" 
1.27X10° 
1.25x10"° 
13 X10 


Undeformed Harshaw KC] 
KC!+0.006 at.% Ca 
KC1+-0.006 at.% Cd 
KC1+-0.006 at.% Mn 


bleaching data (the quantity B in Fig. 3). The absorp- 
tion changes obtained in this way” for the two stages 
of coloration and for the two Stages of bleac hing are 
given in Table II for all of the Harshaw KCl crystals 
which were examined, deformed as well as undeformed. 

It is apparent from Table II that a relationship does 
exist between the stages of coloration and bleaching. 
Namely, the change in the F-band absorption during 
the first stage of coloration approximately equals that 
during the first stage of bleaching, and consequently 
the absorption change during the second stage of 
coloration is of the same order as that during the 
second stage of bleaching. It is noteworthy, however, 
that when the second stage of coloration is very small 
then the second stage of bleaching is larger than it 
should be (see crystals 1, 2, 3, 4, and 7). This point will 
be discussed later. 

Measurements were also made of the dependence of 
the initial bleaching rate on the F-band absorption 
prior to bleaching (apo). In Fig. 4 the results are shown 
for both the undeformed and deformed Harshaw KC] 
crystals. In this graph the average initial rate of bleach- 
ing is given in terms of the change in the F-band ab- 
sorption during the first twenty seconds of bleaching. 
It will be observed that the initial bleaching rate in- 
creases proportionally to ago in crystals which have 
been irradiated only into the first stage of coloration 

However, the curve breaks sharply 
for samples irradiated into the second stage of colora- 
tion. From Fig. 4 it may be seen that the magnitude of 


(aro<0.5 mm 


Pase II. Changes in the F-band absorption during the stages of coloration and bleaching of Harshaw KCl crystals 


Irradiation 
Crystal Deformation stage 
0.25 
0.27 
0.42 
0.39 
0.68 
0.97 


First 
First 
First 
First 
Second 
Second 
First 0.38 
Second 0.90 
Second 1.46 


I ndef. 
Undef. 
Undef 
Unde. 
Unde. 
Undef 
Def. 3.2% 
Def. 2.5% 
Def. 3.2% 


Prior to 
bleaching 


F-band absorption coefficient (mm~) 


Ist stage 2nd stage 
bleaching coloration 


Ist stage 
coloration 


2nd stage 
bleaching 


0.25 
0.27 
0.42 
0.39 
0.48 
0.47 
0.38 
0.64 


0.45 


0.24 
0.24 
0.38 
0.36 
0.48 
0.57 
0.35 
0@ 
0.70 


0.002 
0.002 
0.004 
0.004 
0.20 
0.50 
0.002 
0.26 
0.71 


0.01 
0.02 
0.04 
0.03 
0.20 
0.40 
0.03 
0.30 
0.76 


* An exponential extrapolation of the long-time second stage data backwards to zero time was attempted, but it was found 


impossible to fit the second stage data to an exponential function 
retain, as a first approximation, the method of linear extrapolat 
uctly linear with time of irradiation and bleaching 


Since ne other simple function could be found, it was decided to 


even though it is doubtful that the second stage processes are 


, 
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TaBLe III. Changes in the F-band absorption during the stages of coloration ar 


Nominal F-banda 
impurity Irrad Prior to Ist stage stage 2 , 2nd stage 
Crystal content stage bleaching coloration bleaching a r bleaching 
g 


10 0.006 at.% Cz First 0.41 0.40 0.04 
11 0.006 at.% Cz First 0.66 0.64 0.08 
12 0.006 at.% Cz First 0.99 0.95 0.15 
13 0.006 at J c Second 2.76 2.36 1 1.04 


the bleaching rate for crystals irradiated well into the A second effect of additions of Ca is to increase the 
second stage is either equal to or slightly less than the rate of initial bleaching over that of Harshaw KCl. 
bleaching rate for crystals which have been irradiated This result is shown in Fig. 5 in which the change in the 
just to the end of the first stage of coloration. This absorption at the F band (aro—ar) during bleaching 
result is observed in both undeformed and deformed _ is plotted for a Ca doped sample and a Harshaw sample 
crystals of Harshaw KCl, although the initial bleaching each of which had been irradi ibout the same 
rate for the deformed crystals is consistently observed apo of 0.41 mm~!. The initi: ling rate for the 
to be somewhat higher than that of the undeformed sample doped with about 0.006 at.% Ca is approxi- 
samples irradiated to the same aro. mately twice that of the Harshaw KCl. This result 

It was necessary to check whether the decrease of the agrees with the observation by Kawamura and Okura?! 
F band during the second stage of bleaching occurred as that in additively colored KCI the stability of the F 
a primary result of the F light illumination, or merely band to bleaching with F light is increased when 


represented the thermal bleaching of the F band. Ac- KCl crystals are purified by recrystallization. It is 


cordingly, undeformed and deformed crystals were op- interesting to speculate that whatever is the phenome- 

tically bleached to the beginning of the second stage, non which makes Ca doped samples color more rapidly 

and then allowed to bleach thermally (in the dark) at than purer crystals also makes them bleach more 

room temperature. The observed rate of decrease of the rapidly. 

F band was about one order of magnitude less than 

that during optical bleaching for the same standing 3. The Maximum in the M-Band Absorption 

time. The maximum, which occurs in the absorption at the 
When the crystals, which had been doped with M band during the bleaching of tl hand with F 

divalent positive ions were bleached with F light, the 

equalities which had been obtained for the Harshaw 

crystals between the stages of coloration and bleaching 


lly 


light, was observed in all of t] nples. It is now found 


that the time to reach tl 1axim and the magni- 
te 


tude of the absorption at tl] naximum is related to 
were no longer observed, when the same linear extrapo- yh) amount of prior x-ray irradiation. In Fig. 6 the ab 
lation used for the Harshaw crystals were applied. sorption changes observed during bleaching at the F. 
The observed deviations occur such that the absorption M. Rs. and V; bands a 4 for three typical 
change of the F band during the second stage of bleach- samples. The samples used for Fig. 6 had been x ‘rradi- 
ing is somewhat greater than that observed during the ated to either the saturation of tl rst stage of colora- 
second stage of coloration. These deviations from tion (aro~0.5 mm-’) or v into the second stage. It 
equality are similar to those observed for lightly ir- 


radiated Harshaw crystals. The results for the Ca doped 
crystals are given in Table ITI. 


can be observed that, as ay creases, the time to 
reach the maximum in the M-band absorption increases, 
and also the magnitude at the maximum increases. 
This variation in the maximum is replotted in greater 
detail in Fig. 7. Apparently tl ipe of the maximum 





also depends on aro. From Fig ind 7 it can be seen 
that the time over which the maximum occurs increases 
with a Fo. After the pe riod of relative y rapid decrease 
of the M band which occurs immediately after the 
maximum, a stage is reached during which the M banc 


© DEFORMED decreases at a very slow rate (see Fig. 6). The beginning 


© UNDEFORMED of this stage corresponds roughly with the period 


(44F),. 20 secs 








during which the F band starts to decrease very slowly 
a Snell A r n r 4 ficesssilincnnplbenepicnnsil » following analvsi f th data on tl ‘ 1 
02 04 06 08 10 12 4 In the following analy lata on th M band 
INITIAL F-BAND ABSORPTION COEFF (mm-') the period of the rapid grow ind relatively rapid 
. a? decrease of the M band is 
Fic. 4. The change in absorption at the peak of the F band ; 
during the first twenty seconds of illumination with F light as a 21H. Kawamura and H. Okur : her olids 8, 161 
function of the F band absorption prior to bleaching. 1959 
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The maximum in the M-band absorption can be 
discussed in terms of a competing M-band growth 
process and a concurrent M-band bleaching process. 
On the basis that M centers are formed from F centers 
during bleaching, and from the fact that the initial rate 
of F-band bleaching is essentially the same for all 
samples irradiated into the second stage (Fig. 4), a 
single monotonic growth function for the M band may 
be expected to exist. Confirmation of this prediction is 
given in Table IV which shows that, for samples ir- 
radiated to agry> 0.45 mm~, the average rate of growth 
of the M band during the first 25 sec of bleaching is 
essentially independent of ago for second stage irradi- 
ated samples. As can readily be seen in Fig. 7, for 
bleaching times greater than 25 sec the net rate of 
growth of the M band differs between the three samples 
shown. This can, however, be understood in terms of 
the onset of the bleaching process for the M band. 

If for all second stage samples the growth of the M 
band is essentially described by the same monotonically 
increasing function, then the change in the time of 
occurrence of the maximum with apo can only be ex- 
plained if the bleaching rate of the M band, near the 
maximum, decreases with increasing coloration. It is 
now possible to successfully explain why the magnitude 
of the maximum in the M-band absorption increases 
with increasing irradiation. Namely, for highly irradi- 
ated samples the bleaching process does not set in until 
relatively later times and thereby gives the growth 
process a chance to reach higher levels. 

Figures 8 and 9 show the effects of plastic deformation 
on the M-band bleaching rate. In Fig. 8 it is shown that 
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Fic. 5. Comparison of the initial bleaching rate between a Ca 
doped KCI] sample and a Harshaw KCl sample which had been 
x irradiated to the same initial F band absorption (apy). The 
bleaching of F centers is given in terms of the difference between 
apy and the F band absorption ag at any time during bleaching. 
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the M-band bleaching rate near the maximum is con- 
siderably greater in a deformed sample than in an un- 
deformed sample irradiated to the same aro. However, 


if a comparison is made between the M-band bleaching 
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Fic. 6. Change in the peak absorption at F, M, R:, N, and V; 
bands as a function of bleaching with F light. The bleaching be- 
havior of these bands is shown for three undeformed samples of 
varying initial F band absorption (app). 
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§ tion that the rate of formation of the F band during 
= O20} the second stage of coloration enhanced by plasti 
5 | deformation. In the present experiment it is observed 
3 that the secondary electron centers such as M, R, and 
Z N centers are formed primarily during the se ond stage 
F of coloration. Furthermore, the rate of formation of 
$ these centers 1 ubstantially enhanced by plastic de 
a | : . Pk . 7 os 
b formation. From this evidence one is led to conclude 
“ Ong * 042 me that the formation of vacancies at dislocations involves 
2 not only the generation of single vacancies, but also the 

% s00 — “ 4 generation ol ¢ omplex aggregate ol vacancies so that 


WU, R, and N centers are also formed. Seitz’ has esti 


mated that the most mobile vacancy onngurations 


F -LIGHT ILLUMINATION TIME (SECS) 


Fic. 7. Enlarged plot of the maximum in the M band absorp 


; : trate as far as 40 vay from their disl 
tion observed during bleaching in the three samples shown in may migrate 1) A awa : eir disiocation 


Fig. 6 source during the x irradiation. Presumably, this 

applies to positive-ion vacancie energy of migration, 
rates in samples having the same total time of x-irradia- ‘‘™ of about 0.8 ev in KCI’*), posereve and negative ion 
tion (see Fig. 9) then it is found that the bleaching rate P@!T5 \€m of about 0.4 ev”), and to a limited extent to 
in the vicinity of the maximum is greater for an un- ative ton vacancies (€m of about 1.25 ev®). Tt 
deformed sample than for a deformed sample. doubtful, however, that re complex, relatively 


Immediately after the relatively rapid rate of bleach- immobile centers such as M, R, nd .V posse ufficien 


ing of the M band, that is, just at the beginning of the ¢™€Ty to migrate over appreciable distances away Irom 


tage during which the M- and F-band bleach very ‘€ source dislocation. It is then possible to construct 

slowly (see, e.g., Fig. 6, bottom curve, (> 150 sec), the the following tentative picture of th a 

ratio of the F-band absorption to the M-band absorp- ‘*> F centers are the predominant centers which _ 

tion is observed to be 2.54+0.3 for all of the samples '0r™ d during the first stage of coloration. The results 

tested. This ratio is, however, not maintained during ©! Gordon and Nowick' | of Rabin® suggest that 

subsequent bleaching, and it reaches values as low as “uring this stage F centers are formed in the bulk of th 

2.0 in some samples after long periods of bleaching of crystal through th ution of negative ion vacan 

the order of 4000 sec. cles from vacancy clusters wl existed in the crysta 

prior to irrad ition. In rast, during che second stage 

4. R, N, and V, Bands During Bleaching of coloration both single vacancies and vacancy aggre 

with F Light gates are formed at dislocatioi It is ve ry likely that ‘ 

some of the F centers and most of the secondary electron 

The maxima in the R;, Ro, and N band absorptions centers which are formed ren the vicinity of the 
vary with apo in a way similar to that of the M band, dislocation 

that is, the maxima in the absorption of these bands If, indeed, the environ: t of the centers formed 


occur at later bleaching times, and with a higher ab- during the second stage of coloration differs from those 


orption, the greater the amount of coloration. This formed during the first stage, then one might expect 


result may be observed, to some extent, in Fig. 7. In that their bleaching characteristics may be different. 
contrast, the absorption at the V3; band (the only [he most striking result of the pre ent experiment is 
prominent V band observed) remained essentially con that in Harshaw KCl cryst the absorption change 
stant or increased slightly during the bleaching process. 

Appare ntly, the room temperature, optical bleaching TaBLeE IV. Average growth of the W band during the first 
process in crystals irradiated with hard x rays does not twenty-five seconds of bleaching with F light as a function of the 


, . ; initial F-band absorpt 
involve the annihilation of holes at V centers. Instead 


bleaching occurs primarily through the formation of 


iigh ctron centers sucl 2 , d contere @ Change in M-bar 
higher electron iters such as M, R, and N centers. Initial F-baz sbserption in fret 
ibsorptior 25 sec of bleaching 
DISCUSSION — rv. wooly 
1. The Two Stages of Coloration 3 0.42 0.023 
and Bleaching t 0.39 0.023 
5 64 0.025 
The work of Nowick’ has shown that during th: 6 0.97 0.022 
second stage of coloration F centers are probably 
formed at dislocations, possibly by the Seitz? mechan- H. Kelting and H. Witt, Z. Physik 126, 697 (1949 
ism. This conclusion was based in part on the observa “4G. J. Dienes, J. Chem. Phys 16, 620 (1948 
. m, J]. Phys. Chem Solids 6, 402 


6 J. A. Morrison and R. Rudha 
=W.E. Bron a \. S. Nowick, Phys. Rev. 119, 114 (1960 1958 











X-RAY COLORATION AND 
(Aap) at the F band during the rapid first stage of 
coloration approximately equals Aap during the rapid 
first stage of bleaching, and consequently that Aa,r 
during the relatively slow second stage of coloration is 
of the same order as Aap during the relatively slow 
second stage of bleaching. Furthermore, the initial rate 
of bleaching of the F band is proportional to the initia! 
F-band absorption (aro) for crystals irradiated into the 
first stage of coloration, whereas for crystals irradiated 
into the second stage of coloration the initial rate of 
bleaching is essentially constant and about equal to the 
bleaching rate in crystals irradiated to the saturation 
of the first stage. These results strongly suggest that 
the F centers formed in the bulk of the crystal during 
the first stage of coloration are the centers which are 
eliminated during the first stage of bleaching, and that 
the centers formed at dislocations during the second 
stage of coloration are much more resistant to bleaching 
by F light. This interpretation is similar to the sugges- 
tion of Oberly” that the center responsible for the first 
stage of bleaching is different from that responsible for 
second stage of bleaching. The interpretation further 
suggests that the difference in the centers results from 
the difference in their environment. It will 
venient to refer to the centers produced during the 
second stage of coloration as “second stage centers”, 
and to reserve the name “F center” for the center in- 
volved in the first stage of coloration and bleaching. 
The results obtained with doped crystals seem at 
first hand to be contrary to those obtained from 
Harshaw crystals. In the doped samples (see Table II1) 
the absorption change at the F band during the second 
stage of bleaching was observed to be somewhat greater 
than that during the second stage of coloration. Even 
in these crystals, however, the magnitude of the ab- 
sorption change during the second stage of bleaching 
is more closely related to the amount of second stage 
coloration than to the total amount of coloration. This 
may be seen by comparing the four Ca doped crystals 
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Fic. 8. A comparison of the maximum in the M band absorp 
tion observed during bleaching between an undeformed and a 
eformed sample which have been x irradiated to the same initial 
F band absorption. The arrows indicate the position of the 
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Fic. 9. A comparison of the maximum in the M band absorption 
observed during bleaching between an undeformed and a de 
formed sample which have been x irradiated for the same period 
of time. The arrows indicate the position of the maximum. 


(10 through 13) in Table IIT. In these samples the 
initial absorption varies as roughly 2:3:5:14, whereas 
the absorption change during the second stage of 
coloration varies as roughly 1:2:4:40 and that during 
the second stage of bleaching as 1:2:4:26. These results 
can be explained if it is assumed that during the first 
stage of bleaching a fraction of F centers (presumable 
those which are nearest to dislocations) are converted 
to second stage centers, Therefore, whenever the first 
stage of coloration is much greater than the second 
stage of coloration, the second stage centers formed 
from the conversion of F centers become a large per- 
centage of the total number of second stage centers. It 
is, indeed, shown in Table III that as the ratio of the 
first to second stage coloration increases, the ratio of 
the absorption changes during the second stage of 
bleaching to that during the second stage of coloration 
also tends to increase. This explanation should also 
account for the presence of a second stage of bleaching 
in very lightly irradiated samples (see crystals 1, 2, 3, 
4 and 7, Table II) and in additively colored samples 
(see for example reference 15 and Petroff**). 

Further experimental results which show a difference 
in the bleaching behavior between the first and second 
stage centers have been obtained by observing the 
effect on the bleaching rate of the F band caused by 
varying the intensity of the bleaching light through a 
range from 1X10" to 7.4 10" photons/sec cm’. It has 
recently been shown?’ that for samples irradiated to 
near the saturation of the first stage of coloration that 
the rate of bleaching of F centers during the first stage 
of bleaching is dependent on the intensity of the bleach- 
ing light. In the paper immediately following this one, 
it is shown that in contrast co the first stage of bleach- 
ing the bleaching rate during the second stage is con 

* St. Petroff, Z. Physik 127, 443 

77 W. FE. Bron and W. R. Heller 

1900). 


1950). 


Bull. Am. Phys. Soc. 5, 185 
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stant 


result is shown to be consistant with the 


This last 
idea that the 
centers formed during the second stage of coloration 


within the entire range of intensities 


exist in close vicinity of each other. 

If the second 
expect that its configuration and optical absorption 
would be modified relative to that of the first stage F 
center because of 


tage center is an F center, one would 


the marked difference in their en- 
vironments. It is, of course, also possible that the ab- 
sorption at the F band during the second stage is not 
due to F rather to one or more excited 
states of another center. 


centers, but 


Several previous investigations have yielded evidence 
that absorption bands other than that of the normal 
F center may exist under the F band. Of these the 
earliest work is that of Petroff*® who observed that a 
second absorption band (B band) appeared under the 
high-energy side of the F band when additively colored 
KCl crystals were optically bleached at room tempera 
ture. Petroff’s experiment 
detail by Konitzer and 
earlier results and 


was repeated in greater 
Markham** who confirm the 
that the B-band maximum 
occurs at about 2.33 ev while that of the F band occurs 
at 2.30 ev at liquid nitrogen temperature. Petroff, and 
more recently Liity,” have shown that another band, 
the A band, exists on the lower energy side of the F 
band. The A band appeared during the optic al bleach- 
ing of KCl at te mperatures in the vic inity of —30°C, 
but was not easily observed at room temperature. Un- 


show 


fortunately, the room temperature absorption measure- 
ments of the present experiment were not able to re- 
solve the 8 and F bands. It is, therefore, not possible 
to determine from the present results which, if any, of 
these bands is responsible for the absorption at 560 my 
during the second stage of blea hing. 

Even more pertinent evidence for a submerged band 
under the F band is obtained from the recent series of 
experiments on the dichroism of alkali halide crys- 
tals.’ Briefly, these experiments have shown that 
when samples containing only F centers are illuminated 
at liquid nitrogen temperatures with polarized F light 
the transmission and the luminescence of the sample 
When samples containing both F and 
VW centers are illuminated in the same way, both the 


remains isotropi 


F and M absorptions and emission become dichroic. 
Since the concentration of F and M centers does not 
change during the illumination, the observed dichroism 
of the M band must occur by an acutal reorientation of 
some of these centers at this low temperature. 
Van Doorn® has proposed that the dichrosim of the 
* J. D. Konitzer and J. J 
1957 
*»F. Lity, | 
Color Centers in Alka 
'C.2 
i. = 


Markham, Phys. Rev 


107, 685 


aper presented at the International Syr 


Halides, Oregon, 1959 (unpub 
van Doort 1 Y. Haven, Phys. Rev. 100, 7 
van Doorn, Philips Research Repts. 12, 
S. Lambe and W. D. Compton, Phys 106, 
*H. Kansaki, Phys. Rev 110, 1063 

*G. Kuwabara and A. Misu, J Japan 
1958); 13, 1038 (1958 


posium on 


Re V 
1958 


Phys. So 


13, 1066 
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M band under F-light illun 
the M 


nation can be explained if 
center possess higher excited states whose 
absorption bands are underneath the F band. Pick® and 
van Doorn and Haven have proposed that two such 
excited states of the center if the M 


joined as nearest 


hould exist 
center is compose 1 of tw nters 
neighbors. This mode center is also shown to 
otropy. If the transi- 
ire re ponsible for the 
observed at tl band region during the 
stage of bleaching, then one would expect that 
the ratio of the absorpti DI t the F band to that of the 
M band would be a const In the present experiment 


this ratio wa observed t ( LSE 


possess the req lired opt 


tions to the two excited 
absorption 


second 


from values near 
to values near 2.0 during the second stage. It is 
1 small component of the first 
absorption exists 


possible, nowever, 
fk center 


stage and that the meas 


Stage during the 


SEC ond 
sum of 


orption is the 
this band plus th: i the bands of the two 
M-center states 


tion 


excited 
it very careful absorp- 
urements at 1 nitr temperatures, 
which are capabl solvi t bands will help to 


decide this point. 


mea 


wen 


Lambe and Compton i result of their experiments 
on dichroism proposed g alternative inter- 
pretation \ mechanisn X1st by excited F 
centers can transfer energy to M centers in such a way 
V center. 


modified resonance 


which 


as to cause emission from the This transfer 
mechanism may be transfer or a 


sensitized luminescence addition, it is 


F-band 


t on F centers 


proce $. In 


suggested that the observed dichri of the 


results from the ability of M centers to a 


located in their vicinity, in su manner as to impart 


an anisotropy to tne accom- 


F cen lis may be 
plished by interactions of nonisotropic electric or strain 
fields associated 
that 
possible only 

imity tO ear ilready 
present paper that F centers n 


was pointed out 


these interacti tween ind M centers are 
prox- 
been shown in the 


odified in this 


in very close 


way may 


be the source of the second Since the 


ntlally independ- 
io of the F-band ab- 


need not be expected. 


of bleaching 
modified # centers should blea 
ently of VM centers, a constan it 


sorption to that at th 


esst 


It is, however, difficult ratio of 


in de- 


tand why the 


the absorptions shoul y the same 


formed and undeformed adiated to greatly 
differing amounts. Furthermore, the model of Lambe 
excitation with F 
tion of M centers at 
in order to produce dichroism. A 
VU center is able 


to reorientate by utilizing the e1 that the F 


and Compton does not explain how 
light causes the necessary reorient 
low temperatures 
possible ad ho exp! ination 
center 
loses through phonon emission, i.e., through a local 


heating of the latt 
HH. Pick, Z 


36 C. Z. van Doort 
479 (1956 





X-RAY COLORATION AND 
In conclusion, the present experiment supports the 
ideas obtained from other investigations that there is a 
real difference between first stage and second stage 
centers. By relating the second stage of bleaching to the 
second stage of coloration, the present work shows that 
the second stage centers are located in the vicinity of 
dislocations and interact closely with one another. 


2. The Maximum in ay 


In the section on Experimental Results it has been 
shown that the maximum in the absorption at the M 
band (ay), which occurs during bleaching with F light, 
may be regarded as a superposition of a growth process 
and a bleaching process. The growth curve is shown to 
be the same for all samples irradiated into the second 
stage of coloration. In contrast, the bleaching behavior 
is shown to depend on the amount of irradiation. In a 
recent paper Bron and Nowick™ have shown that the 
first stage of bleaching of the F band is itself a super 
position of two bleaching processes, an initial rapidly 
decaying temperature-independent plus a 
temperature dependent process. The latter process is 
controlled by the motion of some mobile defect, pos- 
sibly vacancy pairs and it is observed to occur with an 
activation energy of about 0.35 ev. The mobile defects 
are assumed to be produced through the dissolution of 
vacancy clusters which occurs when such a cluster 
captures photoelectrons. The bleaching of F centers is 
thought to occur when the mobile defects join F centers 
or negative-ion vacancies and form other electron 
centers such as M, R, and N centers. As the number of 
the secondary electron centers increases, the rate at 
which a mobile defect meets these centers should also 
increase. The eventual net bleaching of M centers can 
then be understood if such an encounter results in a 
permanent change in the M center to some higher 


} ror ess*? 


electron center. Such a process can then account for 
the bleaching of the M center by F light. In a similar 
way R and N centers may also undergo bleaching. All 
of these centers, fF, M, R, and NV, which exist in the 
bulk of the crystal accordingly compete for the capture 
of the mobile defect. Vacancies and vacancy clusters 
formed at dislocations during the second stage of 
coloration also should compete with the first stage 
(bulk) centers for the available mobile defects. The 


7 The paper immediately following this paper describes an 
experiment involving the temperature independent process 
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effect of the presence of secondary centers on the bleach- 
ing of M centers should best be observed when the 
number of F centers becomes relatively small. This 
should be the case after the maximum in ay. On the 
basis of this argument one would then expect in heavily 
irradiated samples that the bleaching rate of the M 
band in the vicinity of the maximum should be rela- 
tively slow, since in these samples the concentration of 
second stage centers is high. As shown in Figs. 6 and 
7 this prediction is indeed confirmed experimentally. 

A further test of this hypothesis can be made by 
comparing the rate of bleaching of M centers in unde- 
formed and deformed samples which have been irradi- 
ated for the same period of time (Fig. 9). In the de- 
formed sample the concentration of second stage defects 
per unit volume of the crystal will be higher than in 
the undeformed sample. The rate of bleaching of M 
centers should, therefore, be lower in the deformed than 
in the undeformed samples. This prediction is in agree- 
ment Fig. 9. A comparison cannot as easily be 
made for the bleaching rate of M centers in deformed 


with 


and undeformed samples which have been given the 


_ same amount of second stage x irradiation. In this case 


the concentration of second stage defects should be 
approximately the same in each sample, and therefore 
rate of M centers should be 
Actually, the bleaching rate is observed to be con- 
siderably lower in the undeformed sample which had 
to be irradiated for a longer period of time than the 
deformed sample (see Fig. 8). To be consistent with 
the present interpre tation one is led to postulate that 
certain 


the bleaching same. 


types of second stage defect configurations, 
obtained only after long periods of x irradiations, are 
more effective than others in trapping the mobile 
defects. The present experiment does not yield any 
further information on this last point. It is, however, 
interesting to note that Ingham* has reached a similar 
conclusion from the results of an experiment on changes 
in ionic conductivity during x irradiation. 
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\ range of bleaching light intensities of 1 10" to 7.4 
x 10 photons/ sec cm? was obtained by placing between 
the monochromator and the crystal a series of Kodak 
neutral density filters. 

It was necessary to compare the bleaching rate of the 
F band for various light intensities in a number of 
samples which had the same initial F band absorption. 
Because of fluctuations in the room temperature and 
in the characteristics of the x-ray tube during irradia- 
tion, it was only possible to obtain samples whose initial 
F band absorption coefficient (aro) varied by +5% 
about some desired mean value. It has, however, been 
observed in a series of experiments that the bleaching 
curves of a number of such samples differing slightly in 
apo can be superimposed by a shift along the absorption 
scale. The bleaching curves were determined for a 
number of samples whose aro varied by no more than 

+5% and which were illuminated with light of the 
maximum intensity (7.4X10" photons/sec cm’). It 
was then possible to interpolate, point for point, the 
bleaching curves for these samples and obtain, to a high 
degree of accuracy, the corresponding bleaching curves 
for any desired aro. The bleaching curve obtained during 
illumination with light of less than maximum intensity 
was then compared with that obtainéd from maximum 
intensity light, with the two curves starting at the 
same apo. 

The experiment was performed for a set of sampl 
irradiated to near the end of the first stage of coloratior 
(mean aro=0.45 mm) and for a set irradiated into the 
second stage of coloration’? (mean aro= 0.60 mm 


EXPERIMENTAL RESULTS AND DISCUSSION 


The effect of various F light intensities on the initia! 
bleaching rate of the F band is plotted in Fig. 1. The 
ordinate of Fig. 1 gives the ratio of the change in the 
F band absorption (Aap) in the first 10 seconds of 
bleaching under F light of a given intensity J to that 
under maximum intensity 7°. This quantity is plotted 
against the ratio ///°. It will be observed that for the 
crystal irradiated into the first stage of coloration 
(aro=0.45 rate of increase 
approximately linearly with intensity up to roughly 


mnr') the bleaching 


50% of the maximum intensity. Above this intensity 


however, the rate of increase of the bleaching rate with 


plea hing rate 


intensity decreases sharply, i.e., the 
value. In_ the 
irradiated into the second stage of coloration (a; 


approaches some saturation crysta 

0.60 
mm) however, a deviation from proportionality to 
light intensity is not observed until about 80% of the 
maximum intensity. 

The results shown in Fig. 1 support the bleaching 
process outlined in the introduction. It was proposed 
that bleaching occurs when photoelectrons are tran 
ferred to some unidentified electron trapping center 
present in the crystal prior to bleaching. Alternativeiy, 


See W. E. Bron, preceding paper [Phys. Rev. 119, 1853 (1960 
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Fic. 1. Initial rate of bleaching as a function of the intensity of 
the light incident on samples irradiated into the first stage of 
coloration (ar9=0.45 mm) and samples irradiated into the 
second stage of coloration (arc=0.6 mm™'). In this graph the 
ordinate is the ratio of the initial rate of bleaching of F centers 
with light of reduced intensity to the rate of bleaching using 
light of maximum intensity. The abscissa is the relative 
intensity of the incident F light 


photoelectrons may return to negative-ion vacancies to 
reform fF It is possible to write the kinetic 
equations describing this bleaching process in the 


centers 


following way.’ 


dnp/di= —orlne+kn.n,, (1) 


dnr krnrn., (2) 


dn,/di knon,.+orlnre, (3) 


dn,/dit= —k.nn,—krnrn,+eorlnrp, (4) 


where mp, nr, ny, n, are the numbers/cm’ of F centers, 
electron trapping centers, negative-ion vacancies, and 
photoelectrons respectively. J is the intensity of the 
bleaching light, or is the capture 
centers for photons, and &, 


cross section of F 
and kr are the capture 
coefficients for photoelectrons of negative-ion vacancies 


and the electron trapping centers, respectively. The 
quantum efficiency for the optical ionization of F 
centers is taken to be unity.‘ 

Two further relationships can be obtained from the 


requirement that negative-ion vacancies are created 
during bleaching only when F centers are bleached, and 
from the assumption that only F centers are sources of 
only sinks are the electron 
This may be expressed as follows: 


photoelectrons and that the 
trapping center 


N,~=Npo—ne, (3) 


n= (Npo—np (n7o—Nr), (6) 

* These equations are similar to those proposed by Hesketh 
The conditions on the equations are, however, less restrictive so 
that the solution of the present equations is somewhat more 
general. R. V. Hesketh, thesis, University of Durham, Durham, 
England, 1953 (unpublished 


*H. Pick, Ann. Physik 31, 365 (1938 
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where ro and mro are the concentration of F centers 
and electron trapping centers just prior to bleaching. 
If one makes the substitution that y 


and eliminates 


("Fo ny Nr 


and z= (nro—nr)/nro all variables but 


and (2) become: 


y and z, Eqs. (1 
-y)—n rok. y— (nro/nro)z |, 
[y— 


In order to solve Eqs. (7) and 
i 

necessary to make one further simplification. It is 

possible to obtain rough estimates of the magnitudes 


y orl (1 


Npokr(1—z (n7ro/N Fo)z |. (8) 


(8) for y and gz it is 


of some of the parameters involved in these equations. 
This is most easily shown in terms of the parameters of 
Eq. (4), 1.e., orl, kun, and kynr. From the ratio of the 
absorption coefficient at the maximum of the F band 
to the 
Smakula’s equation® obtains a 
or™=1.4X10'* cm’. For the maximum light intensity, 
the rate of produ tion of photoelectrons, orl, is then 
of the order of 0.1 sec. On the basis of 
calculation by Pekar*, which is to be discussed later in 
greater detail, one obtains a value of k,~10~* cm*/sec 
and limits for the value of kr ranging from 10~ to 
10-° cm*/sec. after the first few microseconds of 
bleaching m, should be of the order of np one finds that 


centers as obtained from 
value for 


concentration of F 


one rough 


a classical 


once 


the rate of capture of photoelectrons by negative -ion 
kun, is of the order of 10" sec 
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It should be observed that as the product // goes to 
infinity y must approach y, In Fig. 2 the 
experimental results are plotted together with the 


calculated ratio of y vx 


Npro/ NTo. 


as a function of //. Figure 2 is 
plotted for a value of nro/npo= 4. Figure 3 gives the 
results for a value of m7ro/nro equal to 3. It can be seen 
from Figs. 2 and 3 that the general shape of the cal- 
culated curves agrees well with the experimental points, 
and that within the accuracy of the determination of 
Nro/Npro a good average value for kr/k, is about unity. 

Theoretical estimates of the value of ky/k, are not 
easy to obtain, since calculations of the capture cross 
section of defects for mobile carriers in polar crystals 
are Pekar® has given estimates based 
argument. He the 
which the recombination rate is 
limited by (1) the return of the electron to the ground 
state of the center, and (2) the diffusive motion in the 
attractive field of the center. 


not available. 


upon a_ classical considers two 


limiting cases’ in 


Polar crystals are just those in which the electron 
mobility is low and the interaction of the mobile carriers 
with the lattice 
Under these circumstances, Pekar’s case (2 


polarization and vibration is large. 
is much 
more likely to correspond to conditions in KC] down to 
even very low temperatures. As capture coefficients 
Pekar gives 


k,,(neutral center 1.1(4ap) (RT )* (y,/ 26 


k. (charged center) = (47e/e)y, 


where e¢ is the dielectric constant of the crystal, y is the 
mobility of the carrier, e its charge, y the polarizability 
of the neutral center, and k and T have their 
usual meaning. Using p=40 cm?/volt-sec,® e=5, 
y¥=5X10 4.8 10-" esu, and T= 300°K one 
obtains the values for ky and k, quoted earlier. The 
ratio of &,/k, is then about 0.05 to 0.1 at room te mpera- 


(cm 


cm”, ¢ 


ture.’ It is interesting to note that the recombination 
coefficient for a charged center is predic ted to depend 
and not on its detailed structure. 

With this estimate of k,/k, and the experimentally 
obtained value of kr/k, of about unity it is possible to 


only upon its charge, 


speculate as to the nature of the electron trapping 
centers re sponsible for the initial blea« hing of F centers. 
The traps, like the negative-ion vacancies, may be 
centers of net positive charge such as M, R, and A 
centers minus their electrons. It is however, experi- 
mentally observed that the M, R, and N centers do not 
grow appreciably during the early moments of bleach- 
ing. It was observed that two small bands located at 


These two lin iting « 


Thomson and Lar ge 


ases of recombination were first studied 
I vin. J. J. Thomson, Phil. Mag. 47, 337 
1921); and P. Langevin, Ann. Chem. Phys. 28, 289, 433 (1903 
5A. Redfield, Phys. Rev. 91, 244, 753 (1953 
* A calculation, similar to that of M. Lax (to be published has 
been carried out in order to treat quantum mechanically the effect 
of lattice vibrations on the capture coefficient of charged 
The value of & 
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Fic. 4. The relative rate of bleaching of F centers as a function 
of the relative F light intensity and as a function of the illumina 
tion time (t) of bleaching 


room temperature at 260 my and 333 my did disappear 
rapidly during the first few seconds of bleaching. 
Etzel" has tentatively assigned a band located at 254 
my band to a transition within O™ centers. It is difficult 
to believe, however, that Om ions should be very effect- 
tive traps for electrons. It is, in fact, hard to believe 
that any charged centers are present in the crystal 
prior to bleaching, particularly since even negative-ion 
vacancies are unstable at room temperature.’ Alter- 
natively, the trapping center may be a neutral center 
which can trap an electron. Based on Pekar’s calcula- 
tions one would expect that the capture coefficient of 
the neutral trap would be 1 to 2 orders of magnitude 
smaller than that of the positively charged negative-ion 
vacancy. If the trapping center is a neutral trap then one 
is forced to the conclusion that it is located very close 
to the bleaching F centers. In this way the neutral trap 
could higher than effective 
section. Furthermore, during the initial 
moments may then occur by the tunnelling of electrons 
from F centers to the trapping centers. For the case of 


normal 
bleaching 


assume a CTOSS 


tunnelling equation (11 
the capture 
interpretation. 


would still apply, however, 
coefficients would require a different 

The possibility has also been considered that the 
electron trap has an opt al absorption at the F band, 
and that this absorption exists even before bleaching. 
For this case Eqs. (1) through (6) have to be modified 


_ to take into account two additional parameters; the 


number of occupied traps and the ratio of the oscillator 
strength of the traps to that of the F center. The solu- 
tion of the equations is then qualitatively similar to 
that given in Eq. (11), with the addition of the two 
arbitrary parameters 

In theory an analysis similar to the one given above 
may be made for the results on the samples irradiated 


H. Etzel 
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into the second stage of coloration (ar 0.60 mm"). 
However, a determination of the kinetics of the process 
which is required to determine n7ro/npo has not been 
carried out. The results of the lower curve of Fig. 1 are 
interpretable in terms of either a decrease in k7/k, or 
an increase in mro/npro. Since second stage coloration 
occurs primarily at dislocations and not near the defects 
created in the bulk of the crystal during the first stage 
of coloration,’ it seems unlikely that kr/k, has been 
significantly altered by the second stage irradiation. 

Figure 4 gives the results on the effect of light inten- 
sity on the bleaching rate on the remainder of the first 
stage of bleaching (10 sec<t<100 sec). In this figure 
the ratio of the rate of bleaching under a given light 
intensity to that under the maximum light intensity is 
plotted against the ratio ///°. The results are shown 
for only the first stage irradiated crystals, although a 
similar effect was observed in the crystals x-irradiated in- 
to the second stage of coloration. During this period of 
the first stage of bleaching the temperature dependent 
process, described in the Introduction predominates.! 
In order to treat this case Eqs. (1) through (6) would 
have to be modified to include the time rate of change 
of the acc essibility of F centers and of electron trapping 
sites. 

For bleaching times greater than 150 sec, i.e., during 
the second stage of bleaching,? the bleaching rate is 
already saturated at the lowest intensity used (about 
1X10" photons/sec cm*). During the second stage the 
observed rate of bleaching of the F band is extremely 
small during room temperature optical bleaching, the 
bleaching rate in samples irradiated to aro>=0.45 mm 
1X10-* mm~'/min. If one assumes that 
the second stage of bleaching is not a diffusion controlled 
process, one may interpret the results of this stage in 
an analogous manner to the interpretation given to the 


being about 


AND 


W 


initial moment tage of bleaching. The fact 
that the bleaching rate du he 
small and that it is essentially independent of intensity 
may be attributable 


econd stage is very 
to the possibility that the second 
stage centers cannot be optically ionized at room tem- 
perature. Alternatively, one may assume that the 
quantum efficiency for ionization of these centers does 
not differ greatly from that of the first stage F centers. 
It can then be shown when the bleaching rate saturates 
at intensities of less than 10" 
either the capture coefficient fi 


cm?, that 
wr the trapping center is 
much greater than that of the se 


photons Se¢ 


ond Stage centers, or 
that the concentration of the trapping centers is much 
smaller than that of the second stage center. Oberly’s" 
result that the photocurrent tends toward zero during 
the second stage of bleaching seems to rule out the 
possibility that the concentration of trapping centers 
is very small, since in this case the mean range of elec- 
trons (Schubweg), and therefore, tl 
is finite. On the other hand, an extremely small photo- 


conductivity would result if the 


r photoc onduc tivity 


two centers are very 


close together. In this way 


the trapping centers would 
effective capture coefficient. One 
1 


assume a very larg 


is, therefore, t the centers formed 


ration a 


led to conclude tl 
so exist in close 
vicinity of each other. Results of a recent experiment 
by Compton and Klick” on tl interaction of color 
centers during optical illumination also that 


during the second Stage of col 
1 > 


suggest 
some color centers are close ly groupe d. 
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Following a recent report that the Lorenz number 


L=}/eT, does not approximate to the theoretical 


value of 2.45X10-*W ohm deg™ for very pure copper at the lowest temperatures, measurements have been 


made of thermal and electrical conductivities on copper of similar purity 


Between 2 and 4°K, values of L 


are observed lying in the range 2.5, to 2.44X10-°W ohm deg. 


1. INTRODUCTION 


ECENTLY Powell ef al.' reported observations of 

the low-temperature transport properties of pure 
copper in both the annealed and cold-drawn conditions ; 
this followed extensive earlier work by them* on com- 
mercial grades of copper. Their work on 99,.999%, pure 
copper (from the Central Research Laboratories of the 
American Smelting and Refining Company) generally 
confirmed the behavior of the electrical resistivity and 
thermal conductivity observed by Berman and Mac- 
Donald* and by White‘ on slightly less pure samples 
However, a most striking feature of their work was the 
observation that as the temperature approached 0°K 
(where impurity scattering becomes dominant) the 
value of the Wiedemann-Franz ratio or Lorenz number 
did not approach its theoretical value but a value about 
25% lower. Denoting thermal and electrical conduc- 
tivities, respectively, by \ and a, and the corresponding 
resistivities by W and p, this ratio \/oT=L=p/WT 
approached the value of about 1.85 10-*W ohm deg 
[or (volt/deg)? if preferred] rather than 2.45 10~*. 
This is in sharp contrast to previous experimental obser- 
vations on pure metals and to the theoretical predictions 
of electronic transport theory (see reviews of Klemens' 
and Blatt® and discussion below), so that we have felt 
obiiged to extend our earlier work on copper to samples 
of the same high degree of purity as those used by 
Powell et al. 

2. BACKGROUND 


In a metal an electric field or a temperature gradient 
causes an electron drift which is restricted only by the 
collisions which the electrons make with imperfections 
in the lattice, whether they be static defects or lattice 
vibrations. When the electron distribution function is 
disturbed from its equilibrium value, the rate of return 
to equilibrium—by collision processes—may be ex- 
pressed in terms of a relaxation time r. The Boltzmann 


1 R. L. Powell, H. M. Roder, and W. J. Hall, Phys. Rev. 115, 314 
(1959) 

2 R. L. Powell, H. M. Roder and W. M. Rogers, J. Appl. Phys 
28, 1282 (1957 

*R. Berman and D. K. C 
London) A211, 122 (1952). 

‘*G. K. White, Australian J. Phys. 6, 397 (1953 

*P._G. Klemens, Handbuch der Physik (Springer-Verlag, Berlin 
1956), Vol. 14, p. 198 

*F. J. Blatt, Solid State Physics, edited by F . Seitz and D. Turn 
bull (Academic Press, Inc., New York, 1957), Vol. 4, p. 199 


MacDonald, Proc. Roy. Soc 


equation expresses the equilibrium situation and may 
yield the solutions® 


e rv-dS k?T rv'dS 
f : ? : J ; 
127° grad, FE 36m grad, FE 
where dS is an element of the Fermi surface (F=f) in 
k space, v is the electron velocity and & is the Boltzmann 


constant. Obviously, if the relaxation time is the same 
for both the electric and thermal transport, then 


Nn wr fk? 
(= 
gl 3Xe 


This limiting value of L which is due to Sommerfeld 
(see, e.g., Froehlich’) is thus a constant independent of 
band structure or relaxation time. 

Regarding relaxation, Froehlich’ has pointed out that 
equilibrium can be reached in two ways: either by 
processes changing the direction of motion of an electron 
but not changing its energy significantly, or by processes 
changing energy but not direction—the so-called “hori- 
zontal” or ‘vertical’? movements on the Fermi sur- 
face.5-* “Vertical” movement is, however, ineffective in 
producing electrical resistance. Hence the relaxation 
times for electrical and thermal conduction are strictly 
equal only if ‘vertical’ movement is absent. The 
effective scattering by lattice waves at high tempera- 
tures and by impurities at low temperatures is large- 
angle and elastic, so that r is the same for the different 
transport processes ; therefore we expect 


esky? 
( ) ~2.45«10-*W ohm deg 
3NX\e 


for T>6 and for T<8@. 


Turning to the experimental picture, what has 
low temperature research revealed? Observations on 
copper,’ sodium,* the alkali metals,’ magnesium,” the 


7H. Froehlich, Flektronen theorie der Metalle (Verlag Julius 
Springer, Berlin, 1936) 

*R. Berman and D. K. ( 
London) A209, 368 (1951 

*D. K. C. MacDonald, G. K. White, and S. B. Woods, Pr ox 
Roy x Lor lon ) A235 358 1956 

“ H. M. Rosenberg, Phil. Trans. Roy. Soc 
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have all seemed to confirm this 
prediction. For some specimens of rather 
has that A/o7>2.45 


at liquid helium temperatures, but this finds a 


limited been 


x10 


purity, it evident 
ready explanation in the presence of an appreciable 
component of heat conduction due to the lattice. Such 
a component only becomes appreciable when conduction 
by electrons is reduced far below that for a pure metal, 


by the presence of impurities. Thus prior to the report 
of Powell et al.’ no evidence had been presented suggest- 


ing that as 7 »0O, / 


theoreti il Value 


should have a value less than its 
ind for the relatively pure samples of 
good metallic onductors 1 


it has appeared that L does 
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sample of Powell et al.! This difference is also reflected in 


inset 


the maximum value of heat conductivity (see 
figure), which is about 190W cm~ deg 
and about 135i ' deg for their annealed sample 

The important factor is, however, the comparison of 
the thermal and electrical resistivities. The 
L=p/WT are shown in Fig. 1, together with curves ob- 
tained by Berman and MacDonald* and by Powell 
et al.’ The 


existing data on the “ideal’’ resistivities for copper," and 


for our sample 
cm 


values of 


third curve shown is that calculated from 


from the known residual resistivity of our specimen, 
i.e., from the equation L= (po+p,)/ (Wo+W,)T, assum- 
ing po=0.87X10-* ohm cm, Wo= po/ 2.45X10-°T. The 
experimental points below about 4°K indicate that at 
the temperatures L 2.4 
2.5X10-5W ohm deg, not differing more than 2‘ 
the theoretical Sommerfeld value of 2.45 10 
Note that only at very low and at high temperatures 
should L approach the Sommerfeld value. At inter 


lowest lies between and 


> from 
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OR 


HIGH-PURITY 1871 
mediate temperatures, where scattering is not elastic, 


and hence where relaxation times are not the same for 
thermal! and electrical resistivity, L will fall below this 
value. The temperature at which Z is a minimum, and 
hence the minimum value of 1, decrease with increase in 
purity. Allowing for the differing purity of our sample 
and that of Berman and MacDonald, the temperature 


variation of 1 is consistent 


5. CONCLUSION 


In agreement with the theory, it appears that this 
specimen of high purity copper exhibits the same value 
of the Wiedemann-Franz-Lorenz ratio at liquid helium 
temperatures as do less pure copper samples, and as do 
many specimens of other metallic elements, namely 
L~2.45+0.05 X 107° *. The reason for a 
departure from this pattern in the experiments of Powell 


ohm deg 


el al.’ seems obscure; perhaps it arises from spurious 
heating effects 
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It is concluded that two moving dislocations of the same sign and on the same slip plane can sometimes 


attract rather than repel one another 


and two of unlike sign repel rather than attract each other). This 


reversal over the usual behavior will occur at velocities where the kinetic energy in the displacement field 


of an isolated moving dislocation is larger than the strain energy in the same field 


T is usually considered that dislocations of like sign 
attract 


repel each other and those of unlike sign 
each other. We wish to point out that, at high disloca 
tion velocities, the reverse situation may occur. A con 
sideration of the energy of a moving dislocation shows 
under what circumstances like dislocations can attract 
and unlike repel. The energy of a uniformly moving 
dislocation can be divided into two parts, a potential 


energy associated with the strains existing in the 


elastic 
displacement field and a kinetic energy associated with 
the velocity of these elastic displacements. Let F, and 
ky represent these two energies. In general the values of 
FE, and Ez will increase monotonically as the velocity 
of the dislocation increases. Now consider the following 
thought experiment. Let two dislocations which origi- 
nally are widely separated each be given a velocity } 

with respect to the « ry stal lattice and set into motion to 
wards each other so that ultimately they will meet. If it 
is assumed that ene rey is conserved, the dislocations will 


pass through each other and eventually regain the 


when they again are widely sepa 
as to whether the forces between 


re ie 
original velocity } 
rated. The criterion 


these dislocations are attractive or repulsive simply is 
if at the moment of meeting the velocity 
V’, of the dislocations is greater than the original veloc- 
ity Vo, the forces must be attractive. If the velocity 
V; is smaller, the forces are repulsive. (We assume, of 
course, that the initial energy is sufficiently great that 


the following 


the two dislocations can meet in the repulsive case.) 

If linear elasticity theory is applicable and energy 
loss by the 
solution of the displacement field of two moving dis 


radiation of sound waves neglected, the 


locations is simply the sum of the displacements of each 
Hence when two unlike 
the displacements and stresses go 


dislocation considered alone 
dislocations collide, 
to zero and the potential energy at the moment of 
impact is zero. The velocity of the displacements does 
not go to zero for unlike dislocations, but is double the 
velocity of the displacements of an isolated, uniformly 
moving dislocation with the veloc ity Vi. Since kinetic 
energy goes as the square of the displacement velocity 


one has 


(Vo) |, (1) 
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if it is assumed that ene rgy is conserved. Unde r ordinary 


circumstance the potential energy / of an isolated 


dislocation moving at an arbitrary velocity is larger 
than the kinetic energy E2. Hence, if Eq. (1) is to be 
valid, V; has to be provided that the 
energies are increasing functions of the velox ity How- 


kineti 


larger than | 
ever, should the 
Eq (1) wou d 
less than } 

unlike 


be larger than 
If V; is 


between two 


energy / 
apply 


there 1 


only if V; is less than } 

i repul ive force 
dislocation 
One can use similar reasoning to consider two dis- 
locations of like sign which are set into a collision motion. 
At the 
now cancel one another and the kineti energy will go 
to zero. The stress« 
those of 
Vy 


train, one ha 


moment of meeting, the displacement velocities 


in the displacement field are double 


an isolated dislocation moving at the velocity 


Since potential energy goes as the square of the 


t/ + | 


If at any giver city is larger than /), V; must 


/ 
hi 


be larger than V». Under this circumstance an attractive 


force exist bet el 


if Fy 1 


the two like dislocations, whereas 
than /¢s, the force i 
irguments we hi; 


j constant and 


greater is repulsive 


In our ve considered that the energy 


have allowed the dislocation velocity 


to vary. Our model can also be used for the situation 


where the dislocation velocity is kept constant and the 
total di ocation energy allowed to vary If a force is 


applied to the two colliding dislocations which is always 
equal and opposite to the force of interaction between 
them, their velocity would remain unchanged but their 
total energy would change. This force could be applied 


Iley1 
allowing 


by - Say, 


in which the 


the dislocations to run in an alloy 
short-range order on the slip 
as an appropriate function of distance to give the desired 
If | 


tion velocity, the initial energy will be 2} / 


plane varies 
magnitude and direction of the force. is the disloca- 

V)+ E2(V) ] 
and the energy upon meeting will be either 4£,(} 
1h.(V depending on whether the 


or 
of 
the same or opposite sign. If the energy at collision is 


dislocations are 


greater than the initial energy, the force between dis- 
and if the energy 
must have been attractive. If we repeat 


locations must have been repulsive, 
is less the forc« 
our argument when either /, or EF» is the larger energy 
of an isolated moving dislocation, one sees that we come 
up with the same conclusions as before 


rhe potential energy of a moving screw dislocation 


always is greater than its kinetic energy except when 
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Measurements of the adiabatic elastic constants of potassium chloride 


region 300°K to the melting point (1043°K 


value above 725°K. This rise is not significant, sin 


value, ar | 


| consequently the D-P law is most likely 


INTRODUCTION 


4 LASTIC constants of crystals and their tempera 


ture variation not only are of interest in them 
selves, but provide much information concerning the 
interatomic forces in solids and the equations of state 
of solids. They are also necessary for a complete thermo 
dynamical description of solids and are a necessary 
adjunct to the reduction of the specific heat at constant 
pressure (C,) to constant volume (C,). The measure- 
ments on potassium chloride were undertaken initially 
to be used for the reduction of recent specific heat 
data, since reliable data for temperatures near the 
melting point could not be found in the literature. 
These data, on the temperature variation of the elasti 
constants obtained in this research, enable one to 
calculate the variation of the compressibility (8) with 
temperature, which is then used for the conversion of 
the spec ific heats at constant pressure (C,) to specifi 
heats at constant volume (C,). One very important 
parameter, the coefficient of linear thermal expansion 
(a), was also remeasured' since “preliminary” work 
indicated that the values of the coefficient of linear 
expansion at elevated temperatures, as quoted in the 
literature,? were in error.® 

The behavior of C, in the neighborhood of the melt- 
ing point is of considerable interest, since Eucken and 
Dannodhi* have obtained values of C, for sodium 
chloride, using their own values of a and values of the 
compressibility that were extrapolated from room 
temperature values of Slater and Bridgman, which in- 
dicate that C, drops below the Dulong-Petit value at 
elevated temperatures. Hunter and Siegel’s® results also 
indicated that C, dropped slightly below the D-P value 

* The majority of 
Naval Research 

' D. Engle and K. Marks, Masters thesis, Franklin and Marsha 
College, 1957 (to be published). 

2A. Eucken and W. Danndhl, Z. Electrochem. 40, 814 (1934 

*F. D. Enck, Final Technical Report No. 11, Contract Nonr 
60200, Project No. NR-017-206, University of Maryland, 1955 
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* A. Eucken and W. Danndohl, Z. Electrochem 

‘ L. Hunter and S. Siegel, Phys. Rev. 61, 84 
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KCl 


have been made in the 


by a dynamical method developed by Balamuth. Recently 
determined values of the specific heat at constant pressure (C, 
values of the compressibility. Values of the specific heat at constant volume (( 
recent values of the coefficient of thermal linear expansion (a 
isothermal compressibilities. The results indicate that there is a slight rise in ¢ 


have been used to calculate the isothermal 
have been obtained, using 
, the above mentioned values of C,, and the 
above the Dulong-Petit 


e the estimated error interval incloses the Dulong-Petit 
alid up to the melting point 


near the melting point, but they doubted the validity 
of this drop due to the unre liability of the high-tempera- 
ture values of a and C, used for the reduction. A drop 
in C, would seem to indicate that the energy required 
to raise a sample through a temperature interval is 
decreasing instead of remaining constant at the higher 
temperatures. This would be contrary to the Debye 
high-temperature limit of 3R, the Dulong-Petit value. 

These values of C, are also used to check the behavior 
of the quantity y defined by the equation 


Y 3Va 1 


which Griineisen,* in developing an equation of state 
of metals, on the assumption of central-force interaction 


of atoms, found should be independent of temperature. 


THEORY AND EXPERIMENTAL METHOD 


Rose* have described methods for 
measuring Young’s modulus and the rigidity modulus 
corresponding to any chosen direction in a solid crys- 
talline substance. The method utilized the properties 


Balamuth’ and 


of a separately excited composite piezoelectric oscillator 
constructed by cementing an X-cut quartz cylinder to 
one end of a cylinder of the specimen material. This 
method was employed with success at the lower tem- 
peratures, but due to the fact that the piezoelectric 
quartz driver has an a—> 8 transformation at 846°K 
it is not feasible to use simply a two-part oscillator, in 
which the quartz crystal is maintained at the same 
temperature as the KC] specimen. The extension of the 
three-part oscillator was made by Rose,* and Hunter 
and Siegel’; who have checked the accuracy of the 
three-part data by comparing it with Durand’s’ two- 
part data. The agreement of the two sets of data 
established the validity of the three-part method. Two 
types of three-part oscillators are used—one for longi- 
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Fic. 1. Three-part longitudinal os itor in positior the furnace 


tudinal, and one for torsional vibrations Che longi 
tudinal oscillator consists of a N-cut quartz crystal, 


an intermediate fu 
drical shaped K¢ 
ts of a V-cut 


quartz rod, and the cy 


ed quartz rod, and 
rhe 


quartz crystal 


the bar or cylin- 
specimen. torsional oscillator 
, an intermediate fused 
ndrical KCI specimen. The oscil 
s of a tube fur 
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Phe 


e end of the furnace, 


lator is suspended vertically on the axi 
K( 


maintained at the 
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lesired elevated temperature 


t} 


quartz crystal tuated above 


ind IS Maintained essentially at room tempet rature by 


circulating air 
+] 


The furnacs ) platinum-rhodium 


1} 


a" 
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windings on a. in ong and 


in. inside diameter. further facilitate maintain- 
ing a low-temperature gradient in the central part of 
the furnace. two eparate ¢ d windings were also used 


lhe temperature inside the furnace was read with four 


platinum-rhodium thermocouy 
Nat Bureau of Standa 


thermocouples 


les which had been cali- 


brated at the iona rds. Three of 


these were mounted at 2-in. inter 


vals near the center of an inconel t ibe mounted snugly 


inside the furnace core. The fourth was mounted about 
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ELASTIC MODULI AND 
where T is the absolute temperature, a is the coefficient 
of thermal linear expansion, C, is the specific heat at 
constant pressure, and p is the density. The adiabatic 
and isothermal S4, and C4, are the same. 


PREPARATION OF THE KCI SPECIMENS 


The specimens used in this research were cut from 
KC] crystal blanks obtained from the Harshaw Chemi 
cal Company. The KCI blanks were cleaved into two 
blanks approximately 5 cmX5 cm X0.5 cm in size. One 
of these blanks was used for the (100) cuts and the 
other used for the (110) cuts. The reason for this is to 
ensure that both the (110) (100) cuts are, 
re spectively, cut from as close to proximal positions in 
the crystal as possible.” 


and the 


A few rough (110) specimens were cut from on 
blank, and a few rough (100) specimens cleaved from 
the other. These were then ground, on a lathe, to a 
Ea h 
specimen measured approximately 3.5 mm in diameter 


circular cross section using a tool post grinder. 


and from 3 to 5 cm in length. The diameter of the 
specimen was made to match that of the fused quartz 
rod, since area matching is extremely critical in the 
torsional case. The adhesive used to cement the KC] 
specimens to the fused quartz rod was Sauereisen 


TABLE I 


Tempera Adiabatic constants 


ture < 10" cm?/dyne 

e S; Sas § Sas 
25 26.00 158.6 51.15 108.4 
50 26.47 159.7 51.63 109.5 
75 27.00 160.9 52.08 111.0 
100 27.62 162.0 52.55 112.48 
125 28.30 163.1 52.96 113.96 
150 29.00 164.3 53.50 115.48 
175 29.71 165.4 54.01 117.08 
2006 30.52 166.5 54.52 118.62 
225 31.35 167.6 55.08 120.2 
250 32.21 168.7 55.63 121.84 
275 33.10 169.9 56.20 123.00 
300 34.04 171.1 56.78 125.40 
325 35.03 172.27 57.33 127.30 
350 36.25 173.50 58.06 129.32 
375 37.40 174.65 58.72 131.60 
100 2 175.95 59.39 133.81 
425 39.90 177.28 O17 136.40 
450 41.25 178.62 (.96 139.90 
475 42.70 180.00 61.80 141.8 
500 44.3 181.36 62.62 144.5 
525 45.95 182.80 63.52 147.3 
530 417. 184.26 64.39 150.4 
575 $9.35 185.71 65.34 153.7 
OOO 51.20 187.22 66.28 157.0 
625 53.10 188.74 67.28 160.5 
650 55.10 196.00 68.30 164.0 
675 57.10 191.90 69.38 167.9 
700 59.20 193.60 70.54 171.8 
725 61.40 195.30 71.72 175.8 
750 64.05 197.24 73.02 120.0 
755 64.90 197.72 73.30 181.0 
7 65.70 198.10 73.50 182.0 


2 As suggested by R. L. Quimby, Columbia University 


8 For a detailed description of the preparation of the oscillators 
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No. 14. Many adhesives tried, and 


Sauereisen thinner was found to be superior to all those 


thinner were 
tested. The cement will hold, in most cases, for several 
days at temperatures up to 650°C, and for a period of 
at least 36 hours at temperatures up to 800°C, 


RESULTS 


In all 40 individual temperature runs were made on 
For each elastic constant 
measured a smooth curve was drawn to fit, as well as 
all data on that elastic constant. Values of the 
then read from this curve at 25° 
intervals. The values of the elastic constants (S,,, Siy’, 
Sa, and Sy’) 
constant Sj, using the second and fourth equations of 
Eqs. (1). The values of S,. obtained by each method 
of calculation had a spread of as much as 5%, when the 


about 10 different crystals 


possible 


elastic constant were 


were then used to calculate the elastic 


coefficient of linear expansion (a) as quoted by Eucken 


and Dannohl,? wa the original calcula- 


However, a has since been remeasured!' and these 


employed in 
tions. 
new values have been incorporated in the results quoted 
in this paper. Employment of these values of a reduced 
the variation of Sj»., as calculated by each method, to 
an average deviation of 1% and a maximum deviation 


of 2%. 


constants and moduli of KCI 
Adiabatic moduli 
x10" dynes/cm? 

Sie ( ( Cu (Cyy—Ci2) 
2.85 3.95 0.487 0.631 3.47 
3.07 3.29 0.511 0.626 3.39 
3.30 3.83 0.534 0.622 3.30 
3.55 3.76 0555 0.617 3.21 
320 3.69 0.572 0.613 3.12 
4.08 3.62 0.592 0.609 3.02 
4.34 3.54 0.606 0.005 2.94 
164 3.46 0.621 0.001 2.84 
4.94 3.39 9.634 0.597 2.76 
5.26 3.32 0.647 0.593 2.67 
5.58 3.24 0.658 0.589 2.59 
5.92 3.17 0.667 0.584 2.50 
6.30 3.10 0.680 0.580 2.42 
6.75 3.02 0.699 0.576 2.33 
7.20 2.94 0.700 0.573 2.24 
7.66 2.87 0.711 0.568 2.16 
8.12 2.79 0.712 0.564 2.07 
8.63 2.73 0.721 0.500 2.01 
9.11 2.65 0.718 0.556 1.93 
9.65 2.57 0.712 0.551 1.86 
10.25 2.50 0.717 0.547 1.78 
10.86 2.43 0.718 0.543 1.71 
11.53 2.36 0.720 0.538 1.64 
12.24 2.30 0.723 0.534 1.58 
12.94 2.23 0.719 0.530 1.52 
13.63 2.87 0.712 0.526 1.46 
14.36 2.11 0.721 0.521 1.39 
15.10 2.05 0.701 0.517 1.35 
15.26 199 0.692 0.512 1.29 
16.80 1.92 0.682 0.507 1.24 
17.11 1.90 0.680 0.506 1.22 
17.65 1.90 0.697 0.504 1.20 

see: F. D. Enck, Ph.D. thesis, University Microfilms, Publication 
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Pras_e II. Values of the isothermal moduli at 30° 
as reported by different observers 
Elastic modulus 
Observer Ju Si2 ou“ 
Durand* 26.26 3.7 158.9 
Voigt' 27.37 1.4 156.0 
sridgma 29.4 a 27 
Enck 26.09 2.89 158.8 
® See reference 9 
See reference 10 
¢ P, W. Bridgman, Pr A erdam Acad. 64, 19 (1929 
The temperature variation of the adiabatic elastic 


constants S,,, S and S4, are tabulated in Table I. 


The elastic moduli C,,, C and Cy, are obtainable 
from the S,,’s by the linear relationships given in 
Kq 3 Krom these one may construct pure shear 


moduli, C44, ¢ ( 


‘ and a pure dilation constant 8, 
it 


ilitv. These quantities are also tabulated 


the compre . 
Table I. 
Phe 


in 


elastic moduli for 


pe reentage variation ol the 


different samples was as much as 2%, but the variation 
of the elastic moduli on different runs using the same 
crystal wa ilways less than 0.2% This variation of 
the elastic moduli from sample to sample could be due 
to the nonuniformity of the specimen cylinders, a 


slight area miss-match between the specimen and the 


silica rod, or due to the 


The ¢ 


mu¢ } 


variation of crystal impurity. 


ase for « impurity is quite strong, since 


smaller variations of the elastic moduli were ob- 





served if the samples were cut from proximal positions 
in the crystal. For: the particular KC] sample used in 
are h [ 


this rese the pe reentage ol error involved in the 


determination of S§ 


the 


Si is about 


and S44’ is less than 0.39% over 


entire temperatur Thus the reliability of 


1%, t 


erTma 


ranyg¢ 
e adiabatic compressibility about 


¢ 


| compressibility about 3.2%, and 


i¢ 


C, about 3% The 
reliable 


results considered somewhat 


200°C 


are 


above since a more consistant 


more 


temperature gradient could be maintained above that 
temperature, 
Values of the 


by different observers are given in Table II. 


thereby assuring better reproduc ibility. 
isothermal elastic moduli at 30°C reported 


Referring to Table I, it is apparent that the isotropy 
relation 


2C ss 


is not satisfied anywhere in the temperature range from 
room temperature to the melting point. However, the 
agreement becomes better near the melting point. The 


results (Table I) also indicate that the Cauchy relation 


Cy2=( 


is not very well satisfied over the temperature range 


igation. Cys is about 23°% below 


t 175% 


¢ melting point 


employed in this invest 


C 44 al 25°C, equal to ¢ ma ind rises to about 
271%, above ( a4 TC 


From Fig. 
increases monotonically to within a few degrees of the 


ar th 
) 
it 


is apparent that the compressibility 


D. 


melting point. How e drop observed in the com- 


ever, t 
. - 
loa € 


pressibility in the las before the melting point is 
believed to be real. This reduction seems to imply that 
the lattice becomes harder to compress in the immediate 
neighborhood of the melting point. It should be stated, 
however, that Fig. 2 i plot of the adiabatic com- 
pressibility and not the isothermal compressibility. The 
isothermal compressibility is larger by the amount 
9a V T/C). Since there reliable data available for 


the coefficient of linear e€xpanslor a) in the immediate 


neighborhood of the melting point, the coefficient of 
linear ¢ xpansion might increase ule rapidly near the 
melting point. Thus the el compressibility 
might possibly increase monotonically up to the melting 


point. 


SPECIFIC HEAT AT CONSTANT VOLUME 


rhe present results for the compressibility, and the 
newly determined value oT ¢ d a' ca be used to 
determine, more re bly than had been hitherto pos- 
sible, the behavior of the peciic heat at constant 


volume at elevated pecific heat at 


constant volume be calculated using the thermody- 


namic relation 

( ( a? V7 
The calculated values of ( ire tabulated in rable III, 
and are displayed graphically i g. 3. They indicate 


yout 450°C, and rises 
about 12.3 mole*”< ( 


reaches the 


of 


that C 


to a value ir the melting 


95 


© 
oO 


& 


@ 
oO 
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ELASTIC MODULI AND 
point, This rise above the D-P value is not significant 
the D-P 


lies within the experimental error interval of 


(in the usual sense of the word) since value 
+ 0.37 
cal/mole°C (3% 

It is of interest to note that previous attempts to 
determine the behavior of C, at elevated temperatures 
for a different alkali halide (NaCl) indicated that C 
dropped below the D-P value. Eucken and Dannohl' 
reported that C, of NaCl dropped to about 10 cal 

mole°C at the melting point. This result may be dis 
carded in favor of the more recent work of Hunter and 
Siegel. Their results indicate a drop of about 0.5 
cal/mole°C near the melting point. However, they did 
not consider this drop significant, due to the rather 
uncertain values of a and C, used in the calculations, 
and surmised that C, maintained the D-P value up to 
the melting point. a plays an important role in the 
calculation of the elastic moduli from the frequency 
data, and in the conversion of Bag to Bis, and C, to ¢ 

In fact, the author observed a similar drop in C, for 
KCl, as that quoted by Hunter and Siegel for NaCl, 
when the values of a as reported by Eucken and Dan 
néhl were used in the calculations. The author, sub- 
stantiated by Glover,'® suspected that Eucken 
Dannodhl’s values of a were systematically high above 
400°C. Consequently, a was remeasured at this institu 


and 


TaBLe III. Values of the compressibility heat, 
and Griineisen’s constant at elevated temperatures 


specif 


Tempera- Compressibility Specific heat Griineisen’s 





ture < 10" cm?/dyne cal/mole-degree constant 
a Baa Bis (CP Ce 
300 66.00 73.55 13.125 11.884 1.393 
325 67.29 74.88 13.256 11.913 1.405 
350 68.25 76.51 13.383 11.939 1.411 
375 69.00 78.01 13.509 11.949 1.425 
400 69.84 79.51 13.635 11.954 1.447 
425 70.98 81.34 13.756 12.005 1.426 
450 71.97 83.00 13.877 12.003 1.419 
475 73.44 85.20 13.995 12.063 1.409 
500 75.00 87.54 14.113 12.091 1.397 
525 76.35 89.66 14.229 = 12.120 1.388 
550 77.64 91.71 14.345 12.144 1.380 
575 78.87 93.80 14.461 12.159 1.376 
O—0 80.16 95.99 14.577 12.173 1.371 
625 81.66 98.43 14.688 12.186 1.364 
650 83.52 101.25 14.802 12.210 1.350 
675 85.14 103.87 14.913 12.223 1.341 
700 87.00 106.77 15.028 12.245 1.329 
725 89.04 109.89 15.140 12.278 1.313 
750 91.35 113.23 15.252 12.304 1.294 
755 92.04 114.13» 15.275 12.318 1.289» 
700 91.20 113.45 15.30 12.229" 1.310° 
* See reference 14 
a extrapolated from 750°C 


*R. E. Glover, III, Z. Physik 138, 222 (1954 
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Fic. 3. Specific heat at constant pressure and constant 


volume for KCI at elevated temperatures 


tion.! When these values of a were used in the calcula- 
tions of the elastic moduli, 6;, and C,, the D-P value 
was inclosed by the error interval of C,, as mentioned 
above. These new values of a also decreased the varia- 
tion of Sis, obtained from Eqs. (1), from 5% to an 
average deviation of 1%, as mentioned previously. 
The values of y (Table III), defined by the equation 


¥Y 3ah ( ‘Dis, 


(a result deduced by Griineisen from his equation of 
state of solids) tend to support his deductions that it 
should be practically independent of temperature. 

In conclusion, there appears to be no important dis- 
crepancy between the D-P law and the present results 
for KCl. Currently, a literature search is in progress 
to obtain more recent values of a and C,, in order to 
determine which parameter is mainly responsible for 
the “abnormal” behavior of C, for NaCl as reported 
by Eucken and Danndhl, and Hunter and Siegel. 
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Dielectric Constant of a Dense Electron Gas 
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The problem of absorption and dispersion of electromagnetic waves in a 
semiclassically through the use of Boltzmann equation and Fermi-Dira 


dispersion formula is treated by the method of Van Kampen 


conduc 


1. INTRODUCTION 


ISPERSION 
mati 


formulas for the plane monochro- 


oscillations of a gas of charged particles 
generally contain integrals over velocity space and in- 
variably these integrals are singular. Integration across 
the pole of Suc h integrands can be done in a variety of 
ways and is hence arbitrary. It could be made unique by 
putting boundary conditions in space and/or in time, 
but such boundary conditions do not exist for plane 
monochromatic oscillations. Consequently, there do not 
exist unique dispersion formulas for such oscillations. 
This was first pointed out by Van Kampen.' He showed 
that it is possible to get unique dispersion formulas for 
oscillations, which are certain linear superpositions of 
monochromatic oscillations. His method has been ap 
plic d by Pradhan? to the problem of ciré ularly polarize d 
electromagnetic oscillations of a Maxwellian plasma, 
propagating in the direction of a steady magnetic field 
impressed on it. The results are in agreement with those 
of Bernstein’ obtained by the Laplace transform method 
of Landau.‘ It is the purpose of the present investigation 
to extend the method of Van Kampen to the problem of 
dispe rsion and absorption of ele tromagne tic waves in a 


dense electron gas. Lindhard® has obtained expressions 


for the dielectric constant of such a gas for monochro- 


that its 


shown how 


the fact 
He has not 
We present 
value for this constant by con- 
structing wave packets. We shall give explicit formulas 
for it that are valid for temperatures at and in the 


mati waves, and has recognized 
imaginary part is not unique 
to get a unique value for it 


work, obtain 


shall, in the 
unique 


ne ighborhood of absolute zero. 


2. DISPERSION FORMULA FOR 
MONOCHROMATIC WAVES 


Che dispersion formulas are obtained by simultane- 


ously solving the Boltzmann and Maxwell equations® 
of 
al 


f duu) tore | du f 


\ 1 21, 949 (19 
107, 1222 (1957 
109, 10 


N. G. Van Kampen, Physi 
? T. Pradhan, Phys. Rev 
I. B. Bernstein, Phys 


Rev 1958 


tivity as functions of frequency have been obtained for tempe 


Expressions f 


ratures 


with the re 
posed by the 


these equation 
(r.u./ n 


so that terms of order 


make the approximati 


of 
al 


where r= colli 


monochromati 


where u,= 4, 
is real. Substi 


and 2 


We have 


space integr 
‘L. Landau, | 
*J. Lindhard 
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ue=v sind, us=u. Eliminating A;y,(kyu,) and g* “*(u) 
get the dispersion formula for the 


electromagnetic or transverse modes: 


Irom Eqs. (6), we 


« 


c—u,? + F(u) 
f du . 
2rugu, J+ w—Sy 


where F(u)= Jo* vdvfo(u,v), and ue=4ange?/mk*. In 
obtaining this formula we have made an integration by 
parts and have used the fact that lim,., v/fo(u,v) =0. 
Since the complex dielectric 
b Eq. (7 
provided the presc ription for integration across the 
singular point w=, is known from boundary condi 
tions. Since there do not exist boundary conditions for 


constant is defined as 


e=0?/u, gives us ¢€ as a function of frequency 


plane monochromatic waves, the integration across this 
point is quite arbitrary. According to Van Kampen! 


C—u, + F(u) 
rf du +rA(u,p)F (uy), 


2ruy"u, - uU—Uy 


where A is an arbitrary function of u,. In the work of 
Lindhard,® this arbitrariness has been pointed out; he 
mentions that the imaginary part of the dielectric con- 
stant lies between —x and +7 times a certain expres- 
sion. We shall, in the following section, show that for 
wave packets, the dispersion formula does not have this 
kind of arbitrariness and hence the imaginary part of the 
dielectric constant, obtained from it, is unique. 


3. DISPERSION FORMULA FOR WAVE PACKETS 


We construct wave packets by linear superposition of 
monochromatic waves as follows: 


du pA i(k, pe **"?'C( Ruy), 


+z 


xf du ,g*“?(ue ate de | ku»), 10 


x 


where C(k,u,) is an arbitrary function. Let us now define 
a function 


2ie pt* 
C,,' | fed 2f1(z,u,0)e—***, 
7. 


to describe the initial condition. This function, inte 
grated over u, is proportional to the amplitude of the 
initial transverse current density that generates the 
electromagneti In other words, this function 
tells us how much is contributed by electrons with a 
given velocity component u to the initial transverse 


waves. 


current density. The electric vector of the electromag- 
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netic wave is determined by this function as well as the 
impedances 1/Z* and 1/Z as can be seen from Eq. (13). 


It then follows from Eq. (10) and (6a) that 


ie DU») 
Ci (u) = ue? F (u) rf du, +A(u)Die(u) |, (11) 
“ u, 


ul 


where D.,.(u,)=Aue(u,)C(u,). We have suppressed the 
sufix k in Eq. (11). If we now decompose G, D, and F 
into their positive and negative frequency parts and 
eliminate A from Eqs. (8) and (11), we obtain, 

Dy (thy 


Ger’? (4p )Z—" (ty), 


(U»)=Se 


(ty)Z"(e5), 
where 
(%o—t8.)°—C 
Z(t y) +-2riny? PO 
2a (up— 1%) 


(w»), (12b) 


(4 p—1%,)?—c* 


Z* (ty) — 2wiuy?F— (uy). 


2a (tu »— 1%,) 
Using Eq. (12a 
the pac ket, 


in Eq. (9) we get for the electric field of 


x 


E.,(8,t) =e***-** f Gi gt v4 
« 


r 


K(Gee'?? (4 p)Z-" (4p) +G ee (uy) Z*-"(uy) ]. (13) 
For k>O and ¢>0, the integral appearing on the right- 
hand side is most easily evaluated by considering it as a 
part of a contour integral in the complex u,-plane, the 
contour running from — « to + on the real axis and 
then returning to the starting point via the semicircle of 
infinite radius in the lower half u,-plane. Since the zero 
of Z*(u,) occur in the upper half of the complex u,- 
plane, the second term in the integrand gives no contri- 
bution to the integral. We have, of course, to demand 
that Gu‘ (u,) are well-behaved functions of u, without 
any singularity in the lower half u,-plane. This we can 
do, since these functions describe our initial condition. 
The entire contribution to the integral then comes from 
the Ist term, because Z(u,) has its zero in the lower half 
plane. Since the integrand vanishes on the infinite 
semicircle as a consequence of the factor e~**“»'(k>O, 
t>0), we have, 


(ai,) explik(z—a,t—iud)], (14) 


where @, is a point in the lower half-plane such that 


(i,—iu,.)?—c* 
p 
Uy + 2riug’ FO (a ,) =0. 


) _ 
2r(tip— iu 


(15) 


Equation (15) is thus the dispersion formula for the 
wave packet represented by Eq. (14). Using the defini- 
tion e=c*(u,— iu.) for the complex dielectric constant, 

kw, we get, from Eq. (15), the 


K Re(e 


and 
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following equation for e: 


le? 


ink* +1 


é wrk} 


¢ ri 
1; )| 16) 
€’ wrK} 


1, we get from (16), by Taylor 


tink 
where wy" For wr 


expansion, 


(€ L)e c/w’K [imk* (ce )\+irk (ce 
wr K!) 


X Link *' (ce 


(£7TW 
+ (2riwy'c* 
(17 


‘)+imk’ (ce 


where prime denotes differentiation. This equation gives 
us the following approximate expressions for K and 


a = (w/4r) Im(e 


2 wo" 
F'’(cK 
w'tK 


(18b 


imP*'(cK 
K 


I'hese formulas are valid for any of the three statistics. 


However we are interested in explicit forms of thes« 
equations for Fermi-Dirac statistics which we shall do in 


the following section 


4. CALCULATION OF Kiw) AND o(w) 
FOR FERMI DISTRIBUTION 


In this section we shall calculate F(u) and F*(u) for 
at and near absolute zero, so that we can 
obtain explicit formulas for K(w 


Eqs. (18 


temperatures 
and o(w) given in 


According to our definition, 


du’ 


u?—u 


imP* (1 2uP 


lor Fermi statistics, which our 


at the temperatures we 


since F(u)=/] u 


electron gas obeys are interested 


{expl — v+}mB(u?+0?) ]4+-1}-', (20 


where A= Planck’s 


1/«xT 


absolute tem- 


constant, 3 is a 
Boltzmann’s 


constant, § 
constant, and 7 


perature of the electron gas. Simple calculation gives 


with « 


AND P 


MISRA 


Here we have put 3 
dimensions of ene rgy 


For T=0, 8 


0. 
(22 


2um'*® ¢ { 
rFy*(u Iu 


Nyt « u 


The parameter 
distribution and i 
tion of Fol), i. 


which gives 
( »? 


Eqs. 


C# 1 


K 


These formulas differ fror 
imaginary part of 
unique ly determined it 
for which A (w)—=1, form 


K (w) = 1+ 


since ty™10*° cm 
hand, for frequen 
K(w)~1@ so that 
term in Ex 24b) gives 


ao(w) becomes very large 
For temperatures 

ZeTo, we shall ( mploy SOOTY 

imk* (1 


bring the desired integr 


tion for evaluating 


7A. Sommerfeld, Z. P 


» being a parameter with the 


; 


ion of temperature. 


ay), so that 


u 


u 


Fermi 


the top ol the 


normalization condi- 


the results of 
t, for T=0, 


term has been 


For frequencies 
tne simple form: 


5) 


On the other 
iarge, i.€ 
ogarithmi 


and 


tribution 


} j f 
00d ol 


absolute 


ry rt +} 
{ 


feld’s m od‘ ot integra- 
o do ti 


Is we first 


} 


vest suited to 
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apply Sommerfeld’s results. By integration by parts, 
and subsequent change of variable of integration, we get 


" F(u’) 
inF*(u)= aur f du’ 


2 2 
a 


” OF (u’) 
-{ du'— In 
{ ou’ 


. 
utr u 

, 
u—t 


2m* 


I(u), (26) 


noht*mB 
where 


. dy/dx dg 
I(u) -f dx —-., -=I|n 
0 et?+1 dx 


According to Sommerfeld, 


£ d’"o 
T(u) g(x=v)+2 > enl ) ’ 


n=l dx?" 


u+(2x/mB)* 


u— (2x/mp)* 


(28) 


where ¢Cn=)0,21%(—1)**"(s)-*. Explicit calculation 
gives co=2°/12 and cg=72x*/720. Retaining terms up to 


n=1 in Eq. (28) and substituting it in Eq. (26) we get 


2m* rf/d¢ 
imF*(u)= g(x=v)+—- . (29) 
noht*mB 6 \ dx*7 sas 


Making a Taylor expansion of ¢g(v) and gy” (v) about 
vy=vo, and neglecting terms of second and higher order 
in (v—vo), Eq. (29) reduces to 
2m 
im *(u) =txF o*(u)+—- 
nh mB 


r/d¢ d¢ 
x| ( ) +(r—n)( - ) 
6 dx? z= r9 Ov v= vf 
rr. d/o 
+ (vy— v9)—{- ( -) | | (30) 
6 Ov dx? sup! *™ OQ 


Similarly we can get F(u), to this order of approxima- 


tion, 
OF (u) 
F(u) Few) +00) ( ) ° 
Ov v= r0 


The difference (v—yvo) that appears in Eqs. (30) and 
(31) can be determined from the requirement that the 
total number of electrons is same at all temperatures, 
which is equivalent to the condition j* du Fo(u) 
= fi” du F(u), or in other words 


zx 


f du (v9? — u?)6( 09? — u?) 


Zz 


f du \n{1+exp[ 5m (v0? — 


0 


Putting »=+0' and differentiating both sides of this 
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equation with respect to v%, we get, 


0" . 1 
f du 
t ( 1+exp[ — $m8(v?—1u*) | 


1 xt 
f dx . 
2m8)) J ett | 


Integration of the right-hand side of Eq. (33) by 
Sommerfeld’s method, and subsequent rearrangement 


gives 


(33) 


2 1? = ge? /Om7 82)? or v—vo=w/12mBre. (34) 
Now we can explicitly write down the expressions for 
imF*(u) and F(u) with the help of Eqs. (27), (30), (31), 
and (34) as follows: 
wu 
im o*(u)-+ 
4m? 8? 094 (4? — 09) 


im’ *(u) 


T u“ +0 
- In —i +O 
16m*6*r° |u—v9\ 


F (u) = Fo (4) + (2/16m?B*09°)0 (0? — 47). 
Substituting Eqs. (35) and (36) in Eqs. (18) and 
retaining terms up to order 1/8*, we get, for c# 1K‘, 


Two" 
K (w) = Ko(w)+ 


&m"8%u? K bo! 
4cK! 1 c +n K! 
x| —— Inj— | (37a) 
c—rK v9 |c—K! 


Two? 
ao(w)+ 
32m*8*wK bv" 


a\w) 


1 
x| 6(v9°K —c?)— 
7 


0 rrw(c?— weK y? 


2c(c?— 3K )K! 
| (37b) 


For frequencies for which K&1, these formulas reduce 


to 
We? r 
ft (ramos 
2? 2m 804 


* ” 
We" ad 
olw)= ( a — ). 
Sarw* 2m*8*r64 


It is to be noted further that both K(w) and o(w) be- 
come very large when ?07K. 


K(w@) 
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INTRODUCTION 


of rutile have been under 


HE elects 


pre ype rties 


inves for the past century, and the re 


ing literature contains considerable contradiction 


on the conduction scheme of rutile 6 Correlated meas 


urement resistivity in the “a” and “‘c” crystal 


direct ame single crystal are almost nonexist- 


mo previous measurements have 


involved with admixtures. The measurements 


that have 
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single crystals have been 
10? ohm cm) 


been performed on 


confined mostly to conducting (10 to 


ind to insulating samples (10 ohm cm). 


The authors have made measurements of pg, resis- 


tivity in the ’ crystal direction, and p,, resistivity in 


the ‘‘c”’ crystal direction, on the same crystal specimen 
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number of crystals. Each specimen was of a 
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1 ohm cm. An 
in excess of 20 000 to 1 
inisotropy gives an insight into the 


nonstoichiometric composition, with 


ranging from p,= 10% 


anisotropy of conduction, p Pes 


LO pa 


was observed. This 


mechanism for conduction in rutile and suggests a 
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model continuity to the conflicting results 


terature 


EXPERIMENTAL PROCEDURE 


Single-crystal rutile boules’ were x-ray oriented by 


the Laue back-reflection technique and then cut into 
3x88 mm, where the long dimensions are 
along the ‘“‘c’” and an “a” crystal axis. After cutting, 


wer°re checked for possible mis- 


ample 


some of the pecimens 


alignment of their orientation. The samples were cleaned 
ind then placed in a quartz tube furnace and reduced 
in a mixture of hydrogen and argon at temperatures of 
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ANISOTROPIC CONDUCTION IN 


RESULTS 


An extremely large anisotropy in conduction was 
observed. This effect is small where the oxygen vacancy 
density is high, corresponding to a p.= 10 
The effect increases dramatically as the 


ohm cm. 
density of 
vacancy sites is decreased, and it is maximized at an 
oxygen corresponding to a resistivity of 
p-=10° ohm cn 
anisotropy ratio diminishes. These resu!ts are illustrated 
, 1s plotted 


deficiency 
Above this vacancy site density the 


in Fig. 1(a) where the anisotropy ratio, pe/p 


versus the resistivity in the ‘“‘c’’ direction, p,, for five 


different temperatures. Although the magnitude of the 
anisotropy increases with decreasing temperature, the 


occurance of the peak in each case corresponds to 
approximately the same oxygen vacancy ce nsity since 
p. at the peak is reasonably constant over the tempera 
ture range examined. However, the pa/p, versus pa plot, 
shown in Fig. 1(b), shows a shift in the peak with tem 
perature of the 


dependence of resistivity in the 


which may be a result temperature 


Each 


datum point on a particular temperature curve of Fig. 1 


“— dire ction 


represents the anisotropy ratio for an individual speci- 
men, and therefore also represents the ratio for tLat 
particular state of reduction. Considering the misalign 
ment in 
the 


orientation and other experimental errors, 


curves described by these data are amazingly 
consistent. 

In Fig. 2 the resistivity versus reciprocal temperature 
is plotted for both ‘“‘a”’ 
different states of reduction and the curves are arranged 


and ‘“‘c” directions for twelve 
in ascending order of resistivity. The temperature data 
of Figs. 2(A) and 

slope for both the “ 
indication of the 


B) indicate approximately the same 
directions 
the 
dependent e of the carrier mobility will be neglected 
A) and (B) an 


ev can be com 
B/kT 


a” and “‘c” To obtain an 


activation energies, temperature 


From the temperature data of Figs. 


)/ 
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activation energy in the order of 0.0 
puted based on the Boltzmann equation p= pee 
where £ is enerzy, & is Boltzmann’s constant and 7 is 
2(D) 


distinct difference in slope in the “‘a”’ 


absolute temperature. Figure shows the first 


and “‘c”’ direction 
direction is still very 


ly a 


rhe activation energy in the ‘‘c” 


small, but the “a” direction shows approximate 


| volt. This trend continues for the 


quarter of an electror 
crystals shown in Figs. 2(E), (F), and (G). These stat 
2(D), (E), (F), and (G), 


the peak of the anisotropy curve of Fig. 1. As the oxygen 


of reduction, Figs embrace 
vacancy sites are further separated, the slope in the ‘‘c” 
direction also changes and in Fig. 2(1) both the ‘‘a”’ 
and ‘‘c’’ directions have slopes corresponding to activa- 
tion energies of 0.3 ev. For the more stoichiometric 


2(J K), and (L) the “‘a”’ 


remains fairly constant at 0.3 ev, as dos 


crystals of Figs axis slope 
also the “‘c’”’ 
Sut at 


iX1S slope at low 


above O°C the ‘‘c’’ 


temperatures. temperature 
axis slope increases with a corre 


sponding increase in activation energy up to 0.6 ev. 
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DISCUSSION 


There appear to be two types of conduction in non- 
toichiometric rutile. The contribution of each is deter- 
mined by the density of oxygen vacancy sites in the 
, corresponding to low 
, impurity banding is the 
principal means of conduction. Breckenridge and Hosler 
suggested impurity banding effects for samples they 


lattice. At high vacancy densitic 


resistivities (p.< 10? ohm cm 


studied in this region.’ Piezoresistive measurements by 
Hollander, Diesel, and Vick indicated the electron wave 
functions were strongly overlapped in the ‘“‘c’’ direction 
in crystals with p less 
the 


than 10° ohm cm. However, in 
“a” direction this wave function overlap was appre- 
clable only at lower resistivities corresponding to far 
higher oxygen vacancy densities.’ 

As the oxygen vacancy sites are decreased in number, 
and therefore spaced further apart, the electron wave 
functions no longer overlap This occurs first in the “a”’ 
direction and is demonstrated clearly in Fig. 2(D). At 
this point conventional conduction via the conduction 


band becomes the predominant conduction mechanism. 
‘L. E. Hollander, T 


, Diesel, and G. L. Vick, Phys. Rev. 117, 
1469-72 (1960); L. E 


Hollander, Phys. Rev. Letters 370-1 (1958) 
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ANISOTROPIC CONDUCTION ,IN 


CONCLUSIONS 


It has been experimentally demonstrated that ther 
is a transition from impurity band conduction to con 
ventional conduction via the conduction band in rutile 
as the oxygen vacancy density is decreased. Tempera- 
ture versus resistivity measurements in the ‘ 
crystal directions of rutile have been made over a wide 
variation in nonstoichiometric compositions of titanium 
and oxygen. An anisotropy of conduction greater than 
1000 to 1 was observed at room temperature, increasing 
to more than 10 000 to 1 at — 60°C. The results of this 
study indicate that associated with each crystal dire: 
tion there is a continuous transition from impurity band 
conduction to conventional conduction via the conduc 


‘a” and ‘‘c”’ 


tion band, which is determined by the oxygen vacancy 
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density. However, the nature of this dependency on the 
differs in 


large 


oxygen vacancy density the “a” and ‘“‘c”’ 


crystal directions, allowing anistropies in the 


intermediate region of the transition. It is hoped that 


much of the published experimental data can now be 


reinterpreted with respect to the crystal directions and 


more unanimity of understanding achieved 
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Metallic Transitions in Ionic Crystals: Some Group Theoretical Results 
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In view of a discrepancy between results available in the literature 
irreducible representations for points on the surface of the Brillouin zone in 


re-examined for particular points of high symmetry 


calculations are listed up to and including /=10 for tw 


case. Our results confirm the earlier work of Bell 
findings however are at variance with 


up 


1. INTRODUCTION 


EHRINGER' has recently reported a theoretical 

investigation designed to predict the pressure at 
which a metallic transition might occur in the ionic 
crystal LiH. Independently, two of us (M. F. 
N.H. M.) have been working on the genera! problem of 
metallic transitions in ionic crystals, but with two 
essential differences from Behringer’s work. Firstly, we 
have been considering the CsCl structure, 
the NaCl structure adopted by Behringer. Although 
Behringer comments in his paper that the CsCl struc 
ture may be an important feature in discussing the 
metallic transitions, he does not deal quantitatively 
with this case. Secondly, from the point of view of the 
band 
Behringer uses expansions in symmetrized plane wave 
our work has made use of the cell 


and 


rather than 


methods used in the structure calculation, 
whereas so far all 
method. 
However, both methods utilize the symmetry of th 
wave functions; in Behringer’s calculation the form of 
the appropriate symmetrized plane waves is thereby 
fixed, whereas in our cellular treatment we determine in 
this way the allowed spherical harmonics in the expan- 
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»blem of finding the different 
NaCl and CsCl type lattices is 
The lattice harmonics to be included in cellular-type 
0 points on the surface of the Brillouin zone in each 
| her tables somewhat. The present 
the points (W 


the pr 


on LiH for one of which he considers 

sion of the wave function for a given k within each cell 
It is this group theoretical aspect of the problem on 
which we focus attention in this note. The compelling 
reason for a re-examination of existing work resides in 
the discrepancy which we find between the results of 
Behringer for the point W (see Sec. 2) and those given 
by Bell? on which our work is based. Behringer states 
that for the representation W, (W, in the notation of 
Howarth and Jones), the wave function is s-like around 
both the nuclei in the LiH crystal, assuming the NaCl 
structure. On the other hand, Bell’s tables indicate that 
the function is p-like around the second nucleus for this 
point in the Brillouin zone, if s-like around the first. It 
is the 
crepancy, and then to extend the available results in 


main purpose of this note to resolve the dis- 


certain direction 


2. NaCl STRUCTURE 
a) Point W. k= (x/2a)(2,1,0) 
To 


Behringer’s notation. However, it 
purposes of the 


refer the reader to 
is convenient for the 
‘nt to reproduc e the 


avoid repetition, we shall 


present argume 


27D. G. Bell, Revs. Modern Phys. 26, 311 (1954) 
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TaBce III. Lattice harmonics f 


As for T, 
xr? + y?+2" )xyz 28/19 )ke— (14/17 te 28 
10/3 )y2? ]xtyz, etc., 6/19)k,—i 


12 ( y*s?-+4-2% y? )+ (126/5)y‘s*} yz, et 


143 
RS 


calculations 


f(x,y,2) 2 1 mR (7) Pim(cos0 ee 


and to obtain y in a simple form we choose y as the polar 
axis. Using the results*® 


exp (id) t+ix)/(1-y* 1 y=cos0 


it is easily shown by direct analytical methods that the 
terms appearing in the expansion of yw have the form 


(d™/dy™) Pi(y)[ (2+ix)™+ (2—ix)™], (6 
where, for 1 odd, m=2, 6, 10, etc., and for 1 even, 
0, 4, 8, etc. Combinations of terms for a given / have 


been found which lead to a completely symmetrical 


m 
function and orthogonal functions, and the results ar 
collected in Table IT. By an obvious modification of the 
above argument we have found the harmonics for W,', 
Table II. These functions 
must be used in conjunction with one another in cellular 
calculations: for the extension of (3), based on plane 
waves, to Bloch functions, reference should be made to 
the Appendix. 


and these are also listed in 


(b) Point L. k= (x/2a)(1,1,1) 


lable III records similar results for the point bs 
which is the other case Behringer considers for NaCl. 
In this case, the present symmetry arguments agree 
with those used by Behringer, and the detailed har 


Bell’s 
6. 


monics are in accordance with results, which 


extend, however, only as far as / 


3. CsCl STRUCTURE 


lurning now to the CsCl lattice, we 
here two which of in 


numerical calculations which are at present in progr 


shall conside r 


wave vectors are interest the 


* From this point we shall use x, y,z as direction cosines, except 
in the Appendix, where they again denote coordinates 
* Actually this is the same as I’,; compare Sec. 3 and Table IV 
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a) Point’. k= (/a)(1,1,1) 

We consider first the representation [,. All the har- 
10 Table IV. The form of 
symmetrized wave function, by arguments 


entirely analogous t 


monics up to / are listed in 
the correctly 
o those discussed earlier, shows that 
with I’, symmetry round one nucleus, say Cs, the wave 
function must have I 
Cl nucleus. All 


Table I\ 


symmetry when viewed from a 
harmonics for /< 10 are listed for I’, in 


(b) Point X. k 


(®& 


a)(1,0,0) 


Y, around 
when viewed from a 
econd kind. Independent tables are not 
in fact required for this case. 


We 


nucleus; thi 


consider the entation 


corre sponds to i 


repre one 


nucleus of the 
rhe results may be ob- 
tained from those for W, in the case of X, by omitting 
the 
y in 


odd / values entirely, and by interchanging x and 
the The results for Y, are 
similarly obtained from Table I, by omitting the even 


harmonics in ] 


even l harmonic S 


ind interchanging x and y. 


4. COMMENTS ON TABLES 


Use of our tables in conjunction with those of Bell 
will allow certain of her results to be immediately 
extended. Thus, her representation A, (I; in the notation 


TaBLe IV. Lattice harmonics for point T (CsCl lattice) 
k = (x /a)(1,1,1) 


of +28 s/ 


$44 —3//145 
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of thi paper) may be seen by in pection of our lable II 
to contain no ¢ igh th ord r term, the next te rm of orde r 
l 10 being VIVCI by 


In addition, the following extensions of Bell’s result 


may readily be obtained from our Tables II and III 


Vaves, gene ralized 
to deal with Blo iT tio mbodies the 

| and 1, from i} as ymin { 

tion W, 


0.00 


ind A4y(2 from W 


from L,. 


5. FINAL REMARKS 


sCl structure are being utilized 
at present in progress on the CsI 

he experimental results of Alder and 
Christian® indicate a metallic transition at about 250 000 
atmospheres. We hope to report fully on these band 


tructure calculations at a later date 
We conclude by remarking here that for LiH assum- 
ing the NaCl structure, Behringer’s estimate of the 
, " method of Se 
pressure at which a metallic transition might occur must , 
. 1 point av 
now be viewed with caution, in the light of the sym- 
. z writing u 
metry arguments tor the point Wi pre ented in this work. 
Vole added proof Dr jehringer has now re- 
/ 
examined his ¢ ulations and has kindly given us 
permi 1 to say that he agrees with our conclusions 
The rev l energy calculation for the point W in the 
LiH crysta being undertaken in this Department. 
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Measurements of magnetoacoustic attenuation in very pure aluminum have been made with 10 to 100 


Mc/sec longitudinal sound waves in magnetic fields u 


p to 9200 oe. at a temperature of 4.2°K. The observed 


oscillations, or geometric resonances, for various crystal and field orientations may be interpreted utilizing 
the second zone of the nearly free electron Fermi surface model proposed by Harrison. The data suggest 
regions of high scattering near [100] portions of the surface that prevent the observation of periods for 


some orbit configurations. 


INTRODUCTION 


ECENT theoretical progress’ in the understand- 

ing of interactions between sound waves and elec- 
trons in very pure metals subject to a magnetic field, 
as well as new experimental results, promises to yield 
much new information concerning the band structure 
of metals. 

Bommel first observed an oscillatory behavior in the 
ultrasound attenuation as a function of an applied 
magnetic field. Subsequently, more extensive measure- 
ments have been made on tin,® copper,® lead,’ and the 
semimetal, bismuth.’ Attempts to observe oscillations 
in aluminum’ have not been successful, apparently 
because of low purity and the related undesirable short 
electron mean free path of available single crystals. 

Heine" has studied the problem of the Fermi surface 
in aluminum and has proposed possible models of a 
general nature, while Harrison'?-" has proposed a more 
specific surface after study of the pertinent experimental 
data including: the de Haas-van Alphen effect, cyclo 
tron resonance, the anomalous skin effect, and low 
temperature specific heat. From consideration of these 
data he has proposed that the Fermi surface in alumi- 
num may be taken to a close approximation as that 
predicted by the nearly free-electron model. 

The availability of this new Fermi surface model plus 
the recent preparation of very pure aluminum has 

1V. L. Gurevich, J. Exptl. Theoret. Phys. (U. S. S. R.) 37, 71 
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*H. E. Bommel, Phys. Rev. 100, 758 (1955) 

5 T. Olsen and R. W. Morse, Bull. Am. Phys. Soc. 4, 167 (1959): 
\. A. Galkin and A. P. Korolyuk, J. Exptl. Theoret. Phys 

U.S.S.R.) 37, 310 (1959) [translation: Soviet Phys.-JETP 37 
(10), 219 (1960)) 
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Vadison, Wisconsin, August #0, 1957, edited by J. R. D ger 
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prompted the following study of magnetoacoustic oscil- 
lations and their relationship to the Fermi surface in 
aluminum. 


EXPERIMENTAL 


Ultrasonic pulse techniques similar to those described 
by Morse'® were used; a single quartz transducer was 
arranged for both production and detection of one 
microsecond pulses.'® The maximum rf pulse amplitude 
was 300 volts. The bond between crystal and transducer 
was made with a very thin layer of ‘“Nonaq,” a water 
soluble stopcock grease, by application of a moderate 
pressure to the crystal-grease-transducer assembly for 
two to three hours. The experimental arrangement is 
shown in Fig. 1. 

Three broad band amplifiers'® of 20 db amplification 
each were used. The signal produced was rectified and 
clipped with a simple diode circuit. The pulses reflected 
from the parallel crystal surfaces were displayed on a 
cathode-ray oscilloscope. The sample, immersed in liquid 
He, was held at the end of a rigid metal coaxial line by 
light spring pressure, and this assembly was suspended 
in a glass dewar system. The magnetic field was supplied 
by an electromagnet’ with pole pieces of 12 in. diameter 
separated by a 34-in. gap. The field was very uniform 
and regulated in the range from approximately 100 to 
9200 oe. 

After the equivalence of the adjacent pulse compari- 
son and single pulse amplitude methods for measuring 
relative attenuation was demonstrated, the latter, more 
convenient technique was used. 

The monocrystals were oriented by x-ray diffraction 
techniques, and the parailel surfaces were oriented 
within one degree of a major set of planes. The final 
surface was prepared by first fly-cutting in steps of 
0.001 in. and then hand lapping with 600 mesh abrasive 
papers. A final parallelism of 0.0001 in. over ¢ in. was 
found desirable for distinct and large reflected pulses. 

The aluminum monocrystals were prepared by twelve- 
pass zone melting under argon by K. T. Aust and J. E. 
Hilliard of this laboratory. Resistivity ratios (R2s*c/ 

RR. W. Morse, Progre 
pany, Ltd. Lor 1959 

Rf pulser, Arenberg { 


Amplifiers: Hewlett-Packard wide 
Magnet: Varian V4012-3B 


in Cryogenics | (Heywood and Com 
Lab., Inc., Model PG-650-C; 
band amplifier, Model 400A; 
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maxima shifts have been observed in the measureme! 


of Morse and co-workers* on copper single crystals 


where ten or more maxima are visible for certain 
orientations. 

Harrison” finds that the shift of the maxima depends 
upon the sign of the curvature of the Fermi surface and 
should be reversed in the case of aluminum for the 


the surface surrounds a 


second zone, since region of 
holes and is therefore largely concave outward. He also 
suggests that the presence of other carriers and the 
scattering may ¢ ffect the position of the first few maxima 
in an undetermined manner. A multitude of complex 
orbit shape s and sizes « ontributing to the same attenua 
tion curve would tend to broaden the first maximum 
The 
disturbance arises largely through the induced electric 
Thus electrons 


interaction of the electron with the sound wave 


field which varies sinusoidally in space. 

traveling around a complex orbit will see a fluctuating 
electric field. A major contribution to the electric current 
will arise from those portions of the electron orbits which 
are perpendicular to q and thus corresponding electrons 
remain in phase with the sound wave and the electric 
field for an appreciable time. The distance along q be 

orbit represents a 
orbit 


tween two such segments on an 


measurable dimension of the orbit. If such an 
corresponds to an extremal portion of the Fermi surface 
such that adjacent orbits have the same measurabl 
dimension, large amplitude oscillations will be seer 

providing the scattering is small. It is difficult to predict 
the exact oscillatory behavior for a given orbit shape 
and extremal conditions, although Harrison” has arrived 
at an approximate scheme which gives good agreement 
{An example is given later. Computation of the contribu 
tions from all the orbits participating on a complex 
surface is a formidable problem. 


FERMI SURFACE MODEL 


The data presented here will be interpreted in terms 


of the free electron model deduc ed by Harrison am 
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a filled first zone and in the 
surface surrounding 
third zone, 


shown in Fig 


3. He propose 


reduced zone scheme a continuous 
i pocket of | sin the 
lated along IY, has an interrelated set 
cross section. The fourth zone 


which probably do 


second zone, The 
with origin trans 
Varying 
por kets of electror 


of arms with 
contains sma 
not occur in the real metal 

Magnetoacoustic oscillations would be expected for 
many orientations of crystal, field and sound direction 
due to the complex nature of the second zone surface 
The third zone arms give long 
periods which are difficult to detect. It is highly unlikely 
structure of the 


number of 


small diameters of the 


that the orbits lying inside the ring 
third 
electrons participating. These orbits, denoted “‘é,”’ have 


lead by Mackintosh 


larger in cross section. 


zone will be seen due to the small 


been observed u i Cal in 


where the arm 


EXPERIMENTAL RESULTS 


t i function of field was measured 
at a variety of fre from 10 to 100 Mc/sec with 
useful data occurring in 40 to 70 Mc/sec. All 


reported here are for longitudinal waves 


IAviIOn as i 
juenci 
the range 
measurements 
utilizing X-cut 
to ob erve the 


quartz plates, although attempts were 
oscillations with transverse waves 


made 

AC-cut quartz plates). The latter were unsuccessful, 
ttenuation at low temperature. 
irements of the 
hown in Fig. 4. The sound wave 


due toa very large total a 
Preliminary mea attenuation fre 


quency ce pe ndence are 








1892 B. W ROBERTS 


» cmmene present when 1 rotated around q in fixed H, 


; ] at i ofl as we ct ‘ trodu | by tr iency variation, 

— are show! lis r orientations q{ 110 JH[001 

and q[{ 110 |JH[ 11 no o tory behavior is evident 

40 — see Fig. 6). It noted that the saturation value is 

lower than the zero field value but rising for H above 

2000 oe and thu I stent witli gl >1. These two 

ne a orientations would be expected to yield periodic maxima 

= , with the shortest possible periods, since they would 

= result from the rgesi rpit iva ble on the second 
oS zone surfact 

5? " > Definite oscillatory behavior found in the vicinity 


= — of q[ 110 JH[111 | survey measurements as a fun 


P tion of orientation around q are plotted in Fig. 7. A 
x 15 maximum in the relative atte lation develops when H 
7 lies 45 to 50° from H| 110 \ detailed measurement 
94M taken at the ar gie tor the irgest maximum amplitude 

is shown in Fig. 8. Two maxima are present, and the 

inset sketch i nows their approximate appearance 

oe determined by subtracting off the background attenua- 

m : tion. It is clear that the second iximum is a small 


J fraction of the amplitude of the first. The period A(1 H) 





between the origi d the first maximum and that 
* 6Mc/SE between the first and second 1 xima are each about 
| 0.7 10 of I ontradict to the ~4 4 ratlo ex 
0 ‘ ‘ ’ j i 
WX . pected tor regio ot electrons or the reverse tor regions 
i \oer - ‘ 
of holes as suggested | Hart 
Fic. 4. Ultrasound attenuation in SURES 26 & SWACIIOR OF EN Using the direct relationship between periods and 
jue it 4.2°K. Tra ce vond, and end losses are included I 
Fermi surface dimension, the above period corresponds 
to |k| =0.714 ere ko=2nr/ag=1.55X10-% cm for 
number q lies along a [111] direction with H normal aluminum and represents the d e in wave number 


to q and 15 from a | 110] direction. The low field space from origin to undase enuiuslens ta TY 

attenuation Is nearly linear with sound Irequency as in Fig. 4 

predicted by Pippard’s Iree electron theory : for the \To 
. i é ( 


} 


ch gives 





wr \Nmvw 


where V is the number of electrons per unit volume, m 


the electron m he Fermi velocity, w the angular 300 





60 
sound frequency, p the density and 2, is the velocity of , 
sound. The dependence of attenuation on the number 
of carriers is qualitatively observed in the much larger / 
attenuatiol observed for aluminum as compared to | 
equivalent measurements in copper. A single oscillation en — 7 90 
s observed at the higher sound frequency and is seen to \ 
move to lower fields as the frequency is reduced a 
expected for the onger waveiengtl The oscillatior \ 
amplitude also decreases rapidly with frequency \ A F 
240 20 
qg Along | 110 \ 
Data were accumulated for the three major crystal 
orientations. We will discuss first the arrangement with 
q propagating along a [110 | direction wit! H alw iys 
applied perpendicular to q. The two-fold symmetry 5. At r A il rotated aro 


q{110] in a ; 68 M 
\. B. Pippard, Phil. Mag. 46, 1104 (1955 ec. Das we 448 
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by the maxima, a set of contour lines of the second zone 
surface are plotted in Fig. 9 in units of ko. The measured 
k is plotted for the orientation giving the largest and 
most distinct maxima. The first point of interest is that 
the orbits are related to travel on the [ 111 portions of 
the for this 


that the largest amplitude maxima ar 


surface (six-sided concave faces 
The fact 
not observed when the extremal dimension is orthogot 


arrange 


ment 


to the six-sided surfaces suggests that electron scattering 
is high over the four-sided portions of the surface, and 
a small rotation of the central orbit plane increases th 
number of participating electrons, although they are not 
moving on orbits giving the precise extremal dimension 
The position of the maximum shown in Fig. 7 moves so 
as to suggest an increase in k as H is rotated toward 
[110]. However, the complexity of the situation may 
yield other causes for the broadening and shift of 
this maximum. No oscillations are observed for 


q{ 110 JH[001 | and q{ 110 JH[110 | as would follow for 
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The cro ection denoted AA’ in Fig. 9 is shown at 


10. The six 
and correspond to the real space orbits of 


the top of Fig segments lie on six-sided 


surfac € piece 


+} ] 


i€ electro! howing the pronoun ed oscillations for the 
q{ 110 | orientation. Assuming a narrow band of orbits, 
Harrison™™ has indicated that an approximate deter 
mination of the location of the positions of the maxima 


le by finding the maxima of G(q’). 


| . 2 
G(aq’ | P cosh, A 


geh/eH. This is a line integral in wave-number 


may be mac 


where q’ 
space around the orbit giving rise to the oscillation; it is 
assumed that the orbit has a center of symmetry and 
that &, is measured perpendicular to q and to H. For a 
circular orbit, thi 


G(q’ 


would become 


H)) 1(gR(M)), 
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the postulated high scattering on the four-sided surface J, being a Bessel function and R(/#/) being the orbit 
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9 { t epresent r sections taker to 


If we 
pherical Fermi surface in 


radius in real space and a function of field were 


orbit of a 


I Vay, we ould include two thirds of the 37/8 low- 
rhe d pha hitt d l ed above Sucl an analysis, 
though crude, hould give some idea of the location of 


The fu 


yields maxima 


the peak ction G is plotted in Fig. 10 and 

gree, probably fortuitously, with 
The 

amplitude | decayed relatively 


The close 


second maximum 
little 


the observed n cima po ition 
in amplitude 
contrary to experiment agreement may be 


due to the ira on of the orbit which is in phase or 
the extremal portion of the curve 


qg Along | 111 


or was pre ent tora 
round q[111]. The 
shown in big aE. 


perpendicular 
attenuation 


Two 


ations are 


related maxima are present, the first having a peak 
\ lt oO hig to be unobservable at 00.8 Mi se 
Data taker t 49.0 Mc sec yielded the same two 
n in noweve the attenuation was lower and the 
entire first n was observed and found to be 
ymmetrical near the peak. It is also to be noted that 
the ; field attenuation behaves diffe rently for the 
vo ori 1¢ The ear-saturation and zero-field 
tte tio e q{111 JH[15° from 110] are nearly 
he same, and the steeply rising portion of the curve 
igre ration value W be considerably 
ibove the zero 1 value predicted for large gl 
The electr ri ggested o he second zone 
urtace ppear to ve extren cime oO close to those 
dl ed by period prov ded ‘ yndition of hig! 
‘ el ! | for ¢ four-sided portions of the 
rt ( | 12 \ t top set ot contour nes tor 


ower®r st ot contour ines 
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must be rotated 60 esp » set. The orbit 

} ip matct g | po Die I tatlo ire shown In 
Fig. 12 (top) along ( licated dimension from 
the mea ed per | e surface 
appears on \ la tu permit orbits with extrema 
dimen ol ( e i e per 1 dime 0 b erved for 
all onientatio prov ng I I ded portions are 
avoided A definite but ! trend observed in 
maxima positior H is rotated 30° from a [110 J direc 
tion which appears to rrespo! to the surtace con 
struction. Better I etfore t! hift may 
be used for de . 

The q| 111 d } 66.8 M ‘ indicate a 
period from o1 ipproximately 10% 
larger tl De ( the fir nd second 
maxi \ er | ling those of 
other orientati e period ithin experi 
mental error | r igret vith the 


limiting theory tor | rst fe maxima, 
is we being ‘ t Y » the origin to 
first maximum period for the region of holes. These 
disagreements might be resolved nd understood by the 


extension of theory and observations or purer metal 


pecime! 
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q Along | 100 


The sample orientation with q along [100] shows 
interesting results despite the lack of resolution. Only 
one broad maximum was usually present as shown in 
Fig. 13. If the period determined from infinite field to 
the first maximum is used for a measure of k, the e» 
tremal dimensions obtained are shown in Fig. 14. The 
estimated error limits are large beacuse of the presence 
of only one broad maximum. 

For q[100 }H[010]} the extremal dimension is giver 

a) on Fig. 14, and appears to be related to orbits 
running around the four-sided area in the plane of the 
drawing. The shortness compared to the drawn cross 
section extreme may be related to the rounding off of 


the sharp intersections as predic ted by the more com 
ple i theory of Harrison.” 
For the orientation q[ 100 JH[011 ], k is measured at 


and the 


the outer portion of the squared neck as at (b), 
orbits are much larger in total size, since they pas 
entirely around the surface but in such manner as to 
avoid traversing any four-sided portion of the surface. 
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Fic. 11. Ultrasound attenuation in aluminum for cas¢ " 
q{.111JH(110) and (b) H{15° from 110] for longitudinal waves 


at 66.8 Mc/se« 


With H rotated 11° from [110] the dimension from the 
period is slightly larger and would be related to the 
position (Cc). 

The \ 
present in these data is that illustrated in cross section 
AA’ and dimension (d) of Fig. 14. Again the high 


only asymmetric orbit which appears to be 


cattering conditions of the four-sided surfaces is ob 
served except that at one extreme the orbit would pass 
over the corner of such a surface. This is the large 

dimension indicated by a period. The significance of 


if true 
t of the zone surface around the edges 


such orbits, 
ikely any conta 
of the four-sided 
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CONCLUSION AND DISCUSSION 


1) pit the very complex nature ol the interactio 


sound wave with conduction electrons in a very pure 
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second zone surface. Levels in units of ko. Orbits are sketched for 
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the described observations of 
in aluminum clearly sup 
port the nearly free electron model of the Fermi surface 
for aluminum proposed by Harrison.”:” All oscillations 
which are observed for low gR may be interpreted in 
terms of electron orbits associated with the second zone 
pocket of holes. However, the lack of oscillations in 
certain ori¢ the exclusion of electron 
orbits passing directly over any of the four-sided second 
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magneto-acoustic oscillations 
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Change in Structure of Blue and Green Fluorescence in Cadmium 
Sulfide at Low Temperatures 


L. S. Peprorti® 
Air Force Institute of Technology, Wright-Patterson Air Force Base, Ohi 


AND 
D. C. ReEYNOLDs 
Aeronautical Research Laboratories, Wright-Patterson Air Force Base, Ohi 
(Received May 11, 1960 


The two fundamental fluorescences observed in cadmium sulfide crystals subjected to ultraviolet excita 
tion at low temperatures are classified according to wavelength. Photographs of the two fluorescences at 
4.2°K and 77°K are given, and their structures are compared. Experimental evidence on the change in 


structure of the green emission near 5130A between 4.2°K and 77°K is presented and used to confirm an 
explanation for the apparent “green” shift in cadmium sulfide proposed by D. G. Thomas and J. J. Hopfield 


, ove ) fundamental fluorescences have been observed — green fluorescence and B,—B, denotes the components 
in cadmium sulfide crystals subjected to ultra- of the blue fluorescence. Further analysis of the four 
violet excitation at low tempe ratures.'? One has been photographs yields the following results. 
described as green fluorescence, the other as blue 1. The fluorescence at 77°K (A and D, Fig. 1) is 
fluorescence. Recently one of us reported on the marked characterized by rather broad lines, some of which show 
difference in temperature dependence of the two fluores- a gradual shading in intensity up to a definite cutoff 
cences between 77°K and 300°K.* It is the purpose of point, reminding one of the bands observed in molecular 
this paper to classify the so-called blue and green spectra. 
fluorescence, compare their structure at 4.2°K and 2. The fluorescence at 4.2°K (B and C, Fig. 1) is 
77°K, and report in detail on the gradual change in characterized by sharper lines with a more complex 
structure of several components of the green fluores structure. The blue fluorescence (8,;—B,) occurs as a 
cence near 5130 A as the crystal temperature changes — series of triplets as indicated on photograph B. The 
from 4.2°K to 77°K. triplet sets By, By, and By, are separated from each other 
The fluorescence from two different types of cadmium by approximately 0.04 ev which corresponds closely to 
sulfide platelets, thickness ~ 10 yw, was photographed at _ the longitudinal optical phonon energy. Grillot, Gross, 
77°K and 4.2°K. One platelet, subjected to ultraviolet Grillot, and Razbirin‘ have previously observed triplets 
excitation, showed both the blue and green fluorescence, in blue fluorescence but they did not report triplet By 
while the other platelet, under similar excitation, In addition, one of the lines they report as blue fluores 
showed the blue fluorescence. Figure 1 shows the cence, G;, has been attributed to green flucrescence ac- 
fluorescence spectrums photographed at 77°K and _ cording to our classification. 
4.2°K for the “blue-green” and “blue-only” CdS plate 3. Photographs A and B, Fig. 1 indicate that the 
lets, using a Jarrell-Ash spectrograph having a linear blue-green fluorescence at 77°K not only changes its 
dispersion of 7 A/mm. Photographs A and B show the 
fluorescence from the “blue-green” platelet at 77°K 
and 4.2°K, respectively Photographs D and C show 
the fluorescence from the “blue-only” platelet at 77°K 
and 4.2°K, respectively. Proper orientation of the four 
separate exposures in Fig. 1 has been obtained by align 
ing the mercury line \=4358.3 A on each photograph 
By comparing photographs of the “blue-green” 
fluorescence and the “blue-only” fluorescence, both 
4.2°K, (B and C, Fig. 1) it is possible to classify by 
wavelength the green fluorescence and the blue fluores 
cence. The results of this classification are shown in 
Table I where G;—G),; denotes the components of the 


* Portions of this paper are to be submitted by L. S. Pedrott IG | and green fluorescence observed in pure CdS 
in partial fulfillment of the requirements for the degree of Doctor platelets at 77°K and 4.2°K. A shows “blue-green” at 77°K, B 
of Philosophy in the Department of Physics at the University of shows “blue-green’”’ at K, C shows “blue-only” at 4.2°K and 
Cincinnati D shows “blue-only”’ ; kK 

‘'F. A. Kroger, Physica 7, 1 (1940 

?C. C. Klick, J. Opt. Soc. Am. 41, 816 (1951 *M. Bancie-Grillot, E. F. Gross, E. Grillot, B. S. Razbirin, 

* 1D. C. Reynolds, Phys. Rev. 118, 478 (1960 Optika i Spektroskopiya 5, 461 (1959 
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ippear as the temperature is increased and 

lines G4, Ge, Gs, and Gio which are st irp and relative y 

weak at 4.2°K develop into the broad green lines at 
77°K, as observed in photographs A and B, Fig. 1 

In an attempt to study the details of the temperatur 

hift’’ of the green fluorescence between 4.2°K and 

77°K, the following experiment was performed. A “blue 
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green” platelet wa ittached with silver paint to an 
iluminum rod was immersed in liquid helium, all 
of which was contained in the inner Dewar of a double 
Dewar arrangement. The liquid helium was allowed to 
evaporate irom t inner war, and sa result the 

creased gradually from 4.2°K to 


ind Lomb grating monochromater 
using a IP28 photomultiplier tube was used to monitor 


the positions of the green line G,andG; as thet mpera 
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Shear strains, which change the donor wave f 


sensitively on the wave function overlap of neigh! 
of germanium containing 5.210" antimony 
1.9°K as a function of shear strains produced by 
that the anisotropy and the saturation of the 

ve understood from the strain 


dynes/cm? can | 


~ LECTRON spin 


donors in silicon! and germanium? have determined 


resonance experiments on shallow 


the donor wave function in the 
neighborhood of the donor. Kohn’ and Luttinger con 


structed a theory of the 


magnitude of the 


donor wave functions which 


agrees with the experiments except for some unresolved 


complications in germanium. Here we describe a method 
of studying the shape of the donor wave funct 

large distances from the donor atom by mean 

effect of shear stress on impurity conduction 

the 


Impurity conduction depends sensitively on 


overlap of neighboring impurity states.® Shear 
of 


lift the « orresponding 


strains 
band 
the 
Phe 
of the overlap strongly affects the 
electron transfer between neighboring donor 


which lift the degeneracy the conduction 


valleys also degeneracy ol 
donor levels and change the donor wave functions 
resultant change 
sites and 
gives rise to a stress dependence of impurity conduction 


Che anisotropy of this plezoresistance effect enable 


to deduce the anisotropy of the strain-modified 


donor wave functions 

\s an example let us consider n-type germanium 
subjected to pure shear produced by uniaxial stress‘ 
[110]. Price’ calculated for this shear the splitting 
of the 1s 


he basis of the deformation potential theory.* Treating 
shift? 44, and the shift of 
perturbations, and 


Liong 

multiplet of shallow donors in germanium on 

the chemical! the valleys a 

labe ling the four lowest lying donor 

states from 1 to 4 in the order of decreasing energy, one 

obtains the following donor wave functions modified 
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Here (r)=F;(r) ¢;(r) 
F,(r) is the solution of the effective mass equation’ for 
the h valley and g, is the Bloch at the jth 
Phe labeled from j=1 to j=4 
according to the direction of their axes along [111 

[111], [111], and [111]. The deformation potential 
theory yields for the shear-induced shift of the valleys 
é é é €4 keoS aX /6, where E, 
potential tor shear, S4q=elast« 
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where the envelope function 


wave 
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hear constant, and 
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or the principal directions as a function of 


tension ; gative for compression. For compression 
interchange ¥'? and W® in Eq. (1). 

I'wo effects contribute to the piezoresistance of 
impurity conduction, (1) the redistribution of electrons 
is the 1s donor states split under shear strain, and 
2) the change of the wave functions according to Eq 
1). The redistribution effect is negligible when 
kT<2A,.. This condition is satisfied below 4°K for 
arsenic and phosphorus donors for which 2A,=2.1 
milliev® 24,=1.45 milliev,” respectively. In 
these cases only the ground state ¥™ is occupied. For 
trains large enough so that | €;|>>4A.. all VW“ become 
stram independent and hence the piezoresistance of 
impurity conduction saturates. In this limit ¥ ap 
proaches the form Wy 2-4(6@;+4,) for uniaxial 
tension an *=2°-3(>,+4,.) for uniaxial com 
pre 1on 

Figure 1 shows schemati ally the two forms W,x 
Only the envelope functions F(r) are shown since they 
determine the electron transfer between donor centers. 

115. 336 (1959 
her, Bull. Am. Phys. Soc. 5, 56 (1960 


rZzsCHi 


At large 

Xexp , 

ad 64.5 A and b} 

is chosen a Z aX 
The principa 

indicated by C, D, 


by tension and com] 
except for a rotation 


relations are requir 


follows from 
various directi 


containing 5.2 x 10 
compensation was 
uniaxial 
mony was 
chemical 

reacn 

small stresse 


the strained 


principal directions 


plezoresistan 
Eq ) 
fulfilled by 
resistances 
partly be 
transverse 
SLTeSse ~ 

For Sb donor 
is affected by tI 
of pr X) p 
yielded the va 
Experiments on A 


strain orientati 


Fir 


rab 


vermanium 


Val 


ter 
( 


iis 


cy 


aXl 


SOT are 


L« 


iused 


are identical 


; 


the following 


germanium 


abx 


ul 


or 


, 
I 


is a function of 


ts 


along [110] Anti 


1} 
small 


t 
t 
} 


are 


V ne plezo 


crepancy may 


‘ arnt 
ics WII 


n the 


small 


yiezoresistance 


ugh estimate 


neory 





PHYSICAL IEW 


REV VOLUMI 119 NUMBER 6 SEPTEMBER 15, 1960 
Fine Structure of Short-Lived States of Hydrogen by a 
Microwave-Optical Method. I* 
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\ radio-frequency determination of the fine structure of excited states of hydrogen atoms is described 
In this method the atoms are excited by electron bombardment so that they emit radiation. Transitions 


among the fine structure levels are induced by a radio-frequency electric field and are detected by the con 
sequent change in intensity of the emitted radiation. A detailed theory of the method is presented and the 
experimental apparatus is discussed and described. Some preliminary results for the n= 3 level of deuterium 
AE—$=2934.5410 Mc $= 316.3410 Mc where AE is the separation 3?P;—37P,4, and § the 
separation 3 75,—3*P,; these results are in agreement with predictions of quantum electrodynamics 


are sec, sec, 





INTRODUCTION 


N an earlier note,! an account was given of the use 

of a microwave-optical method to study the fine 
structure of hydrogen in the excited states n= 3. These 
states are of interest because the quantum electro- 
dynamical level shifts are predicted by theory to depend 
in a peculiar logarithmic 
quantum number 
vations? on 


fashion on the principal 
Previous spectroscopic obser 
3 have indicated the possibility of a 
discrepancy with theory, and in any case, the ultimat: 


nN. 


accuracy of such observations leaves much to be desired 
Furthermore, there are still small unexplained differ- 
ences between observed and calculated shifts for the 
n=2 states of hydrogen and singly ionized helium.’ It 
is hoped that the present study might give a clue to 
the origin of these discrepancies. 

The method involves excitation of hydrogen atoms 
to the n=3 states, 3s, 3p, and 3d by a low-energy 
electron beam and observation of the Balmer a radiation 
which is emitted in transitions 3s— 2p, 3p — 2s and 
3d — + 2p. Atoms in the 3s and 3d levels can decay to 
lower states only with emission of Balmer a light, but 
while atoms in 3p can emit that radiation, they are 
7.5 times more likely to emit the ultraviolet Lyman 8 
radiation and decay ls. The levels 3s, 3p, 3d are 
unequally populated by electron bombardment; hence, 
it is possible to change the intensity of Balmer a (or 
Lyman 8) radiation by application of radio waves 
which cause transitions 3s «+ 3p or 3d «+ 3p before the 
excited atoms can decay. The desired energy separa 
ions can be obtained from the radio frequencies which 
produce such changes in optical intensity. 

Although applied here to the n= 3 levels of deuterium, 
the method can clearly be adapted to other states of 
hydrogen-like systems, and can be regarded as a gen 

* This work was supported by the Office of Naval Research 
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eralization of the method used by Lamb and Skinner‘ 
for n= 2 of ionized helium 

In part A of this paper we given the theory under- 
lying the measurements described in part C. In part B 
the design of the experimental apparatus is discussed. 
Since the theoretical complexities multiply rapidly as 
one strives for precision, no systematic effort will be 


made to deal with terms smaller than 0.1 Mc/sec. 


A. THEORY 


1. Signal Due to Induced Transitions, 
Rate Treatment 


For simplicity, the case of two decaying levels will 
be treated first. Let us consider an isolated system 
having two excited states a and 6 with lifetimes for 
radiative decay to | 1/y_. and r,=1/ys, 

For instance, a might be one of the 3s 
sublevels and 6 one of those for 3p of atomic hydrogen. 


ower states Tq, 
respectively 


Let atoms be excited to these states by electron bom- 
bardment at rates rg and r», and let some perturbation 
such as an rf electric field cause transitions between the 
excited states. Plausible differential equations can then 
be written for the numbers n, and mn, of atoms in the 
excited states 


Ta Yalat W (ny— Na), 


(1) 
rp—yonet+ W (ng— ns). 


Vie 


It is assumed here that the only effect of the rf per- 
turbation is to cause transitions between a and 6 which 
can be described by a rate constant W. Usually rather 
special assumptions (e.g., existence of a continuum of 
initial or final states of suitable energy) have to be 

‘ The earlier papers on radio-frequency fine structure measure 
ments in the m=2 levels of hydrogen, deuterium, and ionized 


helium will be cited frequently in the text. The papers are listed 
here, along with abbreviated designations used in the text. H,D 


W. E. Lamb, Jr., and R. C. Retherford, Phys. Rev. 72, 241 (1947); 
79, 549 (1950)—L.R.-I; 81, 222 (1951 L.R.-IT; $6, 1014 (1952) 
W. E. Lamb, Jr., Phys. Rev. 85, 259 (1952)—L.R.-ITI; S. Trieb 
wasser, E. S. Dayhoff, and W. E. Lamb, Jr., Phys. Rev. 89, 98 
1953); E. S. Dayhoff, S. Triebwasser, and W. E. Lamb, Jr. Phys 
Rev. 89, 106 (1953). He W. E. Lamb, Jr., and M. Skinner, Jr., 
Phys. Rev. 78, 539 (1950); R. Novick, E. Lipworth, and P. Ff 
Yergin, Phys. Rev. 100, 1153 (1955); E. Lipworth and R. Novick, 
Phys. Rev. 108, 1434 (1957 
1 
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corresponding rate at time / of radiative transitions from 
state 6 of y? b(t. > 2p and 
3p— 2s are there is no inter 
ference. If atoms are excited to state a at a 


2. As the transitions 3 
incoherent processes, 


constant 


rate rz, the steady rate of emission of detected light is 


where fa and f, are the branching ratios used prev! 


ously. To obtain the total rate of emission of detected 


light, this must be supplemented by a similar expression 
to allow for contributions from atoms excited to state 
b at a rate r; 

It is possible, although exceedingly tedious, to carry 
out the indicated operations on the transient solutions 
a(t,to), b(t,to) of the time-dependent wave equations, 
| Instead, 
we give a simpler procedure’? which makes direct use of 


the steady-state character of the problem, and which 


and to derive the resonance formula [ Eq. (6 


indicates how the rate treatment may be justified. 
From Eq. (9), one can derive differential equation 
for the bilinear expressions a*a, a*b, ab* and 6*b which 


ire elements of a 22 density matrix. Thus 
V bel 


. ‘a*a = V bel 


i(d/dt)(a*a V .e'*'a*b 


d/dt)(a*b) V ov 


“tabh* — iy,a*a, 
“th*h 
— (1/2) (vat yn) a*b, 


with similar equations for ab* and 6*d. In these equa 
tions, a and bare subjected to the same initia] conditions 
as before. In the experiment we are not interested in 
following the time dependence of the 
a(to),? and | b(t,t 


probabilities 


but in the behavior at time ¢ 


of an ensemble of atoms which were excited inde 


pendently of each other to states a and 6 at rates r, 


and fp, respectively, for all times 4&<¢. At this point 
we leave mechanistic quantum theory and consider an 
ensemble 


in excitation and decay” described by a 


with elements such as 


t of a(t,to) *dlo, 


£ 


statistical density matrix o@ 


b(t,to)dt 


* 
a (t,t 


The diagonal element og,” represents the population 


of state a at time ¢ which arises from a prolonged 
while ohn” 

the corresponding population of 5. The off-diagonal 
elements such aS Gb, have no simple interpretation 


Phe time 


previous excitation of state a at rate r, 


in the present mi rowave-opti al experiments 
derivative of oeq‘*’ (1) is 
t 
Tat nf (d/dt) a 
x 
rhe utility of thi 
t. Bloch 


s method was suggested to tl 
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since a(to,t 1, but in the corresponding equations 
and oq,” the first 
When both states a and 6 


are ext ited, the den ity matrix becomes 


for time derivatives of ap." , o,‘* 


term on the right is missing 


o 
Its elements obey differential equations 


a it hal "gob —VaT aa, (13) 


(14) 


Avot Yb)0 ba, 


Faa)—4(YatYo)oas, (15) 


(16) 


“lo on til ave ara— Yu bp. 


We now 


E cosvt acts on the 


assume that an oscillating rf field of form 
system. As in the Rabi’ theory of 
molecular beam resonances, it suffices for most appli- 
cations to consider only the “rotating” parts of this 
field which are in resonance with the atomic transition. 


For v>0O this means that one should take 


Var ‘ and V,=(V*/2)e (17) 


vhere 


eE-ra,/h (18) 


The extension to the Bloch-Siegert’ treat- 


¢ rf ¢ whe re 


analogou 


ment will be given Under the assumption 


of a slowly varying difference in population (Waa 
we find from Eq. (14 


Th) 


the expression 


f 
. ‘ily 


Xe , (19) 


apart from transient terms. Insertion of the off-diagonal 
elements of @ i Eq. (13) and Eq. (16) leads to 


equations for the diagonal elements oae and on, 


Va aa + W lon Caa), 


(20) 


Yoo W (Cae ~Tbb), 


2t+1/. 2 
v—w) +3 (Yat)? ]. 


These equations are exactly equivalent to those used 
in the rate treatment of Sec. 1. For the validity of the 
ary to assume (1) the rotating 
and (2) that the population 
lowly varying. These as- 
a steady-state experiment 


equations t was nece 
field 


difference Caa~Tbt wa 


appr ximation 
umptions are valid for 
unless excessive rf is used 


Generalizations of this theory for cases of more than 


two levels will be given where needed in the following 


p ipe r 
3. Energy Levels for n=3 


e Dirac electron theory of 1928 predicted energy 
[ i(A). 


ime inner quantum number j were 


3 of hydrogen is shown in Fig 
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Taste I. Contributions to the theoretical values of the level separations (a *S,—3? r(3*Py—3*Dy 
(c) AE(3*Py—3*P,), and (d) DE (3 *Dy—3 *D,4) in deuterium, and their \ 


$s per second 


(a) Contributions to $(3 2S,—3 *P,) 
Dirac 

0 
Second order radiative shift: 


ko (3,1) 
8/27)LA—3m w(2 Ina? + m/M +11/24+1n ) 
ky (3,0 

Second order vacuum polarization: 

8/27)L(.1—3m/M)(—1/5) 
Second order magnetic moment 

(8/27) L(1—2.75m/M)(+1/2) 
Second order relativistic shift 

(8/27)L(1 —3m/M ) (39a) (14+11/128—4 In2+-5/192) 
Fourth order radiative shift : 

8/27) L(3a/2x) (0.52) 
Fourth order vacuum polarization 

(8/27) L(—4la/54r) 
Fourth order magnetic moment 

8/27)L(—0.328a/r) 
Finite-mass effect 

(8/27)L(m/M )(5.3684) 
Finite-size effect for deuteron 

8/27) (a®/6)cR(mce/hP(r*)p 
Fotal splitting 


b) Contributions to 2 (3 *Py—3 *D4) 
Dirac 

0 
Second-order radiative shift: 


ko(3,2) 
& 27) In ) 
ko (3,1) 


Anomalous magnetic moment 
8/27) L(3/8)[1/64+-1/10] 
otal splitting 


Contributions to AE (3 *Py—3 *P,) 
Dirac 
cRo®/54)[1— (31/48) (aZP+-- +] 


Anomalous magnetic moment 


2m 0.656a 
’ - (: )( ) 
VU ® 


Total splitting 


(d) Contributions to DE(3*Dy—3 #D,) 
Dirac 
CReé 162)[1+ (25 144) (aZ P+ 


Anomalous magnetic moment 


2m 0.656 
8/27)L(8/8)(1/0 1 (r- ) 
Uv ” 


otal splitting 


4 


Constants used 
R= Rp=109 707.41940.012 cm™, 
c = 299 793.0 +0.3 km sec 
a” = 137.0390 +0.0012, 


L= (e®R.c/39) = 135.635140.003 Mc/sex 


’ 


magnetic level shifts and the anomalous magnetic of the second-order r 
moment of the electron, it became necessary to modify finite mass effect, a 
the Dirac treatment. The effect of these corrections is m=3 has not yet 


degenerate. After 1947, with the discovery of electro- given by the common factor (8/27), but in a small part 


well as in the 
alculation for 
assumed the 


to remove the degeneracy with respect to j7,so that the validity of the 1/n cases and do not 


level scheme for n=3 must be characterized by four 
parameters, $8, AE, =, and DE as shown in Fig. 1(B). 
The contributions to the separation 8(3°S;—3?P, 


expect a numerically significat parture from it. The 
average excitation energies ko(n,J) which occur in the 


: eee logarithm have been ca ited by Harriman The 
which have been calculated are shown in Table I(a). 


The frequency unit L=a'cR,,/3 is Bethe’s level shift 
constant. The main dep ndence of these terms is J. M. Harriman, PI 


separation 2 de } nas theoretical contri- 
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butions listed in Table I(b). All other terms are neg- 
ligible for present purposes. The doublet separations 
are caused by interaction of the electronic magnetic 
moment and orbital motion. The contributions to 
AE(3?P;—3?P;) and to DE(3 7Dy—3 2D;) 
in parts c and d of Table I. 


are shown 


4. Comparison with Spectroscopic Observations 


Measurements of n= 3 fine structure have been made 
250_o9t™ Mc/sec. 
Phis result is in very mild disagreement with the 
theoretical value. 


by Series,? whose latest work gives S 


There is recent evidence, moreover, 
that the corresponding shift for n=4 of Het is in better 
accord with theory than n=3 of H despite earlier 
evidence to the contrary." Possibly the spectroscopic 
observations are complicated by just the same anoma- 
lous intensities of fine structure components which 
make possible the present experiment 


5. Lifetimes of States and Radiative 
Widths of Resonances 


lable Il shows the computed lifetimes for the 
radiative decay of isolated atoms in 2s, 2p, 3s, 3p, and 
3d states. The atomic beam experiments of Lamb and 
Retherford for n= 2 depended on the metastability of 
2s, but the life of 3s is too short to permit formation 
of a beam of slow atoms in 3s. On the other hand, the 
conditions are suitable for a microwave-optical experi- 


ment, as discussed in Sec. 1, since with equal rates of 
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Fic. 1. The »=3 levels of H atoms (A) according to Dirac 
theory, (B) in the notation of this paper. The various sublevels 
belonging to each fine structure level are indicated in parentheses 
in order of decreasing magnetic quantum number 


"1G. W. Series, Proc. Roy. Soc. (London) A226, 377 (1954); 
G. Herzberg, Z. Physik 146, 269 (1956). For a review of the 
spectroscopic measurements see G. W. Series, The Spectrum of 
Atomic Hydrogen (Oxford University Press, New York, 1957) 
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rase Il. Radiative lifetimes of some excited states of H atoms 


Radiative lifetime 


otate sec) 


Reference 
2s 0.12 

2p 1.610 

35 1610-7 

3p 5.4x10° 

3d 1.6x10°* 


a | Shapir 
bH.A 


Springer 


» and G. Breit, Phys. Rev 
Handbuch der Physik 
1933), Vol. 24, Part 1 


113, 179 (1959) 
edited by S. Fitigge (Verlag Julius 


Bet he 


Berlin 


excitation of all sublevels, the steady state population 
of a 3s sublevel would be 30 times that of one for 3p. 
There would a significant departure from 
equipartition for 3p and 3d. 

According to Eq. (6) the radiative width at half 
height of a resonance corresponding to states a and b 
is (Yaty») in circular frequency units. The corre- 
sponding widths for 3s—3p and 3d 
30.5 Mc/sec and 39.5 Mc/sec, 


also be 


3p resonances are 
respec tively. 
6. Zeeman Effect of Fine Structure 


For reasons which have become familiar, the experi- 
ment is carried out in a magnetic field. The 3s, 3p, and 
3d states are not mixed in Zeeman splitting and one can 
discuss each separately.” 

The effective Hamiltonian for 3s states is 

$+ ¢.0S-H, 
where the Landé factor for spin is 
g,=2(1+a/2x—0.328a"/x"). 
For 3p states, the effective Hamiltonian is 


RAF (1 +L-S)4 £aftod H+ giuoL- H, 
1 and +4 for *P, and *Py, 


respectively. For 3d, one has an operator 


AE+24+4DE(34+L-S)+ g.u0S-H+ gryoL-H, 


since L-S has eigenvalues 


since L-S has eigenvalues —} and +1 for 7D, and "Dy, 


respectively. The Landé factor for orbital motion is 


gr=1—m/Mp. (22) 


As a generalization of the notation used for n= 2, we 
denote magnetic sublevels for 3s by letters a and 8; 
for 3*P, by a, b, c, d; for 3*P, by e, f; for 3*Dy by 
A, B, C, D, E, F with G, H, I, J used for 3 *D,. 

The energies of these 18 states in a magnetic field 
are given by the equations: 


Eas Sthey H, (23) 


Eaa=ASE+(gr+4¢,)uoH, (24) 


Ey c= §AE +h gio +h (AE)? 4 4A gu 
+ (guoll)*}, (25) 


” The necessary theory is given in L.R.-III 
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are shown in I ig : 


Hyperfine Energy 


lor simpli ity, we consider the case of deuterium 
instead of hydrogen, since the hyperfine structure 


FREQUENCY (THOUSANDS OF MC/SEC) 


interactions, which are only an undesirable comptl- 
cation for fine structure studies, are much smaller for 
the heavier isotope 

The theory of hyperfine structure for n=3 of deu 
terium can be readily adapted from previous work 
(L.R.-IIT). It is convenient to use the zero field hyper- 
fine splitting for 3s, denoted by Aw, as a unit of ene rey. 
Apart from a negligible relativistic binding correction, 
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40.924 Mc/sec, i.e., Aw= 12.127 Mc/se 


this is just 8/27 of the corresponding 2s splitting” of 


H. A. Reich, J. Heberle, an Kusch, Phys. Rev. 104, 1585 


1956 
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amounts of rf power required to saturate the various 
transitions, and also to permit an estimate of the Stark 
levels due 


shifts 


to various types of perturbing 


electric fields. The elements will be calculated in 


Russell-Saunders coupling which is suitable for mag 
netic fields satisfying wH<AEF for 3°P or wH<KD/ 
for 3°D. Any corrections to this approximation which 


are significant numerically wi!l be made when needed 


Values of the quantitic s 


n'l'j'm'\r nlim)? for n=n’ 


can be readily obtained from equations given by 


Condon and Shortley,"* and are listed in Table III in 


units of ay? 
For 50% 


Sec. i. 


saturation of a resonance, according to 
it is required that the rf transition matrix 
element 


eE-ra: h, 18 


YaY>- (34) 


For transitions aa, 8b, and ae, the required rf electri 
field amplitudes are 0.82, 1.4, and 1.0 
re spectively. 


volts/cm, 


9. Stark Effect 


The susceptibility of excited states of hydrogen to 
electric field perturbations increases strongly with n 
In the experiment of Lamb and Retherford with n 
the main perturbing electric field was induced by the 
motion of the atoms at right angles to an applied 
magnetic field. Fields due to contact potentials played 
a relatively minor role. In the present experiment the 


TABLE III. Values of squared matrix elements | (3/' j’m’'r! 31 jm 
in units of ag*. The transitions are designated according to the 
scheme adopted in Sec. 6 of this paper 


I Condon and G. H 
Cambridge Ur 


Shortley, The Theor 


versity Press, Cambridge, 1951 
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Fic. 5. Excitation cross section, in units of a¢?, from the ground 
state of 17 atoms to the various n=2 and n=3 levels as calculated 
in Born approximation 
Fig. 6 of L.R 


The calculated cross sections given in 
I are not correct 


fields due to electrons and positive ions. Despite the 
complexity of the situation, it will be shown in the 
following paper that some experimental limits can be 
set on the errors in energy level determination which 
can be caused by these effects. 

In this section we will calculate the shifts caused by 
a macroscopic electric field E and postpone the quanti- 
tative application of the results to the following paper. 
As in Sec. 57 of L.R.-ITI, the second-order Stark shift 
of level i of unperturbed energy F; is 

AF, 7 n'eE-r|i)|?/(E,—E,). 

The behavior near crossing points where an unperturbed 
energy -,,= ; requires a special treatment also to be 
given in the following paper. The shifts for some levels 
of interest as calculated from Eq. (35) for an electric 
field of one volt/cm are shown in Fig. 4. 
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10. Excitation Cross Sections 


Success of the experimer 
duction of a difference 
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The velocity distribution of excited hydrogen atoms 
is of interest because of the motional Stark effect as 
discussed in L.R.-III and in Sec. 9. Deuterons having 
a kinetic energy of 1 ev would have a speed of 0.98 X 10° 
cm/sec. Moving across a magnetic field of 100 gauss 
they would experience a motional electric field of 0.98 
volt/cm. Hence, the change in frequency for the aa 
transition should be 0.047 Mc/sec for these deuterons, 
and the Stark effect is negligible. 

For bombarding energies greater than 28 volts, 
transitions to a repulsive molecular electronic state 
can be produced. One then expects some formation of 
excited n=3 atoms with about 6 ev of kinetic energy. 
Here no violation of the Franck-Condon principle is 
involved, but since the electronic excitation involves 
both molecular electrons, the cross section should be 
at most comparable with that for slow atoms in the n= 3 
states. The relative yields of fast and slow excited atoms 
will be discussed in the following paper from an experi- 
mental point of view. 


11. Size of Signal Expected 


From the foregoing we may estimate the intensity 
of H, light emitted when an electron beam traverses a 
region filled with molecular hydrogen. We may further 
calculate the change in light intensity produced by 
application of a radio-frequency electric field. If J is 
the electron current, px the number density of hydrogen 
molecules, / the length of the interaction space, and 
os, Tp, and ag the cross sections for excitation of n=3 
levels from molecular hydrogen (summed over sublevels 
in each case), we have 


1’ (0)= (feost fropt fava) (pull /e) ; (36) 


r’(O) is the total number of H, quanta emitted per 
second from all n=3 levels. Now f,= fa=1, fp=1/8.5. 
Inserting numbers typical of our experimental 
conditions, 


I/e=6.25X 10" sec (100 microamp), 
pu=3.6X 10" cm (10~* mm pressure), 


=1cm, 
yields 


r’ (0) = (1/a¢) (o,+0,/8.5+04) X6.2X 10" sec. (37) 


If we arbitrarily set the bracketed expression equal 
to 10-'8 cm? we obtain r/(0)=2.5X10" sec. The 
number of H, quanta reaching the detector per second 
is ra(0)=n-9' (0), where 7 is the light collecting efficiency 
of the optical system. Taking »=0.1 as fairly typical, 
we obtain 


r4(0)=2.5X 10° sec. (38) 


We now estimate the change in H, intensity expected 
upon application of a radio-frequency field. Considering 
an rf transition between two states, a and b, we may 
write 


r'(0)=farat fort’ (0), (39) 


SHORT 


LIVED STATES OF H 1909 
where #’’(0) is the rate of emission of H, light from 
states other than a and bd. For large radio-frequency 
field strength, i.e., that sufficient to produce 100% 
saturation, we obtain a signal of magnitude 


r(R)—#(0)=S=— (fa— fo) (ra/Va) — (70/Y0) ] 


X (vave)/ (Yat), 
as follows from Eq. (4) or (6). 
If a is a 3s sublevel, and 6 a 3p sublevel, we have 
(fa— fr) =0.88 and assuming 74/ya>rs/yo and ys>Ya, 
we obtain 


(40) 


S 0.85r., (41) 


where fr, is equal to the rate of excitation at a single 
sublevel of the 3s state. To relate the signal to the total 
intensity of H, light we need some information re- 
garding the relative excitation cross sections for 3s, 
3p, and 3d sublevels. Lacking such detailed information 
for the direct excitation from the molecule we assume 
equal excitation cross sections for each Zeeman sub- 
level of n=3. Thus we derive 


r(O) = (2f.+6f,4+ 10 f4)ra= 12.77. (42) 


Finally, substitution of (41) in (42) yields 


S=—0.07r(0), (43) 


that is, application of a large rf electric field produces 
a seven percent decrease in the intensity of H, emission 
from the electron bombarder. Using our estimate (38) 
that in the absence of rf the flux of H, quanta at the 
detector is 2.510° sec~', we predict an rf-induced 
decrease of 1.7X10* sec~'. For “optimum” rf field 
strength as defined in Sec. 1, the signal is reduced 
relative to the completely saturated value by a factor 
of one-half. 


12. Observation of the Transitions 


At the time these measurements were begun, the 
RCA 6217 photomultiplier seemed the best available 
detector for H, light. The manufacturer’s stated 
luminous sensitivity corresponds to a quantum effi- 
ciency of approximately 1% at 6563 A. Thus if we 
write r, for the number of photoelectrons per second 
leaving the photocathode and S, for the rf-induced 
change in this number, (38) and (43) predict the values 


7-=2.5X 10" sec, (44) 


S.= 1.7 10° sec, (45) 


The main source of noise in the system may be expected 
to be shot noise at the photocathode. If we write r(sec) 
for the time over which current is averaged, the esti- 
mated signal-to-noise ratio S/N is 


a 1.7 X 10*r 
—= : = 340r}, (46) 
N (2.5X10'r)! 


provided that the steady H, light ra is larger than any 
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estimated from the fields required for 50% saturation 
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13. Electron Bombarder 
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pump, backed by a booster pump and a mechanical 
pump, exhausted the system and a large liquid nitrogen 
trap, last 
hours, was kept filled at all times. The system was 
operated with indicated hydrogen 
pressures of up to 2X 10~* mm Hg at the Philips gauge 
(This figure includes the nominal change in gaugs 
sensitivity for hydrogen listed by the manufacturer 


whose capacity was sult ient to over 24 


and deuterium 


The MkII electron bombarder was proc essed on this 
same vacuum system, but was sealed off from it with 
a Bayard-Alpert ionization gauge (WL-5966) and the 
Pd leak. This tube was baked out and rf heated and 
ope rated with electron emission while connected to 
the pumping system. The glass tubulation was then 
sealed off and deuterium was admitted through the 
palladium. Pressure control in the tube was possible 
additional deuterium could be 
heating the palladium, and the hot wolfram filament 


since admitted by 


of the ionization gauge proved to be an efficient pump 
for the hydrogen 


15. Light Detecting System 


reduce 


reasonable 


In order to 
detector to 


the background light at the 
proportions, it was generally 
necessary to use a rather narrow-band optical filter 
\ Baird Associates Multilayer interference filter wa 
used. In conjunction with a piece of red glass to elimi 
nate a broad transmission peak in the blue, this system 
yielded a peak transmission of approximately 60%, 
and width at 4 maximum of 75 A. 

Since the electron bombarder operated in a magneti: 
field, and the photomultiplier must be kept away from 
such fields, it was necessary that the light from the 
interaction region be led at least six inches to the photo 
multiplier. Two systems were used for this purposs 
One was a polished Lucite rod of 1-inch diameter, one 
end of which was in contact with the filters. The other 
end was placed nearly in contact with the outside of 
the electron bombarder envelope. Such a system has 
light but two 


disadvantages: 


good gathering power, suffers from 


1. It collects unwanted light from remote parts of 
the electron bombarder 

2. Many of the light rays it gathers subtend rather 
large angles with the axis of the pipe. The wave lengtl 
transmission characteristics of the interference filter 
are considerably shifted for such oblique rays 

In most of the later work a lens system was used, 


giving good performance in spite of ve ry limited light 

gathering ability. This system was a single lens with 

focal length equal to 1.5 in. and diameter 1 in. located 

approximately 2.25 in. from the electron beam. The 
} 


lens was mounted in a well light-baffled brass tube o 


, 
length 6 in. The image of the interaction region filled 


ie output end of the tube, and more oblique rays 
struck the walls and were absorbed. The photomultip! cr 
was shielded against the ambient magnetic field by 
mumetal shield. * 
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\ general schematic view and block diagram 
of the ¢ xpe rimental apparatus. 


16. Magnetic Field and Field Measurement 


Magnetic fields up to 600 gauss were produced by a 
pair of Helmholtz-type coils. These coils were wound 
of No. 22 wire on water- 
cooled brass spools. Regulated currents up to 1.5 amp 
elenium rectifier supply and an 
Both current regulation and field 
homogeneity over the 


silicone enamel insulated 
were supplied by a 
electronic re gulator 
interaction region were in the 


neighborhood of one part in 5000 


Magnetic field measurement presented some diffi ulty 
in the MkI apparatus since it was not feasible either to 
place a field measuring probe in the interaction region 
or to move the electron bombarder and substitute such 
a probe. Accordingly, use was made of the electron 
which had very prominent effects 
in the operation of the 


cyt lotron resonance 
tube. This resonance appeared 
in the form of an increase in light output from the tube 
which was extremely strong and broad when excited 
by an rf field of amplitude appropriate for the hydrogen 
fine-structure Study of sharper cyclotron 
under conditions of lower rf amplitude 
showed them to be subject to shifts of the order of 
their widths (0.2 gauss 


resonances 


resonances 


These shifts, presumably due 
to inhomogeneous electric fields in the tube, appeared 


to vary with gas pressure, rf amplitude, and applied 


magnetic fields, making the cyclotron resonance un- 
When the 


was installed, advantage was taken of its 
proton 


suitable for accurate field determinations. 


MkII tube 


portability and a resonance probe, inter- 


changeabie with the electron bombarder, was used for 
magnetic field calibration. Magnetic field measurements 
were made by measurement of the current in the Helm- 
holtz coils and calibration points were supplied by use 
of the proton resonance 


17. Radio-Frequency Sources and Fields 


Radio-frequency fields wer 


parallel plate 


applied between two 
s, fed from a 50-ohm coaxial line via the 
crude tapered section shown in Fig. 7. With this 


arrangement it was possible to feed frequencies in the 
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lic. 8. Excitation curves, taken with the MkI electron bombarder. 
rhe pressure of molecular hydrogen was 4X10°* mm Hg 


range 300 to 3500 Mc/se 
moderate VSWR the 
terminated in a 250-ohm deposited carbon resistor. A 
double stub tuner in the 50-ohm line was frequently 
used for matching purposes. A pickup loop mounted 


into the system with a 


when parallel plate line was 


near the terminating resistance and a 1N23 crystal 
detector were used to monitor the rf level. The most 
careful measurements reported in the present paper 
were carried out in the wavelength region of 10 cm. 
WL417A klystrons were used as signal sources in this 
frequency region. For study of lower frequency reso- 
including the electron cy< lotron resonance, a 
A variable attenuator, 
consisting of a tapered lossy card inserted through a slot 


nances, 
variety of oscillators was used. 
into a length of rigid 50-ohm coaxial line was employed 
to control the rf amplitude 

Proton resonance frequencies were measured with a 
BC 221-Q frequency meter, high frequencies with a 
TS 186/UP frequency meter. The internal crystals in 
correct to better than 


these devices were found to be 


1 part in 10°, sufficient for the present measurements. 


18. Other Apparatus 


Early attempts to find the resonances by varying 
the magnetic field and looking for changes in the direct 
the photomultiplier indicated the 
The broad 
resonances require that rather wide ranges of magnetic 
field be swept. The pe rformance of the electron bom- 
barder magnetic field 
variation and the photomultiplier was not perfectly 
shielded fields. In addition, the 
filament temperature therefore the background 
light were sensitive to variations in hydrogen pressure. 
All these effects caused 
proved to be large compared to the effects of interest 


current output of 


desirability of an a detection scheme. 


was somewhat sensitive to 


against magnet 


and 
variations in de light which 


A number of different modulation schemes are possible, 


of which two, modulation of the magnetic field and the 


radio-frequency amplitude were considered. Magnetic 
field modulation is not ideal in this experiment, since 
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nsitivity ol ectron bombarder Lo 


the variable 


magnetic field would cause a wandering base line which 


termined eparately at 


would have to be de each value of 
the magnetic field by turning the rf on and off. This 
desirable simply to turn 
The a 


of photomultiplier output at the modulation frequency 


being the case, it seemed mort 


the rf on and off with a square wave component 


then indicates directly the change in light output 


caused by application of the rf. This modulation scheme 
is, of course, unsuitable if the required rf field strengths 
other 
radio-frequency fields 
Sec. 8) are suffi- 
ts ordinarily did not appear. 


are sufficient to produce a 


Phe 


experiment see 


multipactor” or 
light-producing discharge 
used in the present 
ciently low that such effec 
Square wave modulation of the rf amplitude at 500.2 
cps was provided by use of a wave modulated 
regulated power supply. This 
plate power supply for the 


square 
ource was used as the 
low-fre juency oscillators, 
and a square wave was applied to the reflector electrode 
of the klystrons. This was of 
drive a WL417A into and out 


of the 500.2-cps signal was a 


ufficient amplitude to 


ot oscillation 


The source resonant 


reed. The sinusoidal 500.2-cps wave was amplified and 


clipped and, as shown erved for modulation 


and as a fF fe rence signal d yuble diode phase- 


sensitive detector. The signal from the photomultiplier, 


after preamplification, was applied to a Q multiplier 


which was ope rated with a bandwidth of a few cycles. 


After this preliminary narrow-banding, the signal was 


fed to the phase sensitive detector. The output of the 


lock-in could then be displayed on a voltmeter or a 


recording potentiometer 


For study of the proton resonance, magnetk field 


modulation was used. A 500.2-cps sinusoidal current 
was applied to two modulating coils, and the audio 


oscillating 


system was fed to the same narrow-band amplifiers, 


output of an tector proton resonance 


lock-in detec tor, and recorder 
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Cc. OBSERVATIONS 
19. Characteristics of the Electron Bombarder 


In order to understand conditions in the electron 
bombarder, studies were made of H, light intensity 
and the strength of the rf-induced signal as functions 
of gas pressure and bombarding voltage. In the work 
described here, the understanding ef the origin and 
magnitudes of electric fields within the interaction 
region was distinctly incomplete. Such subjects were 
studied in much greater detail prior to making more 
precise measurements and will be described in the 
following paper. The magnitude of these effects may 
be judged from the family of excitation curves shown 
in Fig. 8 which were obtained in the MkI electron 
bombarder. The shift and broadening of the threshold 
indicate a potential depression due to negative space 
charge on the inside of the electron beam. Excitation 
curves of this form are consistent with estimates of the 
potential variation within the electron bombarder 
assuming that no ion neutralization of electronic space 
charge occurs. Visual examination of the electron beam 
appeared to confirm the view, showing the threshold 
for light production to occur at lower accelerating 
voltages for the ends and edges of the electron beam 
than for the interior. 

It is to be expected, however, that at bombarding 
voltages well above the threshold of 16.6 ev the ioni- 
zation cross section will be large enough for considerable 
space charge neutralization to occur, with consequent 
reduction of macroscopic electric fields in the electron 
beam. This view is confirmed, to some extent, by the 
fact that in the MkI tube, where this situation pre- 
vailed, strong resonances were only observed for values 
of electron energy well above threshold. Figure 9 shows 
plots of af resonance magnitude and light intensity 


versus accelerator voltage. Resonances were generally 


studied with accelerating voltage near 50 volts in the 
MkI bombarder. Under this condition the resonance 
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Fic. 10. A saturation curve for the af resonance. The curve 
drawn is of the form predicted by Eq. (5), assuming the crystal 
voltage proportional to E*. 
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Fic. 11. The af resonance in deuterium, MkI tube. The numbers 
beside the points indicate the order in which they were taken. The 
time required for the twelve points was approximately twenty 
minutes. The smooth curve has no theoretic ~ significance. 


amplitude appeared to be proportional to pressure and 
bombarding current for the values of these parameters 
studied, and the expected saturating de- 
pendence on rf amplitude. A plot of resonance ampli- 
tude versus open-circuit voltage at the crystal detector 
is shown in Fig. 10. The crystal might be expected to 
show some deviation from square law detection for 
the upper part of this curve, in such a direction that 
the true curve of resonance versus rf power would show 
more saturated behavior. 

The MkII electron bombarder exhibited significantly 
different behavior. Excitation curves showed definite 
hysteresis, that is, the curve traced out when the 
accelerating raised differed from that 
observed when the voltage was decreased. Further, 
strong fine-structure resonances were observable with 
accelerating voltages as low as 21.5 volts. 


showed 


voltage was 


20. Choice of “Operating Points’ 


As was true for the n= 2 levels, the operating points, 
that is, the transition and frequency, must be chosen 
with care if accurate measurements are to be attempted. 
It is desirable to study transitions between levels far 
removed from other levels in order to minimize Stark- 
effect shifts. The level 8 is not suitable for precision 
work at any available field, “crossing” the e state near 
165 oersteds, the f state near 320 oersteds. For the 
same reason states e and f should be avoided. The 
low-frequency transitions are further distorted by the 
presence of the electron cyclotron resonance which is 
extremely strong and broad, and rather near the af 
resonance except in the weakest magnetic fields. These 
considerations mitigated against use of any low- 
frequency resonance for accurate measurement. The 


*P,ysubstates which may undergo rf transitions (obeying 
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was t 


therefore 


ad 


interaction 
region it is convenient to study 
en itive to perturbing field 


ansitions involving tl 
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This can be done when 
ie B level n 


observed \ \ the 


ear a crossing point 


case with the n 2 expe ri- 


anom ire observed near the 


toa 
of the data of 
Resonances ol pos ible I 
figure. Sit 
some itati resonance observed on tl 
MkI and MkII 


the 
} 
12 qualitat 


produced bi 
are iown In Fig 11 ind Fig. varying tr 
igreement with the prediction of 
application . radio-frequency field 
the ight 


interaction 
reduce comparable 


i Tew percent studies of the 


lous ine bro aqenil 


would ha bee 


Al D ' IQ 44 
Mag. field 


\/ 
gauss (Mc/sec) M 


c/ se 


} S 


e) t 


ACKNOWLEDGMENTS 


i 
$82+5 89.141.5 
508.0 102.2+1 
3150.6 i558 


35220 $21.0 





UMBER 6 EPTEMBER 15, 1960 


Fine Structure of Short-Lived States of Hydrogen by a 
Microwave-Optical Method. II* 


L. R 
Department of Physics, Stan 


Received 


Phis artic 


ucture separations in excited states n=3 


le describes improvements in the ap 

made of the effects of environmental electri 
order to obtain information about possible Star 
{in Part I for two levels, is extendec 
levels. The splitting 3 7S,—3 ?P, is four 
315.34 Mc Less precise measuremer 


agreement with theory 


method 


of three 


user 


value of sec 


denoted as Part |] radi 
frequency-optical technique applicable to the study 

of hydrogenic fine structure has been described and pre 

liminary results given. We report here on some improve- 


N the preceding article! 


ments in the apparatus and further developments of 


the theory of the expe riment. Accurac y of measurement 
of the 3s-3p splittings in deuterium has been con 
siderably increased, and rough measurements 
made of 3p-3d and 4s-4p separations. 


were 


A. MODIFICATIONS OF APPARATUS 


A cross section of the main apparatus is shown 
Fig. 1 and an “‘artist’s” sketch in Fig. 2 
parts (1) bombarder tube, (2) optical 
system, (3) rf system, and (4) a pair of Helmholtz coils 


rhe essential 
are electron 
hese component parts and auxiliary equipment wi 
be described here only insofar as the differ from the 
equipment used in Part I. 


1. Bombardment Tube 
a) Design Changes 


The Mark V bombarder tube from which most of 
+} "1 


the data reported here were obtained was essentially an 


} 


axially symmetric tetrode mounted in a 1.22-in. o0.d 


Nonex glass enve lope Fig. 3). Internal parts were con 
structed of molybdenum and tungsten in order to avoid 
disturbances. The oxide cathode was heated 

passing approximately one ampere ac through the 
heater coil; the rms magnetic field at the interaction 
region arising from heater current did not exceed 10 
gauss and could be neglected. 

In the earlier versions of the bombardment tube 
absence of a control grid hampered accurate and stal 


control of the beam current. The cathode surface 
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used in Part I by Lamb and Sanders to determine 


of deuterium. Experimental and theoretical studies 
f various resonances in 
The matrix 
yut more explicitly for the case 
ympared with a calculated 
other separations which are also in good 


sities 


on the relative inten 


the fine-structure levels density 


levels and is worked 


made for 


lanthanum boride. This cathode is relatively insensitive 


; such as water 
vapor, and can be reactivated after exposure to the 


to “poisoning” by gaseous impurities, 
found that such ruggedness was 
boride material emits 


than ‘‘oxide’”’ cathode 


atmosphe re. It was 


unnecessary. Since lanthanum 
at a much higher temperature 
material, a substantial reduction of background light 
at the detector was obtained when lanthanum boride 
The 


terlum gas by the oxide cathode seemed in no way to 
affect 


was replaced by “oxide” low absorption of deu 


its thermionic emission 


b) Associated Components of the Vacuum Envelope 


As in earlier versions a 
WL-5966) and a palladium 


hombarde r enveiope 


Bayard-Alpert gauge 
tube were sealed on to the 
The ion gauge served mainly to 
indicate the rate of outgassing or leakage which con- 
had been baked and sealed 
off before deuterium had been admitted through the 
After bombardment tube 
had been filled to an operating pressure of from 1 to 10 


tinued after the assembly 


heated palladium tube the 


microns, the ion gauge could not be conveniently used 


Fic. 1. Cros 

iin apparatu 
holtz coil, B 

ectron bear D 
mirror, E. rf electrode, G 
interference filter, H. Lucite 
light pipe, | hot 


plier, J 


rt 
Dp 


re 
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elliptical cylinder while the other focus, 10 in. removed, 
was located at an exit aperture leading to the detector. 
The mirror, though crude by usual optical standards, 
produced a tenfold increase in collected flux over the 
previously used lens system, and was superior to a 
Lucite light pipe in its ability to reject extraneous back- 
ground light. 


3. Rf System 
a) Coaxial Geomelry 


Changes in the rf system were necessitated by the 
changes in the optical system described above. In order 
to stimulate the desired o-type transitions, there should 
be an rf electric field component perpendicular to the 

() tube axis. The means by which the rf field was applied 
to the interaction region are illustrated in Figs. 2 and 3. 
It can be seen from these figures that in some approxi- 


I ) vav sket¢ of 1 né appar: Ss } at | . 1h . . : 
Fic. 2. Cuta vay ske h of the main apparatus. A. rf input-50 mations the metallic projection extending downward 
ohm coaxial cable, B. rf tapered section, C. rf electrode, D. inter " 
action region, E. elliptical mirror, F. light tight photomultiplier from the large center conductor tends to place the 


shield, G. Helmholtz coils, H. tubulation to ion gauge and Pd leak bombardment region between the conductors of a 


roughly plane parallel transmission line, the wall of the 


because of its powerful pumping action. When the elliptical mirror being the other conductor. Mainly 


tungsten filament was turned on the pressure dropped because of the proximity of the anode and grid struc- 
quic kly by a factor of about 8. To make use of the ion tures the fringing fields were rather large and both o- 
gauge it would have been necessary to overfill the and #-type transitions could be observed with our 
experimental tube by a large factor and to run the apparatus. 
gauge continuously. Since it was easy to add deuterium The wide range of frequencies over which transitions 
to the tube but difficult to remove it through the were studied (300-3700 Mi c) dictated the use of the 
palladium, the operating pressure was established with 
the ion gauge off. One then had a convenient recourse to 
the ion gauge if it was desired to lower the pressure. Pre- 
liminary measurements established that the Balmer-a 
light intensity from the bombarder was proportional to 
the pressure as measured by the ion gauge and from 
time to time a proportionality coefficient was estab- 
lished for a standard set of ope rating conditions. The 
pressure was monitored in this way, making minimal 
use of the ion gauge 

The failure to develop a satisfactory method for 
control and measurement of the hydrogen pressure had 
unfortunate consequences in our later work. It would 





be very desirable to repeat the measurements with a 
uranium hydride reservoir of hydrogen in the tube 
assembly 


2. Optical System 


The optical ystem should serve to collect light 
emanating from, and only from, a cylindrical region 
about ? in. in length and } in. in diameter in the drift 
space of the bombarder tube. It is necessary to have 
the photomultiplier detector well removed from the 
bomarder which is necessarily located in a strong 


magnetic field. Several schemes for guiding the light Fic. 3. ¢ 
FIG ross 
electrodes. A 
were tried. This \ best accomplished with a mirror — grid, C. control 
’ . F. back end of « 
in the form of ar ic cylinder (Fig. 1). The bom ee , 
; Re - : G. extension of ri « 
barder beam was centered on one focal line of a silvered and Pd leak, I 


to the photomultiplier without serious loss of intensity 
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coaxial transmission mode. Since power requirements 
were modest (milliwatts), a high Q resonant structure 
was neither necessary nor desirable. On the other hand, 
for a given set of runs, the frequency was kept constant 
and a well matched, broad-band structure was not 
required. In an attempt to avoid troublesome reso- 
nances in the apparatus, the transition from 50-ohm 
coaxial cable to the larger quasi-coaxial geometry of 
the apparatus was made somewhat smoothly in the 
tapered section shown in Fig. 2. 


(b) Rf Probe 


Relative measurements of the rf electric field strength 
in close proximity to the interaction region could be 
made with the capacitive probe and crystal assembly 
shown in Fig. 1. After verification of proper ‘square 
law” operation of the crystal one could relate the 
crystal current to the absolute rf electric field strength 
by observing the degree of saturation of a fine-structure 
resonance (See Sec. 11). The probe sensitivity was 
found to be highly dependent on frequency, making a 
recalibration necessary at each frequency used. The 
voltage output of the probe was monitored on an 
oscilloscope to ensure correct and stable modulation of 
the rf source. 


(c) Rf Sources 


To improve its stability, the WL 417A klystron 


used in these experiments was placed in a water-cooled 
oil bath. A fixed 10 db broad-band attenuator and a 
variable 1-20 db Sanders “‘tri-plate” attenuator pro- 
vided padding and control of the rf amplitude. 

For measurements of an exploratory nature in the 
frequency range 2400-2900 Mc/sec a Sylvania 6BL6 


TaBLe [. Values of unit electric fields defined in Eq. (1) for all 
possible » =3 transitions. These are calculated assuming that J is 
a good quantum number 


Transitions Unit field (volt/cm) 
o transitions 
da dg 
af pe 
b8 ca 
4a Fd 
Ge Jf 
Bb Ec 
Ce 6D 
Hf Te 
Dd Ca 
bl cH 
aH] dl 
cI bG 


~ 
an 


<7 
+ 


~ 
~ 


Rance wn 
—) go =! 
wn aw 


ez 


x transitions 
cB ba 
ae Bf 
De Cb 
He Tf 
Ed Ba 
au dJ 
bH cl 


0.35 
0.50 
1.37 
1.42 
1.68 
3.37 
10.10 
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TRANSITION FREQUENCY IN THOUSANDS OF MC/SE 


"MAGNETIC. FIELD (GAUSS) 


Fic. 4. Level differences for transitions of interest. Relative 
strength is indicated by density of shading. The numerals in 
circles refer to regions where some complicating phenomena can 
be present 


klystron with external cavity served well. In the range 
from 250-2000 Mc/sec, two General Radio oscillators 
(1209B and 1218A) were used. 


4. Magnet 
(a) Field Homogeneity 


The Helmholtz coils and associated regulated power 
supply were taken over from the earlier experiments 
but considerable improvement in field homogeneity 
was obtained by further adjustment of the coil spacing. 
From our measurements it was concluded that the 
limits of field variation over the sensitive volume was 
+ 100 ppm which resulted in negligible line-broadening 
and distortion. 


(b) Magnet Calibration 


Magnetic fields in the Helmholtz coil were inferred 
from measurements of the coil current. Calibration 
points were established with a proton resonance appa- 
ratus toward the beginning of the experimental period, 
and again near the conclusion. These calibrations were 
consistent to within 100 ppm. 

There was a systematic variation of magnet calibra- 
tion with magnet current. After moving from one field 
to another, the calibration “‘constant’”’ was observed to 
drift for about an hour. With sufficient time allowed, the 
effect amounted to 800 ppm over the working range of 
magnet currents, and was presumably caused by thermal] 
and elastic deformation of the coils and coil spacing. 
Since these effects are both proportional to the square 
of the magnet current, calibration points at several 
field strengths were fitted to a formula of the form 
H=(a—bV")V—H.,. Here V is a voltage proportional 
to the magnet current and H,=0.3 gauss is a contribu- 
tion from the vertical component of the earth’s field. 
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Fic. 7. Recorder trace, show 
ing the aga and 68 resonances 
The 68 resonance is partially 
juenched 


—_— y 


OUTPUT PHASE SENSITIVE DETECTOR 


nN 


Part I, Sec. 10. This second threshold also showed up 
quite clearly in the excitation curves for the aa reso 
nance. If the 26-ev 
appearance of 


| 


“threshold” is associated with the 


energetic atoms, it seems likely that 
the excitation of “‘fast”’ 


atoms does not exceed that of the slow ones 


even at 50-ev beam energy 

In Fig. 6 it will be seen that for a given bombarding 
energy the H, light intensity varied by about 11% 
over the useful range of magnetic fields from 90-500 
gauss. Below 70 gauss, the dependence on field was too 
rapid to permit undistorted observation of fine structure 
resonances. There are many possible explanations for 
output on field, but 


distortion of our resonance ¢ urves from such a variatior 


dependence ‘of light magnet 


was not serious in the present experiment. 
8. Fine Structure Resonances 


(a) Strength of Resonances 


3260 Mi sec. 
showing the two most important resonances for our 


Figure 7 is a recorder trace, taken at 


curves. The appearan 
(Curves and 5 ver 


respectivel At low 


5260 we / SE 


67% SATURATED 


! — 
~ 232 GAUSS 


= MAGNETIC FIELD 


work 


maximum in 


da and 68. It was found that the ga resonance 
Fig. 7 
the intensity of H, light. From its 
that the resonance had 67° of it 


corresponded to a 3.4% change in 
width, one can infer 
saturated height, so 
that the maximum obtainable signal (at large rf power) 
hould be 5.1%. This is to be 
theoretical estimate of 6.5% based on assumption of 


( ompared with the 


equal excitation rates for all n= 3 sublevels. The agree 


ment is satisfactory in view of the uncertain validity 
of such at umption 


{nomalies in Resonance Strength 


The squared matrix elements for the transitions aa 
and 68 shown in Fig. 7 are approximately in the ratio’ 
3:1. As tate populations of the a 
of rf, the 
ame 3:1 ratio for vanishingly small 
equality for large rf 
hown in Fig. 7, the aa 


uming equal steady 


1 absence signal intensities 


hould 


rf power, and should approach 


power. In the intermediate case 
resonance is appre¢ lably power broadened (by a factor 
(6) of 


intensity ratio should be 


\ simple calculation based upon Eq 


at the 


1+25 7, but 
4 We 


53 resonance, i 


the observed ratio is more nearly 
are led to infer that the 8 state, and hence the 
quenched by 


differentially some 


mechanism. This is further discussed in Chapter D 


Excitation Curves for Resonances 


In Fig. 8 the typical dependence of resonance maxima 
of the 


excitation curve vary with gas pressure, magnetic field, 


upon bombarder beam voltage is shown. Detail 
beam current, etc., but at low gas pressure it is found 
that the H, inten ity and the strength of the aa reso 
In contrast, excitation 
tended to be erratic 


nance are closely proportional 


curves for the 58 resonance and 


difficult to reproduce. Curves similar to (1) or (2) were 


rule and curt uch as (3), with or without hys- 


nber this ratio departs from 3:1 


ork the error is small and we 
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well, being reduc 

evidence t! | 

was obtall om studies of 1 dependen da 
resonance maximum upon rf pow The power p 
required for 50% saturation w veasured at several 
pressures, keeping other tul param constant. The 
results are given in Ta ind showed that po in- 
creased with pr l I is rather clear evidence that 


the lifetime of tl tate ng 1u¢ é high 











=e 


2 ; 4 A pressure 
3 The dependence upon p1 ire, im current and 
PRESSURE (1O mm Hg) : 





voltage of the high-pressurt enchu iggests that 
S I 


it may be attributed to positive 1ons in the bombard 





ment tube. Estimates bearing on this hypothesis will 
be made in Appendix 
D. ELECTRIC PERTURBATIONS 
9. Need for Theory 


As indicated in the pre 
covered that rather large variati 


RELATIVE SIGNAL 


and line center could occur iditions changed within 
the experimental tube ymmot! use for these 

2 o effects is quit clear] ! il to | urbing electri 
PRESSURE (102mm Hg) fields. In this ex _— ll ce Ul Lamb and 
Retherford, the excited ms al sarily studied 











in the bombardment region, which is far from being a 
Fic. 9. (a xg strength vs pressure for aa resonance; (b) Saal citalnad : : , f 
ry Ss rie i 1ca I ronmel IDi sources O 

Signal strength vs pr ire for 68 resonance. The signal is normal a ee : 
ized by dividing by t total H, intensity at each pressure. The electric pe rturbations wh uct ¢ I ‘ | atoms 
weakening of 68 pressure is attributed to space-charge are: (1) pace charg thin the ctror am, (2) 


fields which increase as the density of neutralizing ions declines ; 
P 


” ges ) ] : ‘ ‘ llat oe deposits 
Quenching at high u attributed to ion “‘collisions charges on le fila Wa Ulaling Gepost 


I 
within the ipparatus, ; notion ¢ ul ccited atoms 


across the magneti nd fluctuating fields 


t Sas ‘bad”’ dition. This “ “4 li les . "| } 
teresis, presaged a ba | condition. This ‘“‘bad condi resulting from nearby ions an tron s a further 
tion was identified rather late in our work as one which complication, field nd ar ibject to 
could occur only when the gas pressure in the tube had 


fallen below a few microns. In \ppendix III arguments energy, et 
are given that this phenomenon is caused by space The 


ion neutralizatior 


sensitivity 
charge of the electron beam perturbations ne re 

asing 
charge. In the experim t of Lamb and Skinne 
Z=2), for example, t tarl ft fo given electri 
field is typically sma by a tor of approximately 


principal quantum number » and dec1 

d lbnormal Line Center Shifts 
Measurements lir nters, made under conditions 
described above a bad” were found to yield values 
for the level shift 3 »—3 *Py which differed by several 
Mc/sec from our usual results and from the theoretical 


400 than in our ca i= 3, hus perturbing 
effects in the bombardment rion which wert 
] 


value. The shifts encountered were always larger at gible in the ionized 


low-beam energy is correlates with curve 3) of ‘ 2 
Fig. 8 where a large juenching”’ effect of 68, is found tion of our res 
at low-beam energy 

P Paste II. Variat 


al High Pressure 


For gas press ibove 8 microns, a second kind of 
quenching effect is observed. The da and 068 reso- 
nances were both weakened with increasing pressure 


[See Fig. 9(a), (t Other measurements show that 


this second kind of quenching is not dependent upon 


pressure alone, but upon beam current and energy as 
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enter upon a discussion of the perturbing effects of 
static or quasi-static electric fields. Speculations about 


the nature of these fields are given in Appendix Il. 


10. Three-Level Problem 


We are concerned with excited states such as the 3s 
and 3p states of the hydrogen atom which decay by 
For such 
treatment of Stark effect by time independent pertur 
bation theory must be modified and supplemented. To 
do this we consider a problem involving the three de 
caying levels 1, 2, and 3 shown in Fig. 10. 

Electric dipole matrix elements are assumed to exist 
between states 1 and 
but not 


spontaneous emission. states the familiar 


3 and between states 2 and 3, 
between 1 and 2. A radio frequency field 
+ cosvt is responsible for the transitions between states 
and 5 


) 
1, 2, 3 atoms 


& 
c 
1 and 3, while an electrostatic field & couples 


Let these states be excited at rates r;, 7 


per set ond, by the electron bombardment. 
through spontaneous transitions to lower atomic states 
is described as in Part I, Sec. a by phe nome nologi« al 
damping coefficients y;, 7=1, 2, 3. The emission of H, 


radiation occurs with branching ratios 


| he ir de cay 


J; which may 
be less than unity when other modes of de-excitation 
are present. The simpler problem which results if &. 
vanishes has been treated in Part I, Sec. 1. We 
to learn how those results are modified by the second 
coupling field. 

The general formalism which we have developed for 
treatment of this problem is explained in Appendix I 
Use is made of the “population”? matrix introduced in 


wish 


Part I, and the “Boltzmann” equation derived there i 
generalized to the 


] 


case of arbitrarily many levels 
subject to many perturbations. It is shown that under 
certain conditions one may re-express the full quantum 
mechanical problem by means of a set of “rate” equa 
tions involving only diagonal elements of the population 
matrix, i.e., the steady-state populations. Further de- 
tailed analysis of the “three-level problem” will be 
found in Appendix II. The main results of that treat 


ment are summarized below. 


a) Rate Equations 


It is shown that the steady-state populations n;(j 
2, 3) satisfy a set of inhomogeneous linear equations 


W mi —ny >. Way try. 


k#) kei 


n —y n;+ >. 


J 


Because of their shall call these ‘“‘rate 


equations, even though they hold rigorously only in the 
steady state when the 7; are zero. 


form, we 


b) Rate Constants 


The coefficients W,,; for the problem described above 
belong to a symmetric matrix W and only the three 
quantities W;; fox i<j need be considered. These 
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E, 
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Fic. 10. The problem of three levels coupled 


by two perturbations 


depend on the 
hie ld 
Fortunately, for application to the problem at hand, a 


energy splittings, decay rates and 


perturbing strengths in a complicated way. 
number of simplifying approximations are justified. 
In the lowest approximation, i.e., for small perturba- 


tions &,, and &,., we find 


(4) 


and where the unit fields &,, given by Eq. (1) are listed 
in Table I. The Lorentzian factors standing in Eq. (3) 
are abbreviated by the symbol 


£[ 6 )=1/(1+F). (5) 
Comparison with Part I, Eq. (5) shows that our first 
approximation to W, as it should, with the 
result obtained there for the case of two levels. In the 
lowest approximation for small &,., the only new effect 
is the occurrence of transitions between states 2 and 3. 


agrees, 


Further expansion in powers of V yields effects which 
may be interpreted in terms of the Stark shift and 
quenching of the decaying states. The resonance shape 
is still Lorentzian but with shifted center, reduced height 
and increased width. In this approximation 


a 12 T's (Ee 26 *L/ (Wis bu13 Vv) (Tot 6y13) 1, (6) 
rs) L[ wei Is |, (7) 
and 

(3) 


In these formulas it is assumed that state 3 is an 5 state. 
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When levels 2 and 3 are 


widths, the shift become 


YF » | Jes. Q 


which is the fan ir re 


lt of time independent pertur 


bation theory. In general, the “Stark”’ shift ilway 
less than that predicted by the simpler theory, as shown 
in Fig 11 \ I r effect was noted in the work of 
Lamb and Retherford 


conne } 1 d 2? est might be ‘« ed for 
bidden transitior The first nonvanishing contribution 


to l ot order ‘ ' # A re 


was found by Lamb and Re 
+] 


soOnance re! 


therford’ to occur between 


‘ 


e metastable y and 8 near the crossing 


point ol 8 and e. In that case the states which we have 
called 1 and 2 are to be associated with 


tate nd our theory 


long-lived 
predicts that 
and i 


the analogous resonance for the 


may become 


large, 1.e., comparable to Unfortunately, 
present experiment Is 
ob cured by the strong and broad cyt iolron resonance 
We are therefore interested primarily i 


tates l and 2 are p states where H 


that 


is negligibly small 


the case 


‘Rate 9 


Equations 
Having obtained t of rate equations and supposing 
the constants H re known, It remains to solve for the 
teady state popu or and to calculate the rate of 
H, emission from the ensemble. To obtain the quantity 


ot dire t experin nterest we this 
pertur 


only the electrostatk perturba 


tion. The difference in H, intensiti 


must calculate 


rate twice; fir with both rf and electrostatk 


bations and the! 
corresponds to the 
W. E. Lamb, Jr., I Rev. 85, 259 (1952), Secs. 68-72 


‘W. E. La J R. ( 
1951), Sec. 47 
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square wave ri amplitude modulatiol nd gives the 
observed signa! 


One can. obtan early ymmplete idea of what 
happens by cor ering mplifie lation. Suppos« 
the 3p states were so little excited i ymparison with 


3s that they contributed no H ght. We would write 


n 0) i Wee y 10 
for the steady te populat , nz when both eles 
trostatic and rf perturbations are present. The rate of 
emission of Balmer a radiat vould 


similarly V1 Oo f verturb yn 
icting we ould ve 
S(no rf , 12 
Che difference 
AS=S(no ri S 
f vor W et/T (vet Wee) (Yet Wee ti 13) 
If W, i ere I iV en to 
the expre on given il art I, I +t) evaluated on the 
above assumption of negligible 34 ributiol 
The OULLO! I the tu probiel n easily be ob 
tained, lor inst ( Iron ( ] inaliog given in 
\ppend x Il. Inf | 13 f \ lequate for 
our purposes, but till mor ir expression 


AS AS 


vhere he par; ete 
? | 15x 
ind 
i | 155 
measure ell r ( Stark pertur 
bations, respe ( | 
AS). I , T./%; 16 
the signa electro 
perturbatio re negligible 
11. Experimental Observations of 
Electrostatic Quenching 
rhe theory relating to electrostat 1enching 
was developed in the pr ectiol n be tested 
experimentally. Conversely) e it pplicability 1s 
established the theory n provide a me | for measur 
ing the electrostatic fi t within the bom 
bardment region—and possibly ther gaseous dis 
charges. The € ol ( is to 
hat of lifetime m ear OI nag 
netic resona e exp ( I ear 
something about the n environment by studying 


relaxation phenome! 
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We now develop a convenient graphical method for 
determination of the quenching parameter y. According 
to Eq. (14) of Sec. 10 the quantity x/AS should be 
linear function of the rf saturation parameter a 


x/AS= (1+y)(1+y+-)/ (AS), 17 


Relative measurements of &¢ near the interaction 
region of the bombarder tube determine x to within 

constant factor. We write x= 7/io where 7 is the measured 
output of the square law detector probe and ip is a 
constant depending on the frequency and transition 
being studied. It is found experimentally that i/AS 
We 


does indeed depend linearly upon i. write th 


equation of this line as 


i/AS=mi-+a. 18) 


According to the theory of Sec. 10 the values of slope 
and intercept taken from such a plot determine the 
quantities 


Slope= m= (1+y)/(AS).., 


Intercept = a= io(1+y)?/(AS), 19 


If one now plots similar data for a different transition 
involving the same fine-structure levels but different 
magnetic sublevels without otherwise altering the rf 
frequency or instrument gain, the parameters 


m’ = (1+-y’)/(AS’),, 20 
and 


a’ = ig’ (1+y’)?/(AS’),., 21 
can be determined. On the very plausible assumption 


that all magnetic sublevels of a given fine structure 
level are excited by electron bombardment at the same 
expect that AS). (AS’).., from 


follows that 


rate we which it 


m’ =( (1+-y’)/(1+y) |m. 22 
Phe ratio of the squared matrix elements for the two 
transitions is known from theory, so that we have 
ig” M M’'\?\; 23 
Hence a’ should be given by 
a’ VU M’ *)[ (1+y’) 
VU MU’ 2)(m' 


1+y) Pa 


m)°a. 24 


$y comparing this with the observed value of a’ we 
get a test of our quenching theory. 

Measurements of this kind are shown in Fig. 12. Data 
from the aa and bf transitions have been plotted a 
described above. For convenience the horizontal and 
vertical scales have been altered by constant factor 
but this is unimportant 


but | 
The slope m’ of a straight line fitted to the bf points is 


, Since only ratios are involved 


dete rmined, and then the line 


i/AS VU M’ 


y(m/m')atm'i 25 


is drawn in. The 
find 


fit is quite satisfactory. From the ratio 


m'/m, we 1+-y’)/(1+y)=1.42. If no differentia 
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Fic. 12. Rf saturation plot for aa and 68 resonances. Measure 


ments were made at 3700 Mc/se« 
potential 47 volts. In the absence 


uuld fall along the dashed line 


beam current 100 ya, accelerator 
of electrostatic field the 68 points 


quenching were present, the 68 points should have 
fallen along the dotted line 

These measurements can determine only the ratio 
i+y’)/(14 
for the dS re 
made. We 


resonance is le 


l'o deduce the quenching parameter y’ 
onance 


must he 


an assumption regarding y for aa 
tentatively the daa 


that 
strongly quenched than b§, i.e., y’>>v. 


Phis is plausible becau 


assume 


e the a state energy does not lie 
close to any p state to which it could be coupled by an 

field. With this assumption, the value 
y’=0.42 is found in the 


electrostatic 
above example. If y were com 
parable to y’ the electrostatic quene hing of the 8 state 
would be underestimated 

of the 68 resonance maxi 
field of 320 gauss. At 
this field the Be and §f splittings are, respectively, 284 
and 32.6 Mi Set 


0.5 volts/cm, so that according to Eqs. (3) and (15y) 


The above measurements 
mum were made in a magneti 


The unit fields &, and & , are both 


&.,./0.5)? £1 32.6/15.3 (26) 
for electric field 


sumed perpendicular or parallel to 
+} } 


1 magnetic field, re For y=0.42, we find 
that the observed quenching could be produced by 
either a longitudinal field of 0.8 volts/cm, a transverse 
field of 6.0 volts/cm, or a 
longitudina 


pec lively 


suitable combination of 
These measurements 


which 


and transverse fields 


were made under condition were regarded as 


“bad” and in view of the large Stark shifts then seen in 


resonance peaks the value of 6.0 volts/cm is not 


unreasonable 
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Fic. 13. Curves Ri. Constant. After the ratio R and the 


rimentally determined the quenching 


ri 


parameter 2 


parameter y may be read from the plot. The experimental points 
were obtained from resonances at 3400 Mc/sec, beam current 
50 ua accelerator potential 44 volts pressure about 7 n icrons 


Determination of the quenching parameter y may be 


implified as follow According to the foregoing theory, 


y is uniquely determined by the ratio of the signal 


strengths of 63 and aa, provided that the rf saturation 


r Is known 


hed. We 


parameter x for transition a and assuming 


the da resonance Is not quen¢ write 


R(x, AS) ea 


1-+y)(1+y+ } 


3%) |. ai 


constant curves is shown in Fig. 13. For 


\ family of R 


ih 
low rf amplitude and no quenching, R= 4. When x=1 
da resonance 50% saturated), R=0.50 in the absencs 


of quenching. Experimental points, taken on one after 
Fig. 12, the the 
quenching parameter y is not appreciably changed by 

ot 
Phe st pon 


tions at a rather high pressure 


noon, shown in confirm fact that 


an increast rf power up to 75% of complete satura 


tion vere “good” condi 


27X10-* mm Hg 
electric the ld of O.8 


obtained under 


They correspond to transverse 


volts/cm. This value ywer by a factor of four than 


that needed to explain our average, or typical Stark shift 


under similar conditions (See Sec. 18). A possible ex- 
planation is that at this high pressure the @ state is 
quenched by ions, increasing the ratio R and thus 


lowering our estimate for the electri 
dix II] 


Ina 


See \ppen 


further attempt to establish the va lity of our 


terms of electro- 
per- 


interpretatior of intensity ratios in 


static fields, the followir nts 


were 





W I \MI } | 
formed frequency Vv é j that the 68 reso 
nance occurred né 1715 r held where 
the 8 and e lev cr \ yombard ymnd nm 
held constant, the ratio R ired 1 the ri 
saturation parameter from e degree of 


power broadening of 
Eq. (27 The 


then repeated at other trequenci ich that the 


calculate y trom 


splitting varied fron According to 


Eq. (26 y should exhibit a Lore dependence 
on the Be splitting The resu I test are own 
in Fig. 14(a), where the experimental points are fitted 
with a single arbitrary parameter: the t verse com 
ponent of electri field ¢ | to 0.48 vo cm. As before, 


this field is lower than that required to explain the 
shifts in our best lin nter dat ind again it ma 
that the @ state is 


t of me 


A similar se 


8f crossing point (357 gau In this region 68 should 
be sensitive to the longi I mp f electric 
field. The results, shown in Fig. 14(b), seem to bear no 
relation to our quenching theory. If we were to interpret 
these data to mean that a negligible longitudinal field is 
present, then the transverse con pone re juired to 
account for the appreciable observed quenching so far 
from the Be crossing 1 bout 6 vo m. Such a large 
field would be compatible v from the data 
analyzed in Fig. (12 

Our measurements relating to quenching are for the 
most part internally co tent but they yield electri 
fields which vary from on ext in ways which 
are not readily correlated with the state of the appa 
ratus, and were usually too w to account for the 
“Stark” shift in our best da Further measurement 
along these lines, in w parameter f 
the bombarder are r ma y 
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17 Mc/se Experimenta ' tions ere fre 3300-3340 
Mc/sec, bear irrent 17 wa elerator tentia 50 volts 
b) Quenching parameter vs evel separation. The solid curve 
is the same as that of Fig. 14 Ss 
The dat: be mpat ‘ ansverst 
electric field of about 6 volt i egiigi ngitudina 
electric field 
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varied would be desirable in future work designed 
specifically to study quenching effects. 


E. PANORAMIC LINE TRACES 
13. n=3 Resonances 
(a) 3d—3p resonances 


A typical recorder trace showing the group of low- 
frequency resonances (535 Mc/sec) is presented in 
Fig. 15. Matrix elements for Be and af are identical, 
and these resonances are each about 50% saturated. 
The “chasm” to the left of af is the cyclotron resonance 
which made accurate measurement of the line center of 
af difficult. The hump to the left of H, is caused by the 
m-type transition ae. The circled portion is shown en- 
larged after subtracting the wing of the Se resonance. 
From saturation measurements, the rf amplitude is 
known, and one may calculate the intensity of the 
3d—3p resonances relative to af on the assumption 
that all fine structure sublevels are excited at the same 
rate. These values for the 34d—3p resonances (multi- 
plied by a common factor of 1.1 to improve the fit) were 
used in drawing the smooth curves of the insert. In view 


of the difficulties with noise and overlapping resonances, | 


at 


Be 





Fic. 15. Low-frequency resonances. The af and Se resonances 
n to be 50°, saturated. Strengths of the 3P —3D reso 
nances are nearly those expected if the 3S and 3D sublevels are 


excited at equal rates. The rf frequency was 535 Mc/sec. 


are kno 


SHORT 


LIVED STATE 


6p 


* 2580 Mc/Sec 


rie 


Fic. 16. Recorder trace at 2580 Mc/sec. The d8 resonance is 
strongly quenched. Transverse or longitudinal fields of 6.6 or 3.3 
volts/cm, respectively, would account for the observed quenching 


the fit is taken as support for the hypothesis that the 
3s and 3d levels are excited at equal or at least com- 
parable rates. 


(b) Resonances at 2580 Mc/sec 


Another pair of resonances d8 and ca, which could 
be used like the aa and 68 transitions for quenching 
studies, are shown in Fig. 16. In this case, the squared 
element for df is larger than that for ca by a factor of 3. 
The ca resonance is known to be 67% saturated, from 
which one finds that d8 should be 86% saturated, or 1.3 
times stronger. Using the analysis of Sec. 11 one might 
conclude that a transverse electrostatic field near 5 
volts/cm could be responsible for weakening the df 
resonance, 


14. n=4 Resonances 


When the H, interference filter was replaced by one 
with a transmission band centered on the second 
Balmer line Hg(\= 4861 A) our apparatus became suit- 
able for observation of n=4 fine-structure resonances. 
A trace showing several such resonances at a frequency 
of 525 Mc/sec is displayed in Fig. 17. 

The n=4 resonances were extremely weak. At full 
saturation the largest resonances shown corresponded 
to a change of only 0.1% in the Hg intensity. This is to 
be compared with the theoretical value of 4.7% based 
upon lifetimes for the unmixed n=4 states. Despite 
various uncertainties, such as background molecular 
the interference filter, one is 
4 population differ- 


light which could pass 
tempted to conclude that the n 


ences are weakened by electrostatic fields, ionic effects 
or some combination of both. This conjecture is further 
strengthened by the fact that a second attempt to 
4 resonances made several days later 


observe the n 
at a higher beam current was unsuccessful. It is con- 
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in the » In ource Ol e! 
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15. Program of Measurements 


cer mea 
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agreed to within 
he Ine center was then 
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N 1 RE OF 


15.21 Mc/sec. 


at the electri 


ump 


A more plausible as 
caused primarily 


field is 
atomic motion across the magnetic field, i. 


Vit XB The 


brought into agreement for a root mean square 


two averaged results are then 
atomi 
speed corresponding to 0.71 ev for the deuterium atom 

With this assumption, the correction to the ada data is 
O.11 Mi 


smaller than for Be), and the 


relatively small | sec) (because the magnetic 
field is 
shift is 


resulting level 


309 Mc/sec 
Since the distribution of atomic velocities resulting 
from the dissociation of the molecule is unknown, and 
ince our quenching measurements failed to establish 
1 unique and reproducible measurement of electric field 
detailed Stark-shift correction for each run is impossible 
Phe proper value for the corrected result pre umably 
315.21 315.39 Mc/se 
Since we are unable to give decisive arguments favoring 


ies somewhere between and 
one value over the other the final value is taken midway 
between them. Thus we find 8p(m= 3) = 315.30 Me/s¢ 

Stark-shift 
limit of error assigned to the final result 


uncertainty of the correction is re 


in the 


19. Limits of Error 


The variance for resulis derived from the da transi 
tion is 0.13 Mc/sec, 
than that which would be caused by noise 


times larger 
alone. The 


pe rturba 


which is about three 


increased variance attributed to electri 


tions which vary with experimental conditions 


Taser Il. Sur r f data 


In computing 
insition a theoretical \ 


3°P, 


rom the ita lor the da 


or the fine structure interval 


Beam current 
pa 


esonance 
3320.00+0.1 5 100 
3320.00 100 
3360.00 50 
3360.00 100 
3360.00 3 100 
3360.00 100 
3360.00 100 
3360.00 5 oO 
3360.00 j 100 


Weighted a\ 


be resonance 
650.00+0.1 0) 
650.00 ; 50 
650.00 23 100 
650.00 100 
650.00 100 
650.00 3 170 
635.00 ; 0 


635 00 kt) 


Weighted 


413.89 


average 314.184 
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PABLI ury of level shift results and comparison 
heoretical values, in Mc /sec 


retical Experimental 


315.34 315.30+-0.80 
3250.70 3250.7 +2.0 

5.34 5.0 +10 
133.163 133.0 +10 


for the final result 
Maximum probable error due 
0.25 Mc/sec, 
magnetic field 
Stark-shift correction 
of asymmetry +0.10 
taken as 


unknown way. Our confidence limits 

re estimated as follows 
to data statist twice mean variance) 
frequency measurement +0.10 Mc/sec, 
measurement +0.10 Mce/sec, 
t().25 Mi o:. ill 
Vic /sec The 


limit of error,’ 


other source 
absolute values is 


t-O8O Me/ ses 


20. Final Results and Discussion 


The final corrected ie for the 3*S,;—3?P, level 


sec. The 0.80 
believed to represent the maxi- 


ily 
hift in deuterium is 315.30+0.80 M« 


Mec/sec uncertainty 1 

mum limit of error. It should be possible to obtain a 
limit of error of 0.10 Mc/sec by making 
our work. For such a 


program, the apparatus would certainly require modi 


value with a 


fairly obvious Improvement 


' 
fication to Improve il pre ure 


magnetic field. It 


tability and range of 
necessary to make 
ift and quenching effects, together 


would also be 
further studic 
with extensive numerical analysis of results from many 
Possibly, 


could provide a more signifi- 


different accurate study of n=4 
fine struc 1 ~“OnaAnce ~ 
nt measurement of Stark shifts which could in turn 


be used to correct tl } data. As we have mentioned, 


however, the n were very weak in our 
ipparatu 

It is also possible to give 
AE(3?*#Py—3?P 
Stark correction 
difference of 1.32 Mc/sec in the two values of $p in 
: ig in Al hi d a value 1.32 Mc Ser 
eoretical value 3250.70 Mc/sec. From 
in Appendix II we regard it as unlikely 
hifts are larger than twice as much as 
If they the value of AF 


ce highe r than the theoretic al value. 


in experimental value for 
foregoing data. If no 


hased or the 


were needed, one would interpret the 


meanil 


+} 


indicated above 
would be 1.32 Mi 
With an allowance for other 
A 3250.7 +2.0 Mc/se 

The results of the 


Table IV 


were oO large, 


ources of error we set 


present work are summarized in 
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APPENDIX I: POPULATION MATRIX 
FOR N LEVELS 


In the previous paper (Part I) a population matrix 
introduced for the theory of a system with two 
a perturbing field 
caused transitions between them. The theory can easily 


p Wa 
excited levels which decay while 
be generalized for V levels subject to certain perturba 


tions. Let the time-dependent Schrédinger equation be 


iha,= > (H ryidin Yay | . (al 


where 
Let a 
initial 


the Ye are phenomenological dec ay constants. 
t,to.m) be the solution of (1.1) satisfying the 


1) 0 


/ 


conditions a;(t jny 1.€., @;(t,to,m) is the 


probability amplitude for the state 7 if the atoms are 


put’ into state m at time [ 
] 


lhe corresponding popu 


ition matrix is grven by 


with diagonal !) representing the popula 
tion of atoms i j at time / after excitation of the 
various states nm at ri lo). 

Using the definition of p together with the 


1.1), 


can be 


wave 
equation 


matrix p 


a differential equation satisfied by the 
derived. This is most compactly ex- 


pressed in matrix notation as 


p h Hp pil) 


I‘p T pl aa Sl 


where I’ and r(¢) are diagonal’ matrices with 


and r r Ojx, respectively 
Equation 1.3 
for the density mat 


differs from the analogous expression 
rix of Dirac and von Neumann by 
to allow 
for damping and the inhomogeneous excitation term r. 
We shall refer to Eq. (1.3) as the Boltzmann equation 
because of the analogy to the classical equation for 


the addition of the anticommutator I'p+pI 


den 


oul onsider the possibility of off 
excited by a pulse 
bination of the states which we 
ping experiments the exciting radiation 
1 to the axis of quantization and 
excited in a coherent 


it at f) the atom is 
state which is a linear con 
rhus, i 


diagonal excitation, 1« 


optical | 
Narization incline 
ie sublevels may be 
drogen, excitation of 3s and 3¢ 

reshold would be coherent. This 

but with the 

elements of r may not 

citation 


ymnsidered above 


processes into 
tion of excited 
lditional possi 
Ever 
ontribute a 
( , althougl 
their Bi ( ik { i ‘ y \. ts tr it ty B eit 
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nts ol r 
if these did not 


ovicea ‘ 


lamping 


AND 


W 


The rate 1 OF | Lon tl t detected 
may be taken to be’ 


(1.4) 


ching ratios 
2, how Eq 1.3) could be 
were coupled by a rotating 


wave perturbation. This led to a of the 
terms of 


where the f; are appropriate bra 

It was shown in Part I, Se 
solved in case two level 
restatement 
full quantum mechanica 


| two 


problem in 
quatior involving only 


coupled ‘rate’ eq diagonal 
elements of the p matrix 
In a 


paper, we 


treatment of three 


evel problem for this 


again found the notation of rate constants 


to be ve ry helpful, and were led to ask more generally : 
when is the notion of “transition rates” applicable? 
Within the framework of the model provided by Eq. 
Hamiltonia 


pendent of time then the notion of 


(1.3), the simple t answer 1s: 1 the n is inde- 


transition rates 


can be rigorously applied. Fortunately this 


Hamilt 


In certain cases a tin pen 


severe 


condition on the may be somewhat 


weake ne d 


eliminated from the effect 


onian 
lence may be 
tonian by a canoni- 
cal transformation 

Let l 
having 
defined by 


t) be a time tary transformation 


diagonal form formed p matrix 


I.5) 


1.6) 
unaffected by the 
The explicit time 
ippear tron , 1.6 


U matrix can be found su 


Since r and r are di gC li tney are 


diagonal canonical transformation 


dependence will dis provided a 


IP+il 


is a matrix independent 


cases where the re ] 


in the form 


juires 


where 2 and its Hermitian 


time. 
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In a steady state we have 
(1.9 


Qa+o0' =r, 


an equation which has been treated in the mathematica! 
literature.”® Since the decay constants 7; are all positive 
a unique solution exists and is given by 


© 


o=f exp(—Qs)r exp(—ts)ds. 


0 


(1.10) 


As one might suppose, the steady state populations 
o j;;=0; are linear combinations of the production rates 


. 
0;  » K fe, 
k=] 


(1.11) 


where 


a 
K x =f Lexp(—Qs) ]xLexp(—ts) |, ds 
0 


(1.12) 


-f [exp(—Qs) } jx !|*ds. 


0 


The coefficients Kj are positive and belong to a real 
symmetric matrix K. An additional important property 
of the K matrix is obtained in the following manner. 
For the case of equipartition (i.e., o= 
Eq. (1.9) gives 


unit matrix), 


Q+0 =r, (1.13 


I we have r=I. This means that if 
each level is excited at a rate proportional to its respec- 
tive decay constant all populations are equal for any 
Hamiltonian leading to a time independent 2. Upon in 
sertion of ¢j=1 and r,=~, in Eq. (1.11) one finds 


so that when o 


N 
sy K jeve au , 


k=| 


(1.14 


i.e., the product AT is a positive stochastic matrix. 

We now enquire whether constants W;,, 74k can 
be found such that the a; satisfy a set of rate equations 
of the form 


O= —Y¥;0;4 2 W jxon—0; yO Wij+r;. 


kw) kw) 


(1.15) 


To facilitate the discussion we introduce a matrix W 
whose off diagonal elements are the Wy, of Eq. (1.15) 
and whose diagonal elements W;; are defined by the 
equations 


N 
Wit Wi=X Wij=0. (1.16 
k=l 


ke) 


We now introduce column vectors ¢, r, y with com- 
ponents @;, 7;, Yj, respectively, and also d with d;=1. 


© M. Rosenblum, Duke Math. J. 23, 263 (1956 
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In matrix algebra notation we then have 
o= Kr, 
Ky=d, 
d= y, 


(1.17a) 
(1.17b) 
(1.17c) 
and are asking whether a matrix W exists such that 


(W—l)e+r=0, (1.18) 


with r 
Wd=0 (1.19) 
1.17a) into (1.18) and find 


r)A+/ jr=0. 


If so, we can substitute 

[(W (1.20) 
Since the components of r, although positive, are other- 
wise arbitrary, the matrix equation 


(W—T)K+J/=0, (1.21) 


must hold. Hence if W exists it is given by 


W=r—-K" (1.22) 


and can be calculated from the K matrix of Eq. (1.12). 
In fact we see that if K~' exists, a matrix W can be 
obtained from (1.22) which will reduce (1.20) to an 
identity. The symmetry of W follows from that of K. 
The other condition (1.19) on W, i.e., (T—K~“')d=0 or 
K~'d= ¥ is also satisfied by virtue of (1.17). 

It remains to discuss whether the matrix K has an 
inverse. If 2 is a diagonal matrix, the K given by (1.12) 
is diagonal and certainly has an inverse. For & suffi- 
ciently different from a diagonal matrix, it might happen 
that det K=0 so that A~' would not exist. However, 
a slight change in Q would, in general, again lead to a 
nonsingular K matrix. Hence we may say that rate 
constants will exist for “almost all” problems with time 
independent 2’s. 


APPENDIX II: THREE-LEVEL PROBLEM 


The needs of the present paper will be served if we 
consider in more detail only a three level problem as 
shown in Fig. 10. An rf perturbation 2R cosvt causes 
transitions between states 1 and 3, and a static electric 
field couples states 2 and 3 with a matrix element V. 
The states have decay constants y; and separations 
denoted by Wjk- 

If we consider only the rotating wave part of 2R cosut 
which is Hamiltonian 
matrix becomes 


able to cause resonance, the 


wi, «=O 
H 0 w23 
Re* J} 


(11.1) 


We point out in passing that this problem can be 
transformed by a unitary transformation U() into 
another problem in which the perturbing frequencies 
are v—y/2 and —y instead of v and 0, with energy 


levels wi2, w23—/2 and yw instead of w)2, wes, and 0. The 
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II.9). The results are 
W \3= 2R? Im{(1— V?(Ay2— v—tys)/D)/ (Au—»)}, 
Wo —2V? Im{{1 : R Ayw—v—1tys) D) A23*}, 


W 12=2R°V? Im{1/D}, (11.13 


where 


D= Aos*[ (Ai2— v) (Aia— v) — V2 J]4+-R?( Ais (11.14) 


Contrary to what might be expected, the W’s are not 
all necessarily positive, although they seem to be 
positive in most interesting cases. 

In the general case the functional form of the above 
rate constants is very complicated. The character of the 
resonance effects, implicit in Eqs. (II.13) depends 
critic ally on the relative lifetimes of the states involved 
We are concerned here primarily with the interaction 
between 3p and 3s states of the deuterium atom, which 
have lifetimes of 5.4 my sec and 160 my sec, respectively, 
so that y,~y,/30. In the present applications, states 
1 and 2 are p states (b, e or b f) and 3 is the s state 8 
The regions of Fig. 4 to which the present discussion 
applied are labelled 1, 2, 3, 5, and 7. For our applications 
Eqs. (II.13-14) may be simplified by dropping nu- 
merically insignificant terms. Thus, with y,<y, and 
the rf saturation and Stark quenching parameters x and 
y no larger than of order unity, we may write 


D~ Ao3*(Ai2— v) (Ais—¥), (11.15) 


and 


W \3~ 2R? Im{[1— (Ay3—v)Ao3* |/(Aysz—v)}. (11.16 


(b) Stark Effect 
Equation (II.16) may be rearranged to yield 


W y3=2R? Im{1/[Ais— + (V2/es*) J}, (11.17) 


correct to first order in V*. This form implies a shift in 
the resonance maximum by 


613 = we3V?/ (wos? +723"), (11.18 


and an increase in the width parameter from y;; to 
Yiat by13 with 
(111.19 


OY 13 o3V?/ (wos? +722"), 


as stated in Sec. 10. 


(c) Solution of Rate Equations. Network Analog 


With the rate constants determined, Eqs. (1.15 
should be solved for the steady state populations. The 
intensity of H, light and its changes due to square 
wave modulation of the rf power should then be 
calculated. The algebraic work is simplified, and mor¢ 
physical insight is provided by working with a network 
Constant current 
to the three terminals as shown in 
Fig. 19(a). The steady state populations p,; are repre 
sented by the voltages of the circled electrodes, 


analog of the equations 
deliver currents r 


sources 


with 
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Fic. 19. Network representing the coupled rate equations which 
result from the quantum mechanical treatment. (a) A small term 
’’) connecting terminals 1 and 2 is omitted. The 
switch represents pulse modulation of the rf power. (b) Further 
evolution of the network. The square wave current flowing through 
S is analogous to the observed light modulation in our experiment. 
It is clear that the excitation rates are relevant only insofar as they 
determine the ‘voltage’, An open switch of Fig. 19(a). 


large “impedance 
} 


across the 


the base line taken at ground potential. The switch is 
inserted in the branch with W, to allow for the modula- 
tion of the rf power, 

If each of the admittances vy, is replac ed by a parallel 
combination of admittances fy, and (1— f,)y,, the in- 
tensity of H, light can be represented by the sum of the 
three currents flowing through fiyi, frv2, and fays. 
rhis can be re pres¢ nted as the current J in Fig. 19(b). 
Ths signal is then represented by the square wave 
through the detector S in Fig. 19(b). 
Using the compensation theorem,” the switch has been 


current which flows 


replaced by a square voltage generator with 
voltage AN equal to the voltage across the switch in 
Fig. 19(a) when the switch is open. A simple calcula- 
tion gives for this voltage 


wave 


AN =p:—p1 


Wi (r;/¥y1). (11.20) 


The exact solution for this circuit problem is easily 
obtained, but is unnecessarily complicated. Neglecting 
terms of relative order y Yx Jp Sen but not 
necessarily W/y,, one gets the result given in Eq. (14) 
of the text. 


some 


APPENDIX III: ESTIMATES OF PERTURBING 
ELECTRIC EFFECTS 


We 


estimates of 


will here a number of rough numerical 
disturbances acting on the 


deuterium atoms in our experiment. 


rit 
vive 


electrical 


a) Motional Electrical Field 
It was already mentioned in Part I that a typical 
value for the velocity of an excited deuterium atom was 


* Radiation Laboratory Serie 
New York, 1948). Vol. 8. p. 92 


McGraw-Hill Book Company, 
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1X 10° cm/sec. In moving at right angles through a 
magnetic field of 100 gauss such an atom would experi 
ence an electric field of one volt/cm. Needless to Say, 
the assumed velocity might easily be in error by a 
factor of two. 


(6) Space Charge Fields in Absence of Neutralization 
by Positive lon Formation 


We consider that the electron beam uniformly fills" 
a long circular cylinder with radius a=, in. (Fig. 3 
the beam is assumed to have an energy of 20 ev and a 
current of 100 wa 
2.65 10° cm/sec, 
6.2510" se 


The velocity of such electrons is 
the number of them per second is 

flux density 
7.9 10° cm™ sex The concentration of primary elec- 
3.0 10? cm The resulting space charge 
electric field is radial, and at the surface of the cylinder 
it amounts to &,(a)=4.3 volt/cm. The rms field inside 
the beam is one half as much. This estimate neglects 


corresponding to a 


trons is 


any depression of the electron beam energy by space 
charge. On the assumption that the beam is surrounded 
by a conducting cylinder at cathode potential of radius 
b=} in. the potential at beam center is lower than at 
the cathode by 


5V = &,(a)a[log.(b/a)+4 ]=1.9 ev 


(111.1 


rhe electrons would accordingly have an energy some- 
what lower than 20 ev, but not to an extent that would 
greatly change the estimate of &,(a 

The problem is complicated by the presence of 
secondary electrons, both those emitted from the anode 
and those generated in the bombardment region. The 
slowest of the former type will be kept out of the inter- 
action space by space charge repulsion, but faster ones 
must be taken into account. Hence it is plausible that 
transverse electric fields somewhat larger than the 4.3 
volt/cm estimated above could be produced by elec- 
tronic space charge. Such fields were invoked at various 
points in the text to « xplain the “bad” conditions. If 
this interpretation is correct, the remedy is to arrange 
for neutralization of the space charge by positive ion 
formation. This can be a hieved, as noted in the text, 
by using a higher hydrogen pressure and a 
energy for which the 


higher beam 
cross section for ionization is 
larger. Further improvement could result from the use 


of ion trapping electrodes 


\¢ Effects of 


Under suitable conditions one might expect to have 
neutralization of the electron space ¢ harge by positive 
ions. Their concentration would then be 3.0 107 cm- 


The resulting neutral plasma would still produce local 


fields which would cause transitions among the fine 


structure sublevels. Because of their higher velocity, 


the electrons contribute much less in close encounters 
'S If the cathode area emits elect 


fields estimated may be somewhat t 


AND 


W LAMB, JR 
with the excited det 
Effects due t 
following dis ission 

A typical distan | . 
cm. At this distance from tationary positive 
held is 0.014 volt 
Holtsmark 
atoms can | lected ynami 


do the positive 


ions 


electric lus effects of static 
excited uterium 
effects have 


considered for n=2 by and by 


be en 


Seaton For 


simplicity, we treatment by the method 


of impact parameters t yur problem where n= 3 
Let the exe ited in suble Vel a ol the 


3 *S, state. It is required to find the probability w’ that 


itom be initially 
after an ionic impact of impact parameter 6 a transition 
to he has occurred Adapt ng Purcell’s Eq 0), we 
write 


11.2) 


fac tor 6 


instead of 2 This 


where a since now n=3 


for b. b< b. 
idiabatk tof istance, beyond 


expressio! 
where 6,=0/w’ is the 
which the 


correct I] 


expre ssion tor off n xpone n- 


tially. The 3 $,;-—3 P 


Since 


separat on lenoted by hus’. 


first order perturbation theory was used in de- 
riving Eq. (III.2) it can be u only for distances 
b>d, for whi The 
probability w’’ of trar given by an 


expression like (III.2) with w’ repla 1 by a 


t tf! plir ] ot too strong. 


ind tne 


uared 


factor 12 replaced DY 


matrix element 
The condition for 

w+w’<«1. In cedure, 

we take a i generalization \ a h the 


to be 


expre ssions 


II1.3 


whe re 


B 3 a III.4 
These reduce to the weak coupling is when b>B, 
and have the requisit operty w’+w” = 1 in the strong 
coupling region j 

behavior of w’ and w” is unlikely to b ct q 
even though w’ ed by the 
ind 3*P,. However, 


the region <B does not ntribute much to the final 


sugvest 


ratio of statist 


estimates 

In order to simy 
the Zeeman split merely 
use average energy s rations between th state and 
the 3?7P; and 3?P, sul 
22 =500 Me/ se 


of 200 gauss, 
we take w’ 2800 Mc/sec. 
In order to calcula T 

tiw, we need the re 
respect to the excited 
D,* with approximat 





FINE STRUCTURE Ol! 
while the excited D atoms, as in earlier calcu- 
lations, have a speed of about 110° cm/sec. For 
simplicity we take » to have the latter value. Then 
w' =3x10 5.7 10-§ cm 
The cross section for the transition from a to sublevels 
of 3.27; is taken as 


cm, sec, 


‘ ” 
cm and v/w 


2x [ w’ (b)bdb, (111.5) 


with o” The neglect of 
cutoff 
does not cause much error. To a sufficiently good 


approximation, one finds 


given by a similar equation 


contributions beyond the adiabatic distances 


, 


a (2r 3) B?(3—0.577 — log. Bu’ 


(111.6 


with a similar expression for 0”. 
The transition rate when the excited atom moves with 
speed v through a plasma with ion concentration .V;, is 
W V,(o'+o"')v. (111.7 


above-mentioned 


” 


For the numerical values, o’=1.9 
«10 1.8 10~-° cm? and W,;= 1.1 10° see 

This rate, which was calculated for an ion concentration 
V,=3X 107 cm™, is rather small compared to the radia 
6.3 10° sec". One 
would expect that the main consequences of these ionic 


‘cm’, a 


tive decay rate of 3 °.S, which is y, 


interactions would be allowed for by a change in the 
effective y, and that Stark shifts would be given approxi 
mately by the static Holtsmark contribution already 
mentioned. 

The ion concentration assumed above was that re 
quired to neutralize the primary electron beam. How- 
ever, it is possible for the ion concentration greatly to 
exceed this value. If the ions are formed in the bom- 
bardment region at a rate faster than they can escape, 
their concentration will increase until conditions for a 
steady state are met. It is unlikely that a positive space 


charge density would ensue, since slow secondary elec- 
trons would be drawn in to give a neutral plasma. 

The positive ions would be mainly D,* produced in 
the reaction 


Dote— Dt+e'+e", (LEI.8) 


which has a threshold’*® at 15.4 ev..The cross section'’ 
for ionization increases rapidly with bombarding energy 
to a value of 1X10~'* cm? at 66 ev. We have already 
assumed that these ions have a velocity of 10° cm/se 

A D,* ion of this speed, moving at right angles to a 
magnetic field of 200 gauss, has a radius of curvature 
of 0.21 cm. Hence, to an apprec iable extent, the ions 
will be constrained by the magnetic field to remain near 
to the region occupied by the primary electron beam 
The mean free path of D, at 10-? mm pressure is about 

*W. Bleakney, Phys. Rev 

J. T. Tate and P. 7 


40, 496 (1932 


Smith, Phys. Rev. 39, 270 (1932 
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0.85 cm, so some diffusion of ions at right angles to the 
beam could occur 

Even if the effects of the magnetic field and collisions 
are neglected there may be an increased ion concentra- 
tion in and around the electron beam. The number of 
ions formed per unit volume per second is 


g=JaN(D»), (111.9) 


where J is the number of primary electrons per second 
per unit area, o; is the cross section of Dz (or H,) for 
ionization and .V(D,) is the number of molecules per 
unit volume. We take’? ¢;=0.3X10~* cm? (at 21 ev), 
V (D2) =3.54X 10" cm (10°? mm Hg) and the pre- 
viously assumed electron flux density J =7.9X 10" cm 
8.4 10" ions/cm*/sec throughout the 
cylindrical electron beam of radius a. The ion concentra- 


sec”', and find g 


tion at a point ris given by 


V(r g iro) f ff r—r’|~-*d7’, 


where the integration is extended over a cylinder of 


(111.10) 


radius a. For rat the center of the beam, the integrations 
are easily performed, and one finds 


V,(0) 2.1 10° ions/cm*. (III.11) 


(w/2)(ga/v,) 


rhis ion concentration would give a rate of 8X 10° sec 
for the transition from the a sublevel of 3 2S, to the 3P 
levels. Despite the roughness of this estimate, it would 
seem quite plausible that the high pressure quenching 
of the a state discussed in Sec. 8(e) could be attributed 
to positive ions. 

Transitions from the 8 state to 3P will be given by 
similar expressions to those used above for a, but the 
rate will be is smaller. 
A special consideration is needed at the Be and #f 
crossing points. Here a frequency w’=0, and the inte- 
gration over 6 in Eq. (IIIL.5) diverges. This divergence 
arises from the neglect of multiple collisions and radia- 
tive decay of the n For our problem (ion 
), the damping effect dominates. It 
can be shown that a rough, but adequate, way to 
allow for the damping is to cut off the integration (III.5) 
at r=v/y,. Numerically one has v/y,=5.4X10™ cm, 
and the cross section is given by Eqs. (III.6) with 7, 


somewhat larger because w’ 


3 levels 


density < 10° cm 


. replacing w’. The corresponding W,’ for the @ state 


near crossing points is about the same as the previous 
W’+W,” for the a It is possible that the un- 
expe ted nonresonant behavior of quen hing near the 
14(b) is due to ionic effects. 
for ionic quenching of the 475, 
states will be even larger than those for 3*S,;. The 
main effect will be an increase by a factor 3.3 due toa 
larger matrix element. A weak static or motional electric 
times faster quenching for 42S, 


State 


Of crossing shown in Fig 


| he cToss sections 


field produces 6.7 
than for 3 >; 
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Analytic Hartree-I I 
through Zn. Except f 
compare vith the earlier 3d" state calculations 


3d ar 


inner shells 


I. INTRODUCTION 
| or k 


neutral 


calculations have been 
(Ti to Zn 


number of 


NALYTI¢ 
done for the 
3d 45 
electrons outside of the argon core. Except for Cr and 
Cu, the calculations are for the 
In these two cases 3d’ 


than the computed states. The primary purpose ol these 


Hartree 


atom iron series 


conhigurations, where n denotes the 


neutral atom ground 


States ts states lie slightly lower 


calculations is to uppl ment an earlier series’ of calcu- 
lations which was done for 3d" ion and neutral atom 
This latter work on the Whirlwind 


computer at MIT and the question of computer capacity 


State was done 


necessitated either the exclusion of 4s electrons in the 
computations or a severe decline in the accuracy of the 
solutions. The restriction to the 3d’ type of state led to 
the neglect of three important types of states; they are 

the 3d"~-*45 4s for neutral (1 (these 
supply the low-lying neutral atom the 
When similar com- 
IBM 704 


computer of greater capacity than 


and 3d atoms 


states and 


4d ts for singly ionized (II) ions 


puter procedures became available on the 
computer at MIT i 
Whirlwind, 


for iron 


to do some calculations 
The 
calculations to be reported here are for just neutral atom 
3d”-*4 57 state Phis re 
the method used for solving the Hartree-Fock equations 


it seemed desirable 


series atoms with 4s electrons present. 


triction stems from the fact that 


is particularly advantageous (and economical in com- 


puter time if calculations are done for a series of ele- 


ments for states of common ionization and configuration 
type. Of the three important types of states the neutral 
atom 3d”"*4s? was chosen for two reasons. First, it serves 
as a sort of bound on the effect of 4s electrons on the 3d 
and core electrons. Secondly, the 3d"~*4s* configuration 


does not have the off-diagonal Lagrange multiplier 


the Office of Naval 


1036 (1960 


ock calculations have been carried out for the 
w Crand Cu, these calculations are for the ne 


It is observed that the 


conventional 


3d” l4s 


problem** whi 
application of the Hartree cK lort m to the 
type of configuration 

While the form and behavior of the 4s « 
interest, of perl i] reater inte! the effect of the 4s 
electron on the int I 5 hat the 4s 


have almost t tect. In ot! \ ; 3d 


ectrons 1s ol 


electrons 
and core el n way inct oO neutra 


3d”"-*458? sta 
doubly ionizec 


atom 


arier for the 


The calculations ha been dor ing the Roothaan® 


fied by esbet.° Normalized 
f are 


ana- 
ob- 
The 


procedure as 


mod 
lytic one-electron radia r)’s | 


t f ‘ iat 


tained as solutions of re quat 


U(r 


1ons 


’s have the forn 


their normali 


and the form, 


The / is the 


intum appro- 
priate for the one-electron function of which U’;(r 


is the 


radial part. The normalization constant and is 


expressible in 


gy coemaents 


It should be noted tt 
: This is 


’s) are defined 





SERIES 


HARI 


laste I. Parameters (A define the basis fu 


R,’s used for the S 
construction of j ‘ V r Mn r o Ni ; Zn 


28.2211 
24.8418 
12.7414 
11.8003 
6.9662 
4.2382 
4.6066 
2.1708 
1.2950 
R550 


29.2991 
25.9035 
13.3851 
12.4174 
7.4187 
4.4208 
4.7897 
2.2444 
1.3322 
0.8750 


30.3771 
26.9652 
14.0288 
13.0345 
7.8712 
4.0034 
4.9728 
2.3180 
1.3694 
0.8940 


31.4551 
28.0269 
14.6725 
13.6516 
8.3237 
4.78600 
5.1559 
2.3916 
1.4066 
0.9130 


l=0 


Nm 


23.9091 
20.5950 
10.1666 
9 3319 
5.1562 
3.5078 
3.8742 
1.8764 
1.1462 
0.7800 


24.9871 
21.6567 
10.8103 
9 9490 
5.0087 
3.6904 
$0573 
1.9500 
1.1834 
0.7990 


26.0651 
22.7184 
11.4540 
10.5661 
6.0612 
38730 
4.2404 
2.0236 
1.2206 
0.8180 


functions 


ho 
of 


wwwewnenwne — 


0.7610 


19.6637 
12.0940 
11.0765 
6.8810 
4.1408 


13.9277 
7.9588 
7.3333 
3.8066 
2.4344 


18.2297 
11.0602 
10.1407 
6.1124 
3.7142 


18.9467 
11.5771 
10.6086 
6.4967 
3.9275 


14.6347 
8.4757 
7.8012 
$1909 


2.6477 


15.3617 
8.9926 
& 2691 
$.5752 


2.8610 


16.0787 17.5127 
9 5095 5433 
8.7370 6728 
4.9595 5.7281 
3.0743 5009 


1.7316 
3.4276 
6.4619 
11.9171 


2.4127 


5 2.5100 
3 4.7058 
) 


4.8884 
9.1827 
16.0379 


1.8289 
3.6102 
6.8020 
12.4322 


2.0235 
3.9754 
7.4822 


13.4624 


1.9262 
3.7928 
7.1421 
12.9473 


2181 31 
3406 52 
1624 50 
4926 15.00 


8.8426 
15.5228 


4d electrons (and 
neutral 
the electrons of the 


states. This suggested that the 


not the case with the earlier series of calculations’ mental spectra suggested that the 


core electrons) of the atom 


behave 


also the 
states 
doubly ionized 3d” 


where the .V,’s are incorporated into the C,,’s. A set of — hence 
R,’s is supplied for each / value for which Hartree-Fock 3d"~*4s" 


solutions are to be obtained. U ;(r)’s of common / value 


very like 
are constructed from a common set of R;,’s. basis sets used in the earlier series of calculations for III 
states would be appropriate for the construction of all 
but the 4s one-electron functions of the current calcula- 


The strength of the Roothaan procedure lies in the 
fact that the necessary integrals are obtained analyti 


cally and the Hartree-Fock self-consistent procedure be 
comes a process of matrix manipulation and diago- 
nalization. This process can be more rapidly and accu 
computer 
conventional numerical methods of solving Hartree 
Fock equations. The limitation of the analytic approach 
lies in the fact that we must use less than complete sets 


rately carried out on a than can the 


of basis functions. Thus we cannot obtain exact solu 
tions. Currently good analytic calculations appear* to 
yield results which are as accurate as or more accurate 
best results. One would like to 
compare the.total energies of the two types of solutions 


but accurately evaluated total energies generally do not 


than the numerical 


exist for numerical] solutions. There are great advantages 
to having wave functions of analytic form for many 
quantities, such as expectation values of powers of r, can 
be easily, accurately, and analytically obtained 

The Roothaan procedure has associated with it the 


problem of choosing sets of basis functions. The sets 


used in these calculations were obtained in the following 


way. Earlier®* it was noted that the free atom experi- 


* While my iron 
better than 
comparatively larger basis sets, better indicate the power of the 
analytic approach [see reference 4 and C. C. J. Roothaan, L. M 
Sachs, and A. W. Weiss, Revs. Modern Phys. 32, 186(1960) }. The iror 
uneasy compromise between large 
of the Hartree-Fock equations and 
that the analytic form of the functions may be eas 
Having chosen the size of my I believe that 
the actual sets represen choices (see p. 24 of reference 2 


series 


calculations appear to be as good as or 


numerical results, calculations for small atoms, with 


series calculations represent ar 
basis sets for accurate solution 
small sets so 
exploited hasis sets 


t good 


tions. The earlier set, for any one particular element, 
has been supplemented by four s-like basis functions 
which contribute to the construction of the outer loop 
of the 4s function and the s-like basis functions already 
present for the 1s, 2s, 3s are relied on for the 
construction of the inner loops of the 4s function. The V 
atom was taken and successive Hartree-Fock calcula- 
tions were done, varying the Z,’s of the four additional 

like basis functions, until, with the total atom energy 
as a criterion, and optimum choice of these Z,’s was 


and 


reached. Similar variations were not done with the other 
basis functions (based on the earlier 3d*-*ITI ion calcula- 
The same treatment was done with Ni and the 
Z,’s for the remaining atoms were obtained by having 
them vary linearly across the iron series. In the earlier 
calculations’ it was observed that the Z,’s were linear to 
within the accuracy that they were established and it is 
reasonable to assume the same linearity for the “4s” Z,’s. 
The A,’s and Z,’s are to be found in Table I. The basis 
function normalization constants (.V,) are not listed but 
may be obtained by use of Eq. (4). We see that ten s-like 
R,’s are given for the construction of the 1s, 2s, 3s, and 
are five R,’s for the 
2p and 3p and four for the 3d. Due to limiting the basis 
function variation to R; through Ryo one would expect 
the current calculations to be 
than the earlier set. The poorer ability of the R,’s to 
construct the 3d and inner electron L’ ,(r)’s for the atoms 
rather than for the 3d*-*III ions produces a small 


tions). 


4s one-electron functions and there 


somewhat less accurate 


here 
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Fic. 1. Calculated 3d and 4 


function ol 


radial wave functions [U(r 
r for several states of atomic V 


error contribution of 0.001 a.u. (1 a.u.=2 ry) or less. 
the fact that 
ol 


More serious is 
for the 


we rely on R, through Rg 
inner loops of the 


tion 


construs 


rasre Il 


lehning the Hartree 
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Taste III. Hartree-Fock 
Slater two-electror 


one-electron energies (¢€, 
tegrals (F* and G* 


I V Cr Mn 
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which are commonly applied to the Hartree-Fock 
formalism’ have been applied here. These restrictions 
are (1) that the Hartree-Fock one-electron functions 
have an angular dependence which is a spherical 
harmonic—this turn the three-dimensional 
Hartree-Fock equations into one-dimensional radial 
equations, (2) that the U,(r)’s be independent of the 
one-electron quantum number m,, and (3) that the 
L’,(r)’s be independent of the one-electron spin quantum 
number m,. Abandonment of any or al! of these re- 
strictions causes the collapse of the conventional elec- 
tron shell description of atoms. While many of the 
properties of the many-electron, total atom wave func- 
tion are little affected by these restrictions, their 
relaxation has interesting effects on theoretical predic- 
tions concerning such phenomena as hyperfine effects 
and the magnetic scattering in neutron diffraction.” 


lets us 


III. RESULTS 


The eigenvectors (C;;’s) appear in Table II, and 
Table HI contains the eigenvalues of the one-electron 
Hartree-Fock equations otherwise known as the one- 
electron energies (€,), the one-electron nuclear potential 
plus kinetic energy integrals (K,), the atom total ener- 
gies, and some Slater two-electron integrals.“ Due to 
space considerations, the two-electron integrals have 
been restricted to those involving the 3d and 4s one- 
electron functions. A Slater F* integral is defined to be: 


x ss r a 
F*¥ (m,n ff [Um(r) PLU a(9’) P—drdr’, (5 
k+l 
0 0 T> 


* See Chap. II of reference 3 and also C. C. J. Roothaan, Revs 
Modern Phys. 32, 179 (1960), for an extension of the analytic 
method for cases where the restrictions introduce difficulties in the 
formalism 
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, one-electron nuclear potential + kinetic energies 
for the iron series neutral atoms 


IONS. I] 1937 


(K,), total energies and assorted 
All energies are in atomic units (1 a. u.=2 ry) 
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and the Slater exchange integral is: 


G*(mn) Sf Un(r)U,.nNUn(r')U,(7’) 
0 0 


r<* 
x drdr’, (6) 
r,,*t! 


Complex conjugate signs do not appear here since the 
U ,(r)’s are real. These integrals are of interest since the 
Racah parameterization” of the multiplet spectra is in 
terms of these. 

Comparison with the few existing numerical Hartree- 
Fock solutions for these states will not be made. A 
comparison of total energies is the true test of wave 
function superiority but the lack of accurate estimates 
of the total energies for the numerical solutions makes 
this impossible. This leaves one with the comparison of 
one- and two-electron integrals (except for one-electron 
energies these are rare) and the one-electron wave 
functions themselves. Such comparisons are rather unin- 
formative but it has been my experience that my 
functions and their one-electron energies agree most 


ras_e IV. The one-electron nuclear potential 4 kinetic energy 
integrals (K,’s) for several states of V, in atomic units 
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While the energy expressions for the unfilled d shell multiplet 
spectra had been obtained previously the classic papers are those 
of G. Racah, Phys. Rev. 6], 186 (1942); 62, 438 (1942); 63, 367 
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with the best of the solutions.” A 
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closely numerical 


review of the existing iron series olutions and 
some comparisons of numerical solutions with the earlier 
et of calculations may be found in reference 2 
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electrons have almost no effect on the inner electrons 
This result is not unexpected. Less expected is the fact 
that the 4s perturbation on the 3d and inner electrons is 
less than that suffered by an iron series ion when it is 


inserted into a crystalline environment.'*:® 


‘A.J Watson, Phys. Rev. 118, 1168 


Freeman (to be published 


Freeman and R. I 


E. Watson and A. J 


1960). 
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Ground-state hydrogen atoms produced by thermal « 


collision with electrons having energies up to 600 ev. T 
state were subsequently quenched in an electrostatic 


detected with an iodine-vapor-filled photon counter. In 
the 


SS Section lor excit 


the 


mined. From previously obtained knowledge 


excitation function obtained in this way, ratio 
of the cr 


25 cross section was evaluated. Agreement with the B 


I. INTRODUCTION 


HE cross section for excitation of ground State 
hydrogen atoms to the metastable 2S state on 
electron impact has been the subject of extensive 
theoretical The fact that both th 
initial and final states have zero angular momentum, so 


investigation.!~? 


that the wave functions are extremely simple in addition 
to being precisely known, makes this inelastic collision 
process particularly amenable to a variety of scattering 
theory approximations. 

However, the predictions of the various scattering 


theory approximations differ quite widely, and it i 


difficult, on theoretical grounds, to select with any confi 
dence the approximation that most closely describes 
the transition. It seems possible, therefore, that insight 
into the problem may be gained more directly from a 
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laboratory study of this process and that preference for 
a particular approximation may be indicated by the 
results of an accurate 


experiment. Prior to the present 


work, experimental evidence on the form of this cross 
section near threshold was provided by the relative 
measurements of Lamb and Retherford* and by the 
more recent work of Lichten and Schultz,® who used 
energies up to 40 ev. In the present measurements, the 
use of modulated-atomic-beam techniques enabled the 
range of measurements to be extended to considerably 


higher values of the electron energy 


II. APPARATUS AND PROCEDURE 


A schematic view of the apparatus which was em- 
ployed in the present work is shown in Fig. 1. Atomic 
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chopper wheel located in the 
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electrons would otherwise have been 


trapped by the magnetic field and would have been 
constrained to move back across the collision region, 


beam; these 


thus giving rise to a spurious signal and, at the same 
time, leading to error in the measured electron current 

The electron gun was enclosed in a grounded box in 
which apertures were cut to allow passage of the atom 
beam and to allow the photon counter to view thi 
interaction region of the two beams. The size and posi 
tion of the exit aperture for the atom beam was dictated 
by the results of previous measurements of the angular 
distribution of the 2S atoms; these measurements are 
discussed in Sec. IV. 

The requirements for the quench field were quit 
stringent, and the behavior of several configurations was 
examined. Basically, it was necessary to ensure the com 
the 2S atoms within the rather 
limited field of view of the counter, while ensuring only 


plete quenching of 


negligible premature quenching of the 2S atoms by the 
field penetrating into the collision region. Thus, th 
field needed to be intense and localized. 

As a first step toward this end, the field was estab 
lished between two plane grids that were placed per 
pendicular to the axis of the neutral atom beam. The 
first of these grids was grounded so that the electro- 
static quenching would occur only between the grids. 
With this the field”’ 
2S-atom signal was not negligible, apparently being 
caused by the reflection of Lyman-alpha radiation from 
the grid into the counter or from 
quenching of some 2.S atoms in passage through residual 
fields in the neighborhood of the 
spaced grid wires. This led to uncertainty in the 


arrangement, however, “zero 


wires accidental 


electrostatic closely 
true 
2S-atom signal and to the abandonment of this arrange 

ment in favor of that shown in Fig. 1. Here, the quench 
field was established between two plates biased symmet 

rically about ground and positioned to intercept only a 
negligibly small fraction of the emerging 2/ radiation 
rests with an electrolytic tank showed that penetration 
of the fringe field of this arrangement into the collision 
region was substantially reduced by the addition of a 
urther pair of “guard’”’ plates. This penetration field 
was less than 3% of the quench field, and since the 
lifetime of the 2S 
the square of the field strength, accidental quenching 


atoms is inversely proportional to 
in the collision region accounted for considerably less 
than 1% of the total 2.S-atom flux. With this arrangeé 
ment, the 2S-atom signal observed was no longer con 
taminated with reflected 2P radiation, as was evidenced 
by the absence of an appret iable “zero field’”’ signal 
Another quench configuration, in which the four plates 
were replaced by four heated vertical rods, was examined 
his configuration was found to give results similar to 
those for the four-plate arrangement. The results which 
are presented here are derived from measurement 
made with both of these systems. 

lo relate the signals arising from 2S and 2P atoms to 
the appropriate excitation cross sections, consideration 
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lic. 2. Total cros f 2S hydrogen atoms 


of the anisotropic angular distribution of the emitted 


radiation was necessary. Since photon detection was 


made at an angle of 90 to the electron 


beam’s direction in the case of 2P excitation, and at an 


with re spe t 


angle of 90° with respect to the direction of the quench 
field in detecting 2S atoms, it is 


nonphysical cross sections, Qyo(2S) and 


convenient to introduce 
two slightly 
QOso(2P), which may be directly related to the observed 


ignals by 


Ogo(2S)/Qoo(2P) = (2S signal)/(2P signal). 


hese cross sections, Vy, correspond physically to the 
cross sections deduced from measure- 
ments using radiation detection at 90° only and the 
assumption of is the 


apparent total 


tropic angular distribution of 


radiation. 
radiation is 


Since in quenching the 2S atom, the 


elec tric dipol radiation with the dipole oriented parallel 


o the quench field, it is necessary to relate the true 


total 2.S-production cross section, O(2S), to Oeo(2.S) by 
‘ 90 ) by 


introduc ing the factor §, 
O(2S) = $0 y0(2S Ss al/2P signal) KQgo(2P). 


Phus, the ratio V(2S)/Qso(2P) is immediately obtained 
from comparison of the observed signals. Further, since 
values of Vy0(2P) have been determined in a separate 
experimeni, for the total 2S-excitation 
cross section are immediately deducible. In that experi- 
ment, 


? absolute values 


made to the Born 
approximation over the energy range 200 to 700 ev. 
Hence, the ultimate precision of the present determina- 
tion of Q(2S) is limited by the accuracy of the Born- 
ipproximation calculations for 2P excitation at high 


normalization of data was 


energies 


III. RESULTS OF EXCITATION CROSS-SECTION 
MEASUREMENTS 


Observations of the cross section for production of 
are plotted in Fig. 2, with the 


experimental uncertainties Chese results include 


2S metastable atoms 


nown 


2W.L. Fite, R. F. Stet } and R. 1 


Brackmann, Phys. Rev 
113, 356 (1959 
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ol theoret cal and ex 


cross sect 


not only the direct 18-28 excitation cross section, but 
also that contribution to the 2.S-atom produ tion which 
from higher levels excited from the 
Lichten and Schultz?’ 


have shown that by using the transition probabilities 


is due to cascade 
ground state by electron impact 

given by Bethe and Salpeter, the measured total 2S 
production cross section is equivalent to the sum of the 
18-28 cross 1S-3P 


section Thi composite cross section, 


direct section, plus 21% of the 
excitation cross 
as calculated using the Born approximation, is 


) 


com 
pared with the experimental results in Fig 

It is seen from this figure that at energies greater than 
about 300 ev, the 


this 


measurements agree satisfactorily 


with composite cros ection, although at low 


energies a marked divergence from the Born approxi- 
The agreement of the high-energy 
strong confirmation of the 


Near thresh- 


ection exhibits a sharp maxi- 


mation Is apparent 
data with theory is taken as 
correctness of the « xperime ntal proce dure. 
old, 10.15 ev, the cro 
mum, characteristic of forbidden transitions, at about 
then fal 
electron energy. In view of the very severe discrepancy 


13 ev and monotonically with in rease in 
between these low-energy measurements and the pre- 
dictions of the Born approximation, considerable atten- 
tion was paid to possible mechanisms which would lead 
to erroneously low values for the measured cross section. 


These may be listed as follows 
1) Quenching of 2S atoms in the collision region due 
fields 


Quenching due to the space-charge field of the 


to residual electrostatl 
) 
electron beam 
(3) Loss of ision-induced transitions 
to the 2P state 
$4) Natural 
atoms in the collision region 
(5) Loss of 2S 


oms by col 


urther encounters with electrons. 


itoms due to their be ing scatte red at 


sufficiently large angles to escape passage through the 


quench field 


H. Bethe ar 


S. Fliigge (Sprit 


1 collision-induced dec L) of the 2S 


(6) Inefficient 


atoms. 


With 


apparent 


regard to the rst olf the I cnani 


sms, 


correct ne yf the results at high energies, 


where the Born approxin valid, is held 


to be sufficient e of any residual 


field capab ne ng significant 


electrostatic 
quenching in the collision region 

The possibility ol quen ng due to the space-charge 
field of the ele mined by obse rving 
whether or not the 2.S-a signal varied linearly with 
electron current. Th ff 


ourse, of more con- 


cern at the 


lower eI yl in for a fixed electron 


current the as the electron 


at th 


spact la wid, inh isec> 


velocity decrease lowest 


energies, linearity above 


10 wa. Since, in general used, 
attenuation of the 2S-atom | 


be conside rably less thar 


should 

ion of space- 

charge field using the known etry of the beam gave 
confirmation to this co 

The 


collisions of ele 


cross section for prot 2P atoms in 


trons wit been investi- 
the mea remen a issed in Sec. V. 


The se show th 


gated, and 
ut le en thousand 
was de-excited in tl 

The 


collision with 


cTOSS atoms in 


common gases have 


been measured reported.’ Under the 


present experimenta! cond I t may be estimated 
that loss of atoms ind from natural 
decay was appre: 

The angular dis utior f tl att 2S atoms 


was examined sults of these 


measurements a presented in Sec. I\ 


may be said 


here that over the nti inge ot e1 
old to 600 ev, the 


ergies from thresh- 


scattered at 


ibout 20 


were 
angles, in the 


horizontal pia I in 


For any Value of the ctro! I ry, the maximum 


possible vertica orre sponding to a 


given horizonta be readily deter 


mined. Therefore, apparatus were 
that 


chosen Suc h na af 7 ccltation i d iton regard- 
of scatter, w | pass to the 


region without hindrar 


less of their angi juench 

Of final concern was tl ncy of the quench 
system. As noted s of tl 

that it should provide a sufficient ntense 

to quench all 


s system 
field 
of view of 


were 
the counter, sufficiently 
localized so that the fringe fi trating to the 
collision region could premature 
transitions to the ground between 
the measured curve i ion at high 
energy may agall 

tion of the aetector w 

quenching of the 2S 





COLLISIONS GF 

sion region. To further examine this question, the field 
distribution around a scale model of the quench system 
was plotted with the aid of an electrolytic tank. From 
the expression for the lifetime of a 2S atom in an electro- 
static field’ of E volts per centimeter, 


1/t=2780F sec, 


it was ascertained that only trivial error resulted from 
premature quenching in this fringe field. Field plots were 
made for both the guarded-plate and guarded-rod con- 
figurations, and the voltages necessary for saturation, 
calculated from the expression above, were very closely 
approximated by those determined experimentally. 

These foregoing considerations lend strong argument 
to the conclusion that the observed low-ene rgy depar 
ture from the Born approximation is real, and not an 
instrumental effect. 

It is difficult to make detailed comparison of ¢ xp ri 
mental results with theory, since the experimental 
results include contributions from cascade processes as 
well as direct 1.S$-2S excitation. The many theoretical! 
calculations available have been concentrated on only 
the direct excitation process. Unfortunately, the con- 
tributions from cascade processes constitute a large 
fraction of the total 2S-production cross section, over 
most of the energy range. The cross-section contribu 
tions caused by cascade processes may be taken as 21% 
of the 1S-3P excitation cross section as indicated at the 
beginning of this section. The 15-37 cross section is 
estimated here (1) by assuming that the shape of this 
curve is similar to that of the 1S8-2P cross section 
(2) by normalizing this relative cross-section curve to 


2 and 


the Born-approximation values at energies above 250 
ev. When cascading contributions obtained in this way 
are subtracted from the _ total 
section, the deduced cross-section curve for the direct 


2S-produc tion cross 


1S-2S excitation shown in Fig. 3 is obtained. The total 
2S-production cross-section curve serves to indicate 
the importance of cascade processes. 

Because of the larye contribution from cascade prov 
esses and the experimental uncertainties, it is not very 
meaningful to make a 
deduced Qis-2s with theory over most of the energy 
range. However, at energies near threshold, the cascade 


detailed comparison of the 


contributions become quite small and comparison with 
theory becomes significant. Figure 3 also shows the 
theoretical predictions of Marriott, which are expected 
to be valid only at energies near threshold but show 
rather good agreement with experiment up to about 
20 ev, together with the Born-approximation predictions 
for the 1S-2S process only. 

Additional experimental evidence on the 15-25 cross 
section near threshold is provided by the measurements 
of Lichten 
techniques to determine the excitation function, which 


and Schultz. They used crossed-beam 


Salpeter, Handbuch der Physik, edit 


“H. A. Bethe and E. E , 


S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 35, p. 373 
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tum diagram showing the atom scattering sphere 
‘Citation experiment 


Fic. 4. Momer 


a crossed-beam ¢ 


they then normalized to the Born approximation at 40 
ev, the highest energy used. In addition, by estimation 
of certain experimental parameters, they were able to 
make a further absolute estimate of this cross section 
which was in moderate agreement with that obtained 
through normalization of the relative measurements. 
This was taken as evidence in favor of the correctness 
of the normalization procedure. Disagreement in abso- 
lute magnitude between the present results and those 
of Lichten and Schultz is, therefore, very severe. How 
ever, the shape s of the two curves are closely similar. 
Renormalization of their measurements to the present 
40 ev 
lapping of the two sets of data 

The that the relative 
measurements of Lichten and Schultz are more accurate 


value of 0.045 wa,? at results in excellent over 


authors incline to the view 


than those now being reported, particularly in the 
immediate vicincity of threshold. However, the prox 
imity of the present measurements to the Born approxi- 
mation within the energy range 300 to 700 ev—where 
is thought 


to be undeniable evidence for their correctness. 


this approximation should certainly be valid 


IV. ANGULAR DISTRIBUTION OF THE 2S ATOMS 


A prime requirement of the measurements discussed 
III was that all atoms excited to the 2S state 
should pass through the quench region within the field 


In Sec. 
of view of the counter. In order for this condition to be 
satisfied, it was obligatory to know the angular distri- 
bution of the scattered 2.8 atoms. 

In collision with electrons, hydrogen atoms that are 
excited to the 2S state suffer a recoil, measured by the 
the change in their direction 
of motion. The motion of the colliding particles before 
and after the impact 


MV, and MV. are, 


momenta of the atom and where mv, and mt, 


angle 6, which determing 


is represented in Fig. 4, where 
the initial and final 
are the 
The circle 
final electron 


re spectively, 


corresponding momenta of the electron. 


represents the spherical locus of the 
seen that for given values of 
a range of values from 6, to 62 


where tv is 


momentum vector. It is 


have 


V, and 2, @ may 
Near threshold, 


function has zero orbital angular momentum, and the 


1] , 
small, the outgoing wave 


distribution of the outgoing electrons will be spherically 


ymmetrical. Figure 5 shows the loci of the electron 


momentum vectors for electron energies up to 150 ev 
recoil angles for an atorn with an initial 


velocity of 7.5 10° cm/sec 


and shows the 
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Fic. 5. Scale diagram of atom scattering spheres for ground-state 


atoms with an initial spe of 7.5 10° cm/sec and at a number 
of electron energies 


The angular distribution of the scattered 2S atoms 
was measured for electron energies up to 600 ev, using 
the apparatus shown schematically in Fig. 6. In this 
experiment, those metastable atoms scattered within a 
slits. In the 


second slit, an electro- 


traversed two 
be hind the 


static quenching field transverse to the axis of the beam 


narrow angular range 


region immediately 
could be established between two plates. The photon 
counter was placed to observe part of this quenching 
region. The signal registered by the counter had two 
main components, the predominant one being the field- 
atoms within view of the 
at the 


induced decay of metastabl 
which the 


modulation frequency. The 


counter, from counts were a¢ beam 


second, and smaller, con 
tribution to the count rate came from cosmic rays and 
from countable ultraviolet photons produced in colli- 
sions of the electrons with the background gas or with 
gun electrodes’ and then multiply reflected into the 
counter. The latter signal was de and was discriminated 
against by the use of ac measuring techniques. Applica- 
[ field 
quench all metastable atoms before they reached the 


tion of an external electrostatk sufficient to 


field of view of the gave confirmation that all 


counter 
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higher energy without the difficulty of quenching of the 
2S atoms by space-charge fields. A further benefit 
arises because the electron scattering is strongly in the 
forward direction; the angular spread of the resulting 
2S-atom beam is consequently quite small. 


V. QUENCHING OF 2S ATOMS IN COLLISIONS 
WITH ELECTRONS 


To complete this investigation, it was appropriate to 
examine the extent to which collisions with electrons 
would transfer hydrogen atoms from the 2S state to 
the 2P state, since this effect, if significant, would result 
in premature quenching inside the electron gun and, 
thus, in error in the measured 2.S-production cross 
section. For these measurements, the instrumentation 
used for the accumulation of angular-distribution data 
was modified by the insertion of grids in the two field 


quenching plates, so that an electron beam could be 
made to cross the 2S-atom beam within the quench 
region. The photon counter again observed the Lyman- 


alpha radiation produced by decaying 2S atoms. The 


~ 
essence of the measurement was to compare the quench- 
ing of 2S atoms by the electrostatic quench field to the 


quenching by an electron flux. The electron-impact 
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cross section for easing the atoms from the 2S to the 2P 
state could then be readily deduced. The electron energy 
was restricted to less than 10 ev, for above this energy 
Lyman-alpha radiation would be produced by direct 
excitation of ground-state atoms accompanying the 
2S beam. 

A second restriction in the experiment was that the 
electron current density be sufficientiy small that only 
negligible quenching by the macroscopic electric fields 
from electron space charge could occur. 

Under restrictions, no signals arising from 
electron collisions with the 2S atoms could be detected 
This permits placing upper limits on the 2.S-2P cross 


these 


section below 10 ev of something less than an order of 
magnitude higher than has been calculated by Seaton.'* 
If we that the section at all electron 
energies is less than our upper limit figure at 6 ev (6X 
10-" cm*), which appears reasonable in view of the 
cross section’s probable decrease with increasing elec- 


assume cToss 


tron energy, then it may be shown that less than one 
atom in 10* of those excited to the 2S state could have 


been de-excited in the collision region by impact of 


electrons. 


16M. J. Seaton, Proc. Phys. Soc. (London) A68, 457 (1955) 
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detection methods were used to determine th 
senvir nents. Frequency shifts were 
rom a paraffin wall coating. The shifts, expr 
r to those in rubidium though generally 


both K® and K* 


gone RE shifts of the ground-state hyperfine con paired by the high-pressure buffer (krypton is known 
tant in alkali metal vapors are of interest because to shorten thermal re tion tin I all signals 
ot intormation \ an give on hort range torce were observed to be 

between alkali and buffer atoms, and because of the The lamp was a sma ctrodeless dis- 

possible u he hyperfine constants as standard charge. The absorption « }-in. cylinders 

We report here pressure shifts maintained at about 65 he operating linewidth 

optical detection method In the was about 500 Pp nd und t nditions the 

irement we have redetermined signal to-nolse ratio Vv ibout 2 with a detector band 

ure hyperfine constant “and K" and _ pass of 10 cps. Frequency measu ents were made by 

ive examined hyperfine resonances in evacuated counting the yst re l \ tl ubharmoni for 

‘ containing potassium and a wall coating* of one-second i Vil tt ickard 524 

dotnacontane (4 H 4 counter whose internal: refer eque!l is known 

Phe apparatu hown i g. 1, was similar to that from rubidium 
stration® except about 1 part 
with two ab orption absorption cel 

| Observation of th possibility ot counter 

field independent >m transition by this obtained on different 

method depend on iT difference between tainty of about 20 cp 
hype rfine component | ical resonance lines; 
in pota lum the igi can be expected to be weak 


because of the closene of the hyperfine doublet and 
consequent Impe riect eparation in resonance absorp 
tion. Since buffer gases Cal broaden the optical absorp 
tion the signal amplitude might also be expected to be 


highly dependent on buffer pressure. We found it 


difficult to observe signals in cells containing more 
3 cm Hg of argon or 1 cm Hg of krypton, although 
t 5 cm Hg was u d with the lighter gases Phat thi 


effect, and not due to 


th 


relaxation, is shown 


fact that field-depet ignals in argon buffer 


observed by l u \ri\ pDoOLAaTIZ light. where 
tectlo depend n| ) tol rules, were 
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112, 450 (1958 
s. Rev. 115, 87 





PRESSURE SHIFTS IN 


+1 mm Hg for H 
mm Hg for the other gases 
The values of the pressure shift are shown in Table I 


which were known only to about 
and He and +4 
Uncertainties are estimated from the scatter of experi 
mental points taken at different pressures. In addition, 
temperature variations in the pressure shift have been 
observed of the order of +1 cps (°CXmm Hg)" in He 
and +0.1 cps (°CXmm Hg) in Ne. 

If one computes proportional shift (pressure shift 
divided by hyperfine frequency) for the various alkalies, 
one finds that the results in potassium are very similar 
to rubidium the trend 
shifts for a given buffer retain the same sign and in- 
alkali 
II). It is interesting that this 


those in and follow wherein 


crease magnitude with increasing 


number (Table 
is so, even though the hyperfine frequencies themselves 


slowly ir 


atomk 


vary by a factor of 20 

Measurements were made on two wall-coated cells 
One, a 2X3-in. cylinder, was freshly prepared and the 
other, a liter flask, was one year old. Neither showed a 
shift greater than experimental uncertainty from the 
extrapolated zero-pressure frequency, nor did they show 
any temperature shift. The cavity geometry provides 
essentially constant rf amplitude and phase over the 
entire absorption ceil, and therefore there should be no 
contribution to the linewidth from Doppler effects. We 
observed a linewidth of about 300 cps at moderately 


mm Hg The 


and is assumed 


PaBLe I. Pressure shifts in K® in units of cps 
pressure is at the operating temperature of 65°C 
to have increased 10% from the filling pressure 


Buffer gas Frequency shift 
4344 
3343 
24+2 
04+1.4 
4245 


helium 
hy drogen 
neon 
argon 
Kryptor 


hfs CONSTANT OF K 


1947 
Paste II. Approximate 
alkalies. The data for elen 
from papers in releren ] 


the various 
other than potassium are obtained 


proportional shifts in 


ents 


Proportional shifts 
mm Hg)! 10° 
Ne Ar 


Hyperfine 
constant 
Mc /se 
1772 4 
51 

57 


63 


high light intensities, indicating that the true linewidth 


in the absence of incident light 1s probably considerably 


narrower 

The frequency in a cell containing 2 mm Hg of argon 
is substantially the zero-pressure frequency. The mag- 
netic field at this cell was determined from the Zeeman 
field, we ob- 


resonances. Correcting to zero magnetk 


tain, for the K® hyperfine constant: 


Av(K®)=461 719 690+ 30 cps, 

a recent atomic beam 
value for K*", obtained in a wall- 
coated cell containing enriched K", is 


this is in close agreement with 
measurement.® The 


Av(K*) = 254 013 8704 35 cps. 


The 
certainties in 


cumulative from the un- 
center, counter calibra- 
and magnetic field correction. 


listed uncertainties are 


estimate of line 


tion, 
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rhe reaction C“(p,n)N" has been studied up to 5-Mev bon 


using targets of high isotopic enrichment 
energies of 3.19 Mev (=6 kev 3.38 Mev 
4.19 Mev ('=112 kev), 4.24 Mev (I 
known J = j lr = 80 kev 
=40 kev 


The thresholds for the second and third neutron groups were investigated 
A new threshold, that for production of the third neutron group, was measured to 


yr 
Levels previously unseen in this reaction were found 
'=24 kev), 3.63 Mev (I 
=27 kev), 4.61 
Excitation curves at three angles in the region of 2.9-Mev proton energy show the effe 
resonance interfering with a level of opposite parity 
level are not seen, presumably due to the low penetrability of the outgoing wave 


barding proton energy with good resolution 
at proton 

3.89 Mev ('=35 kev 

$93 Mev r=106 kev 


t f the pre 


=13 kev 
Mev (I'=140 kev), and 
VIOUSIY 
yJ=] 


neutron 


Effects neart 


1 using a lithium iodide detector 


be 4.910+0.008 Mev 


agreement with the known energy of the second excited state in N™ 


INTRODUCTION 
PE eee igeesr SELOVE and Lauritsen' have re- 


cently reviewed the status of the energy levels in 
N'®. The reaction C™ plus protons has been used by 
several groups (see reference 1 for detailed bibliogra- 
phy Pr howeve ie the yi ld of neutrons has previously been 
published only below about 3.5 Mev. Unpublished data 
obtained at this laboratory using an undesirably thick 
C™ target of low isotopic concentration extended the 
0° and 90 yields of the reaction C'( pn N* to above 
5-Mev bombarding energy. When a quantity of barium 
% C* re- 
cently became available, the neutron yield was rerun 


carbonate having an enrichment of about 75 
with improved resolution 


EXPERIMENTAL PROCEDURE 


C™ targets were prepared® by using the barium car- 
bonate to produce acetylene,’ and then depositing the 
carbon in an electrical discharge between two platinum 
blanks placed in a low-pressure acetylene atmosphere.‘ 
rhe actual composition of the target layer is unknown, 
although the weight of the layer was determined to be 
roughly 40 micrograms per cm*. In order to reduce ordi- 
beam from the 


5.5-Mv Van de Graaff was run through a liquid nitrogen 


nary carbon deposition, the proton 


cold trap adja ent to the target. Two targets (made at 


the same time) were used in the course of the investiga- 


tion and gave essentially identical results. This work 


followed an extensive energy recalibration of the accele- 


rator, and it is felt that the machine energy is known to 


+(0.1%, relative to the Li pn Be’ threshold. Neutron 


Research participant from the University of South 
Carolina, Columbia, South Carolina 
eo Ajzenberg Selove and T 
1959 
2 We are greatly indebt ‘ J 
the Oak Ridge National Laboratory, 
preparation of the C targets 
'S. Monat, C. Rol s,and A. R. Ronzio, Atomic Energy 
ission Report AECU-672 (unpublished 
‘R. A. Douglas, B. R. Gasten, and A. Mul 
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Massey and J. C. Smith of 
Isotopes Division, for the 
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detectors used consisted of conventional “‘long”’ counters, 


propane recoil counters, and a lithium iodide crystal 
The latter was used as a 


some energy regions 


utron spectrometer in 


EXPERIMENTAL RESULTS 


shows our original yield curves for neutrons 
and 90° with 


The detector used was 


Figure 1 
as measured at laboratory angies of 0 
respect to the incoming protons 
“long counter.’’ These older measure- 
ments were made using an ur 
low C“ enrichment. In the energy region below 3.5 Mev, 


where these 


a conventional 
lesirably thick target of 


data overlap those of other investigators, 


the agreement is quite satisfactory. The resonances 


agree in location and width and the threshold for pro- 


duction of neutrons leavit residual N™ nucleus in 
) 


Mev 
iboratory system. 


its first excited state 1 viden t 3.152+0.005 
proton bombarding energy 
This is in excellent agreement with Sanders’ 
3.1496+0.0011 Mev and epted energy of 


14 
?.312+0.0012 Mev for the fir xcit state in N*™, 


value® of 


Agreement with the lev ned from the 
reaction B''+qa was not ver In particu- 
lar, our results did not s w I narrow 3 kev) level 
at an energy of ex f 13.15 Mev, the 6-kev level 
at 13.18 Mev. nor the level at 13.36-Mev excitation, 
although there was 


possible indication of the latter 


ome 
on the low-energy sid a ta proton 
energy of 3.41 Mev. In addition, the peak at 
2.9-Mev proton energy » be a pair of 
closely spaced, rather wide \ n the B'+a work.® 
Mainly for these the 1 n yield curves were 
thinner, ! 


about 


reasons 
rerun with the targets 
Figure 2 shows the res I Vv measurements 
from about 3.1 Mev to 5 Mev he bottom curve is the 
yield at 90° and t ext curve is the yie d at 0°, both 

it about 50 cm from 


top s the 141 


as measured wit! 
the target; the 
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Fic. 1. The original yield curve of neutrons from C“(p,n)N™ at laboratory angles of 0 
energy. These data were taken with fairly thick targets of low isotopic content. The 


yield as measured with a long counter at about 70 cm 
from the target, and the top curve is the 0° yield as 
measured by a propane recoil counter. All three curves 
at 0° and 90° were taken simultaneously, but the 141° 
curve was taken at a later date. All long counter data 
are normalized to the same sensitivity. Angles and 
energies are in the laboratory system and yields are 
uncorrected for laboratory to center-of-mass solid angle 
conversion. We do not see the very narrow resonance 
which might be expected to fall just below the threshold 
for the second group of neutrons. Just above the thresh- 
old the 6-kev resonance appears in the 0° and 141° 
yield and is also apparent in both the long counter data 
and the recoil counter data. The recoil counter was not 
sensitive to the neutrons of the second group. The reso- 
nance expected on the low-energy side of the 3.42-Mev 
resonance is clearly evident in both sets of 0° data. In 
addition, our more recent results suggest that the reso- 





on eal 


a eee 


4.0 45 
Ep (Mev) 


and 90° as a function of bombarding proton 


dotted curve indicates background 


nance structure appearing in our original data at 4.20- 


Mev bombarding energy levels. 


Table I summarizes these data 


may represent two 

It is interesting to note the sharp break superimposed 
on the wide 4.93-Mev resonance in the 0° long counter 
data. This break does not occur in the data at other 
angles, nor does it occur in the 0° recoil counter data. 
It is assigned to the threshold for production of the 
third group of neutrons leaving the residual N“ in its 
second excited state. Figure 3 shows another set of data 
covering this threshold region. The sharp rise occurs at 
4.910+0.008 Mev which gives an energy of 3.9522-0.008 
N"™. This is to be 
acct pted value of 


Mev for the second excited state in 
compared with the 
3.945+0.005 Mev. 
Figure 4 shows the neutron yield in the vicinity of 
2.9-Mev proton energy. These data were obtained with 
the long counter at approximately 60 cm from the 


previously 
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TABLE I. Comparison of the level structure of N'* as seen by the various reactions leadir 
mately 12 and 15 Mev. Columns 1 through 6 give the proton bombarding energies, experiment 
N™ compound nucleus as determined from the work reported in this paper. Columns 7, 8 and 9 ¢ 
by other investigators. Columns 10 and 11 give the widths and excitation energies as deterr 


alpha particles 


AND WILI 


The last two columns tabulate these quantities as determined by the N“+-n reactior e thi 14.51-Mev level 


AR D 


approx! 
nin the 
reported 


ed the bombardment of B"™ with 


’ 


allt 


yreviously 


as seen by the B"+<a reaction is taken from the curve of Bonner e al.* but it not listed by the a 


Our new C(p.n) 


E, r Fox 
Mev) (kev) 


Our original C“(p,n 
E> r Fes 
Mev) kev) Mev 


2.02 20 
2.08 @ 
2.27 20 
2.45 50 
2.29 80 
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33 


Nm Nh Ww hy 


91 


* See reference & 


target. They have been corrected for counter sensitivity 
and for the laboratory to center-of-mass conversion so 
as to give the yield in the center-of-mass system at the 
center-of-mass angles noted on the individual curves. 
Spectra of the neutrons were taken at zero degrees by 
means of a small Li iodide scintillation counter. Figure 5 
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Fic. 2. The yield of neutrons from C'(p,n)N™ 
taken with thin targets of high C™ content. The 
©” yield as measured by a propane re 


curve from the top is the 


These data were 

is the 
oil counter The second 
as measured with a long counter 
at 141° and about 70 cm from the target. The third curve and the 
bottom curve give, respectively, the 0° and 90° yield as measured 
by the long counter at about 50 cm from the The 0° and 
90° curves were taken simultaneously. All long counter data are 


normalized to the same sensitivity 


top curve 


vield 
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Fic. 3. The yield 
threshold for the pr 
nucleus in its secor 


spectra obtained ] 


shows two such below and just 
The 


36 corresponds to pulses pro- 
duced by low-« nergy neutrons, 


above the threshold for the second neutron group 
peak at channel number 
whereas the broad maxi- 
sponds to pulse s caused by the 
main neutron group. It is quite evident that the 
of the 


igure 


mum at channel 55 corre 
data 
3.152-Mev 


6 shows the 


are consistent with the identificatior 
anomaly as a neutron thr ld. I 
result of a similar experiment for the third group of 


neutrons, the pulse s] um obtained just below the 


threshold being subtracted f t} just above (note 
was for the data of 


energy 


that the gain is not the same 
Fig. 5). The large in neutrons at 
channel 42 again indicz hat a threshold has been 


reached. 





REACTION 

It had been hoped that, by taking lithium iodide 
spectra on and between the various resonances, branch- 
ing ratios could be assigned. However, the resolution 
for the fast neutron groups was so poor as to make any 
sort of precise analysis impossible. An attempt was made 
to determine the second group neutron yield at 0° in 
the region between the threshold and 3.5-Mev proton 
energy by taking spectra at several proton energies, 
correcting the low-energy peak for the presence of the 
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Fic. 4. The yield of neutrons in the vicinity of the doublet found 
by Lee and Schiffer (reference 6) in the B" (a,p)C™ reaction 
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Fic. 5. The lithium iodide spectra of the neutrons just below 
and just above the threshold for the production of neutrons leaving 
the residual N* nucleus in its first excited state 
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Fic. 6. The lithium iodide difference spectrum just below and 
above the threshold for the production of neutrons leaving the 
residual N™ nucleus in its second excited state 
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Fic. 7. The solid curve is the neutron yield as measured by the 
0° long counter and is shown for reference purposes. The solid and 
open circles are two sets of 0° lithium iodide detector data (nor 
3.175 Mev). The lithium iodide data represent the 
low-energy group corrected for the presence of the Pgh energ 
group and for the variation of the Li*(n,a)T* cross section with 
neutron energy 


malized at 


high-energy neutrons and for the variation of the 
Li*(n,a)T* cross section with neutron energy. These data 
are shown in Fig. 7. Despite their rather limited ac- 
curacy, the data do indicate the presence of a very 
broad level just at or above the threshold. 

Figure & shows the N"™ neutron total cross section in 
the region of excitation of interest here. These data were 





BAIR, EDGE 


f NM 


labor il 


not previously been publi 


obtained at thi ory several years ago,’ but have 
hed. Within the rather poor 
energy resolution used, these data are in fair agreement 
with the other react 


DISCUSSION 


It IS interesting to peculate as to why the threshold 
to the first excited state is so pronounced in the 
C+ p reaction and 


B'+qa reaction 


due 


not been observed in the 


yet has 


Bonner e/ al.* find a narrow resonance 


quite close to the energy of the expected threshold, but 
20° and in their 
threshold 
B! ra 


+, whereas 


this anomaly appears in both their 0 
70°—-110 


The most obvious explar 


data and hence could not be the 


ation is that the re- 
action can form only compound states of T 


C+ p can excite 7 Sand T ; 


then th 


States, both of whi h 


able to decay to the first excited state in nitro- 


are 
gen. If the level ré Spo! ible for most of the cross section 
at threshold is 7 


seen in our react 


>, 1t would then be more likely to be 
ion The broad level at or just above 
just ic! | l. The B a,p reaction 


same isotopic spin rictions ; n 
a,p 


Willard, 
found 


1365 


threshold may be 


has the 


so any level which a ars in either nm) or 


7 These data were obtains I hnsor ey 
J. K. Bair, and J. D. King 
in the Oak Ridge Nat 
inpublished 
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Schiffer, Phys. Rev. 102, 1348 (1956 
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Spectra of the gamma rays and internal conversion electrons emitted in the decay of 


1960 


12-day Ir have 


been studied in detail. Internal conversion spectra were obtained with the aid of double-focusing and 
intermediate-image beta spectrometers, and a permanent-magnet spectrograph. Gamma-ray spectra were 
obtained by means of photoelectric conversion, employing a double-focusing spectrometer, and by 


scintillation techniques. 


These measurements of the energies and relative intensities of gamma rays and internal conversion 
electrons give internal conversion coefficients for a number of transitions. These data, coupled with co 
incidence studies of gamma rays, support the level scheme reported by Nielsen et al. for Os™ and establish 


new, odd-parity levels at 1384, 1568, and 1876 kev 


An upper limit of 2X 10~* is set on positron branching 


in the decay of Ir™, Relative electron capture transition probabilities for the decay of Ir™ to Os™ and 
ratios of reduced transition probabilities for electromagnetic transitions from a number of levels of Os™ 
follow from these results. They are compared with the predictions of the strong-coupling model and the 


asymmetric rotor model 


The half-life of Ir™ was found to be 12.3404 days 


Even-A iridium-osmium 


total disintegration energies are found to rise substantially above the values predicted by semiempirical 
mass formulas, suggesting a possible effect of the change in the nuclear deformation in this region 


INTRODUCTION 
Oe 190 merits interest by virtue of the 


position it occupies in the transition region! 
between the highly deformed nuclei, whose energy 
levels are well described in terms of the unified, or 
strong coupling model,? and the spherical nuclei, whose 
energy levels exhibit properties typical of the near- 
harmonic, or weak-coupling region.’ 

Levels of Os™ are excited in the decays of 3-minut« 
Re™, the 3-hour and 12-day isomers of Ir™, and the 
10-minute isomer of Os™. 

From studies of the 10-minute isomer of Os™, Aten, 
DeFeyfer, Sterk, and Wapstra‘ suggested the existenc« 
of a sequence of three rotational levels, based on the 


t Part of this research supported by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Commision 
and part performed under the auspices of the U. S. Atomic Energy 
Commission. Part of this work was incorporated in a doctoral 
thesis submitted to the Department of Physics, Harvard Univer 
sity by W. R. Kane, which appeared as Technical Report 3-9 
April 1959 (unpublished 

* National Science Foundation Predoctoral Fellow and John 
Tyndall Fellow during parts of this work. Now at Brookhaver 
National Laboratory, Upton, New York 

t Polaroid Fellow in physics during parts of this work 
Brookhaven National Laboratory, Upton, New York 

1G. Scharff-Goldhaber, Proceedings of the University of Pitt 
burgh Conference on Nuclear Structure, June 6-8, 1957, edited by 
S. Meshkov (University of Pittsburgh and Office of Ordnance 
Research, U. S. Army, 1957 
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*G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
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Wapstra, Physica 21, 740 


Now at 


Danske Videnskal 


DeFeyfer, M. J 


1955). 


Sterk, and H 


ground state, with energies of 187, 548, and 1048 kev, 
and an isomeric level at 1662 kev.°® 

Scharff-Goldhaber, Alburger, Harbottle, and Mc- 
Keown,® in a further study of the gamma rays and 
internal conversion electrons emitted by this isomer, 
established the rotational nature of all four levels, and 
determined that the isomerism of Os™ arises from a 
38.4-kev K forbidden M2 transition from a 10— state 
at 1700 kev to the 8+ rotational state at 1662 kev. The 
energies of the rotational leveis were shown to deviate 
substantially from a simple /(/+-/) dependence. 

Sunyar’ has measured directly the lifetimes of the 
first two rotational levels, obtaining 3.5 10~” sec and 
4+x<10-" sec, respectively, for the first and second 
excited levels. 

A second 2+ Os'™, at 


; kev, has been 
reached via Coulomb excitation 


xy Barloutaud, 
McGowan and 
Stelson.* The latter report reduced transition prob- 


level in 


557 
I 


Lehmann, and Leveque,* and by 
1 ; 


* For the sake of consistency and clarity in discussing the results 
of previous work we adopt more recent numerical] values, and in 
some instances round them off in the text 

*G. Scharff-Goldhaber, D. E. Alburger, G 
M. McKeown, Phys. Rev. 111, 913 (1958) 

7A W. Sunyar, Proceedings of The Second United Nations 
International Conference on the Peaceful Uses of Atomic Energy, 

United Nations, New York, 1958), Vol. 14, p. 347. 

*R. Barloutaud, P. Lehmann, and A. Leveque, Compt. rend 
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*F. K. McGowan and P. H. Stelson, Bull. Am. Phys. Soc. 3, 
228 (1958); F. K. McGowan, Proceedings International Congress 
m Nuclear Physics, Paris, July 7-12, 1958, edited by P 
Guggenberger (Dunod, Paris, 1959), p. 233; (private communi 
cation ) 


Harbottle, and 


1953 





1954 KANE, E LY, SCHARFF 


1700 (1m) —OMIN__ io. 


1662(K) 


1048 (G)————- 6 + 


954 (F) 








abilities of 41 
transition 


and 4.3 
the 371 557-kev from 
the 557-kev level to the first excited state and ground 
state 


relative to a single proton 


for and transitions 


re spectively, and a reduced transition prob- 
ability of 79 for the 187-kev transition from the first 
level of the rotational band. The latter 
may be compared with the value of 111 for this quantity 
which results from the measurements of Sunyar.’ 
Diamond and Hollander, 


magnet spectrographs, 


ground tate 


employing 180° permanent 
have measured the energies of 
a large number of internal conversion electron groups 
emitted in the decay of 12 day Ir™. Their observations 
of transitions with energies of 371 and 557 kev con- 
firmed the existence in Os'® 
at 557 kev 

Nielsen, Poulsen, Sheline. 


of the second 2+ level 


and Skytte Jensen," by 
observing coincidences of gamma rays and internal 
conversion electrons emitted in the de« ay of Ir™, have 
additional levels of Os'® 
which account for many of the observed transitions 


suc ceeded in establishing 


rheir level scheme is shown in Fig. 1. It contains, in 
addition to the ground-state 
second 2-4 at 557 kev (level D), even 
levels at 755 kev (Level £) and 954 kev (Level F) whi h, 


together with level D, were interpreted by these authors 
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PROCEDURE 


bombardment of 

98.2% Re'*? 
osmium. At 
yield of Ir™ the 


normal 
first 


$1 hour 


il amounts of 
second 41 hour Ir 
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he radiations of 
practically every 
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DECAY 


conclude that they belonged either to Ir'® or to Ir™, 
owing to the similar half-lives of the two nuclides. 

The iridium activities were separated from the 
cyclotron targets with the addition of IrCl, carrier. 
Beta spectrometer sources were prepared by evapor- 
ation and by electrodeposition methods reported by 
Ovenden® and by Diamond and Hollander." 


Procedure in Measuring Internal Conversion Spectra 


Internal conversion spectra were obtained using a 
30 cm double-focusing beta spectrometer,” an inter 
mediate-image beta spectrometer,"* and a 180° per- 
manent magnet spec trograph. 

1. The double-focusing spectrometer was employed 
to obtain spectra in the region below 900 kev of sources 
produced by both types of bombardment described 
above. This instrument has a transmission of 0.8% at 
full aperture, with a corresponding aberration line 
breadth at half-maximum of 0.25%. Runs 
ordinarily made at full aperture, with a source width 
and detector slit width of 0.125 inch, which gave, 
together with electron energy losses in the source, a 
line breadth of approximately 0.6% in the vicinity of 
500 kev, and increasing somewhat at lower energy. 
Certain runs were made at higher resolution, using a 
smaller spectrometer aperture and detector slit, and 
an especially thin electroplated source, giving line 
breadths of 0.20 to 0.25% in the region above 100 kev. 
The transmission of the window of the detector, a 
Geiger-Miiller counter, was determined by comparing 
measured intensities of the strong internal conversion 
lines of Thorium B (Pb) and its descendants with 
the results obtained by other researchers.'® 


wert 


A rotating coil device,'® driven by a stabilized 
frequency supply, served to measure the 
magnetic field of the spectrometer. As only relative 
field measurements were attempted with this device, 
a momentum calibration was performed by collecting 
Thorium B (Pb*") on the iridium beta spectrometer 
sources and intercomparing the strong lines of Ir” 
and Ir with certain of the precisely measured internal 
conversion lines of Thorium B and its descendants.'’:'* 
Further checks on this calibration were provided by 
measurements of the momenta of Auger electrons and 


power 
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SCHEMES IN 


Os-Ir REGION. II 1955 
by a critical absorption experiment which gave the 
result that the energy of a strong transition of Ir'®, 
determined as 69.64 kev from our measurements, is 
greater than the A energy of tungsten 
(69.51 kev). 

2. The intermediate image spectrometer, because of 
its high obtain internal 
conversion spectra in the region from 600 to 1400 kev. 
For reasons of intensity, sources produced by deuteron 
bombardment of osmium were employed here. Runs 
were made with the spectrometer adjusted to give a 
transmission of 4.5% and a corresponding aberration 
line breadth of 1.6%. This, together with effects of 
source size and electron energy loss in the source gave 
a line breadth of 2.5% at 604 kev. Other features of the 
arrangement and operation of this instrument remained 
unchanged from earlier work." 

3. The 180° permanent magnet spectrograph was 
employed in checking certain results obtained in the 
beta spectrometer runs. Several 12 to 14 day exposures 


ionization 


transmission, was used to 


were made of iridium produced by deuteron bombard- 
ment of osmium and electroplated on 5 mil platinum 
wire. 


Procedure in Measuring External Conversion Spectra 


taken with 
the double-focusing beta spectrometer and converter 
foils of tantalum and thorium. An_ 11.5-mg/cm? 
tantalum foil and 8.3- and 29-mg/cm? thorium foils, 
0.156 inch wide and 1.050 inch long, were used. The 
gamma emitting material occupied a space 0.080 inch 
in diameter and 0.160 inch long in a Teflon capsule 


Photoelectric conversion spectra were 


,0.125 inch in diameter situated in an aluminum cup 


with a 0.020-inch thick wall adjacent to the converter 
foil. The full spectrometer aperture and a 0.125-inch 
counter slit were used 

The breadths of photoelectric conversion lines in this 
arrangement varied rapidly with energy and _ foil 
thickness. The 517-kev line of Ir™, for example, 
converted in the 11.5-mg/cm?* tantalum foil, had a 
breadth of 1.4% 

It is well known that owing to the energy dependence 
of the rather large anisotropy in the angular distribution 
direction of 
propagation of the incident gamma ray, and to scatter- 


of photoelectrons with respect to the 


ing of the photoelectrons in the converter foil, a 
knowledge of the total photoelectric cross section alone 
is insufficient for the determination of gamma-ray 
intensities from the intensities of photoelectric con- 
lines. In certain geometries, gamma-ray 
intensities may be calculated with the use of results 
of recent measurements of the dependence of the 
angular distribution of upon the 
energy of the incident photon and the atomic number, 


version 


photoelectrons” 


*R. D. Hill, E. L 
Instr. 23, 523 (1952 

™S. Hultberg, Arkiv Fysik 15, 307 
Z. Sujkowski, Phys. Rev. Letters 3, 227 
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knowledge ol 
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ind existing 
approach followed here, | 
mine empirically the spectral response of the entire 
experimental arrangement for gamma rays. This was 
with the use of nuclides for which the intensity 
the gamma rays emitted are precisely and 
known: namely, Na™ Na and Hf'®™. For 
1.368- and 2.754-Mev 
part 
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DECAY SCHEMES 
in Table I. Errors in the energy determinations are 
estimated to be 0.05% for the 186.7-kev transition, 
0.1% for the other strong transitions, and 0.2 to 0.3% 
for the weaker transitions, depending on the intensity 
For comparison, transition energies determined by 
Diamond and Hollander” by means of 180° permanent 
magnet spectrographs or scintillation techniques, and 
the results of Nielsen ef al.," for the relative intensities 
of K-shell internal conversion electrons (renormalized 
to percent of the A internal conversion line of the 
186.7-kev transition) and K/Z ratios are also shown. 

Upper limits are given for the internal conversion 
electron intensities of the transitions above 1000 kev, 
for a serach of this region, carried out on the inter- 
mediate image spectrometer, failed to reveal 
internal conversion electrons. 


any 


In these measurements the decay of well-resolved 
internal conversion peaks gave a half-life of 12.3+0.4 
days for Ir™. 

Iypical portions of the internal conversion electron 
spectrum, taken on the double focusing spectrometer, 
of Ir and other isotopes produced by the alpha 
bombardment of Re 2 and 


2 3 
Several internal conversion lines of particular interest, 


are shown in Figs. 
from a source produced by the deuteron bombardment 
of osmium, are shown in Fig. 4. 


Photoelectric Conversion Spectra 


The relative intensities of the gamma rays of Ir™, 
determined by the method of photoelectric conversion, 
employing the double-focusing beta spectrometer, are 
presented in Table II. A typical photoelectric conver- 
sion spectrum is shown in Fig. 5. The Ir used in 
these measurements was produced by deuteron bom- 
bardment of The values listed repress 
averages from runs utilizing both thorium and tantalum 
converter foils. The experimental K-shell internal 
conversion coefficients listed were calculated from the 
ol 
internal conversion coefficient 


; 


osmium. nt 


results of Tables I and II by assuming a value 


0.0138 for the A-shell 
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Fic. 4. Individual internal conversion lines of transitions of 
Ir'® and Ir™ with energies in the vicinity of 197 kev and 407 kev 
Source produced by deuteron bombardment of osmium 


of the 557.2-kev transition. This is the value calculated 
by Sliv and Band** for a pure £2 transition. The 
transition proceeds from the 2+ level at 557.2 kev to 
the 0+ ground state of Os™ (see Fig. 1). Measured 
internal conversion coefficients are compared with 


7: 


theoretical values” in Fig. 6. 


Scintillation Spectra 


The complexity of the gamma rays of Ir™ is such 
that all that be scintillation 
spectra in the region below 900 kev is that they are in 
the higher resolution 
photoelectric conversion results. In the region between 
900 and 1500 kev, however, spectra taken with a 
23-inch Nal detector reveal the presence of four 
incompletely resolved peaks. These are found with 
Ir sources produced both by alpha bombardment of 
Re'*? and bombardment of osmium, and 
appear to foll decay of Ir™. The relative in- 
tensities of these four gamma rays were determined 
by fitting the shape of the 1277-kev peak of Na*™ to 
the observed Ir™ 
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The energies and relative 
Table IIT. The 
uncertainty in the intensities of the three higher 
energy gamma rays relative to that 1020 kev is 
estimated to be 25%, the uncertainty in the 
intensity of the 1020-kev gamma ray relative to that 
at 186.7 kev also at 25%. The upper limits for the 
internal conversion coefficients in Table III, calculated, 
as in Table II, with the assumption of the pure £2 

of 0.0138 for the K ll internal conversion 
coefficient of the 557.2-kev transition, fix the multipole 
order of the 1020-kev transition as E1, and limit the 
choice of multipole orders for the remaining transitions 
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TABLE I. Transition energies and relative intensities of internal conversion electrons of Ir™ xper nt r compared 
with K/L ratios derived from the tables of internal conversion coefficients of Sliv and Band.* Transition energ re compared with 


those determined by Diamond and Hollander” and relative intensities and K/JL ratios w 


lransition energy 
kev 


Present 


work 


186.7+0.1 t 1.18(#2 
196.9+0.2 , 6.02(M1 
197.9+0.4 2.5 : , 28(E2 
205.9+0.6 206.2 
223.8+0.6 2 
294.6+0.3 4 
361.0+04 361.2 } 2.6+0.6 
370.7+0.4 371.4 7 3 3.3+0.6 
+O.8 1 } 30+09 
7 +0) 1 7 2 41+06 
1 +0) 7.3420 
3 
3 


0.4 407 


1.0 520-530 


t0.6 558 


mee OO Oe OO 
mw NM hb tw tw 


+03 4$7+08 
t0.6 568 +03 

0.6 HO0-620 35 +03 7 16+08 
2 ~700 0.11+0.03 

2 700 0.1340.03 

2 ~800 0.09+0.03 

10 ~ 1000 <0.028 

15 <0.024 

15 <0.016 

15 <0.011 


See reference 11 
{ the 196.9- and 197.9-kev tran 
transit " 


lose a ternal conver 


Coincidence Measurements whose photopeaks are re 

; ; background arising from ot! 
In order to determine the role of the high-energy 

transitions in the level scheme of Os'™, gamma-ray 

coincidence measurements were carried out for the 

$27, 1020, and 1330-kev transitions, which are reason- In the spectru incident w the 827-kev gamma 


ably well resolved by scintillation techniques, and ray, strong peaks, approximately equal in intensity, 


rasce II. Relative intensities of gamma rays of Ir™ determined by photoelectric conversion utilizing louble focusing beta 
spectrometer. Experimental A-shell internal conversion coefficients are calculated from the relative gamma-r: ntensities and the 


results in Table I, with the assumption of a pure £2 internal conversion coefficient for the 2-kev tior xperimental internal 
conversion coefficients are compared with theoretical values from the tables of internal conve mn coefficier f Shiv and Band.* 
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appear at the positions of the 186.7, 370.7, and 557.2 
kev gamma rays, and a weaker peak, about one fourth 
as intense, at the position of the 294.6-kev gamma ray 
An examination of the branching ratios of the low-lying 
levels of Os™ (see Fig. 1) shows that approximately 
equal intensities for the 186.7, 370.7, and 557.2-kev 
transitions can arise only from excitation of level D 
(557.2 kev). If the possibility of contributions from 
the neighboring gamma rays with energies of 196.9, 
361.0, and 568.6 kev is considered—although the 
energy calibration of the coincidence spectrum should 
have been sufficient to distinguish a sizeable contribu- 
tion of any of these 
that the excitation of no other known level would give 


the same conclusion is reached, 


rise to a combination of these three pairs of gamma 


rasie III. Energies and relative intensities of higher energy 
gamma rays of Ir determined from measurements with a 
2 in.X3 in. Nal detector. The upper limits on the experimental 
K-shell internal conversion coefhcients are calculated from the 
relative gamma ray intensities and the results of Table I with 
the assumption of a pure £2 internal conversion coefficient for 
the 557.2-kev  transitior Experimental internal conversion 
coefficients are compared with theoretical values from the tables 
of Sliv and Band.* 


Energy K-shell internal conversion coefficient 


Multipole 
kev T/T 557) 100 


Experimental Theoretical order 


1020+ 10 10+2.5 <0.0020 0.0016 


0.0039 
1150415 3.2+1 <0.0058 0.0013 
0.0031 
0.0066 
0.0067 
1330415 1.9+0.6 <0.0067 0.0010 
0.0024 
0.0048 
0.0046 
1430+15 0.9+0.3 <0.0092 0.00087 
0.0021 
0.0041 
0.0074 
0.0038 


0.0090 


* See reference 25 


rays having the same ratio of intensities. The direct 
feeding of level D by the 827-kev transition is therefore 
assumed, which requires the placing of a new level at 
1384 kev (level J). The placement of the 294.6-kev 
transition between level / and the previously established 
level L (1679 kev)" follows immediately from their 
energy difference and from the present coincidence 
results. 


Establishment of Levels J and N 


The spectra coincident with the 1020 and 1330-kev 
gamma rays are similar to one another in appearance 
They both contain only two peaks, of approximately 
equal intensity, at the positions of the 186.7 and 361.0- 
kev gamma rays. Clearly this situation can arise only 
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Fic. 5. Photoelectric conversion spectrum of the gamma rays 
of Ir™ and other iridium An 8.3-mg/cm’® thorium 
converter foil was used for these measurements. Source produced 
by deuteron bombardment of osmium 


1soLopes 


if both the 1020 and 1330-kev transitions excite 
directly level C (547.7 kev). This requires the placing 


of new levels at 1568 (level J) and 1876 kev (level V). 


Search for Positrons 


Coincidence techniques were also employed in a 
search for positrons emitted in the decay of Ir. A 
search made for 511-kev annihilation 
emitted at 180 respect to one 


was quanta 

another from a 
The results were 
yielding an upper limit of 2X10~* on any 
positron branching in the decay of Ir™. 


with 


source of Ir ene lased in copper. 


negative, 


DISCUSSION 
Electromagnetic Transitions 


The level scheme of Os'™, established from this and 


previous work, and the electromagnetic transitions 
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conversion electrons and the relative intensities of gamma rays 
the theoretical 2 value of 0.0138 was assumed 
for the K-shell internal conversion coefficient of the 557.2-kev 
transition 
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The Energy Difference between the 407-kev Transitions 


HE and FC. 


The existence of two transitions with approximately 
407-kev energy was postulated by Nielsen ef a/."' on the 
basis of coincidence measurements. They obtained 
intensities of 19°% for transition HE and 4.6% for transi- 
tion FC. Only a single line, corresponding to a 406.8-kev 
transition, was in our internal 
spectrum. This is shown in Fig. 4. The single K internal 
conversion line observed had a breadth of 0.25% 


observed conversion 
SO 
that the energy difference of the two transitions cannot 
exceed 0.7 kev provided that the weaker one has at 
least the indicated intensity. As no new information 
was obtained on the relative intensities of the two 407- 
kev transitions, Nielsen’s apportioning of the total 
intensity between the two transitions has been adopted, 
i.e., of a combined intensity of 27%, 22% 
assigned to the transition between the levels H and &£, 
and 5% to the transition between levels F and C. 


has been 


Placement of the 206-kev transition 


On the basis of the energy differences between estab- 
lished levels there are two possible locations for a 26- 
kev transition—between levels H and F and between 
levels E and C. Ordinarily a choice between these two 
possibilities would be furnished by precise values for 
the energies of the 206-kev transition and of levels C, 
E, F, and H. The precision of the measurement of the 
energy of the 206-kev transition is limited, however, by 
its low intensity and the presence in Os'® of a transition 
of similar energy. In addition, the precision with which 
the energies of levels C, E, F, and H are known is limited 
by the fact that the two 407-kev transitions discussed 
above, which are so far unresolved, are associated with 
these levels. The placement of the 206-kev transition 
either between levels H and F or between levels E and C 
is, therefore, consistent with the results of the present 
work. An intensity of approximately 2% for this transi- 
tion, provided it is £2 in character, is indicated by the 
K-shell internal conversion intensity. 


Properties and Placement of the 196.9- 
and 197.9-kev Transitions 


In the work of the Copenhagen group" it was sug- 
gested on the basis of coincidence measurements that 
the internal conversion electron group corresponding 
to a transition energy of 196 kev might arise from more 
than one transition. In the present work (see Table I) 
two K-shell internal conversion lines from Ir™ were 
observed, with relative intensities of 19 and 2.5, corre- 
sponding to transitions of 196.9 and 197.9 kev, respec- 
tively. These are shown in Fig. 4. The -shell internal 
conversion lines of these two transitions were incom- 
pletely resolved from the M-shell internal conversion 
lines of the 186.7-kev transition, so that a straight- 
forward measurement of their K/L ratios 


was not 


IN 
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possible. However, a combined K/L ratio, [/ex« (196.9) 
+ Tex (197.9) |/[ Je, (196.9) +/€,(197.9)] of 4.829%? 
was calculated for the two transitions by assuming an 
(M+N-+0)/L ratio of 0.32 for the 186.7-kev transition. 
rhe latter for the (M+N+0)/L ratio 
adopted from the survey of Listengarten,”* where this 
ratio is shown to be fairly constant over a wide range 


value was 


of energies, atomic numbers, and transition multipole 
orders. In the course of the present work the same value 
0.32, was obtained for the (M+N+0)/L ratio for the 
strong 244.8-kev transition in Os'®. The combined K/L 
ratio of 4.8 suggests the existence of a substantial M1 
or £1 admixture in at least one of the two transitions, 
as the corresponding theoretical #2, M2, Fl, and M1 
K/L ratios are 1.28, 3.81, 5.96, and 6.02, respectively. 
Similarly, the value for the combined K-shell internal 
conversion coefficient, [ Lex (196.9) + Tex (197.9) | 
[7,(196.9)+/, (197.9 for the transitions (see 
lable II) falls roughly midway between the £2 and M1 
ween the £1 and M2 values. This 
result and the relative K-shell internal conversion elec- 
tron intensities of the two transitions give a lower limit 
of 0.26 for the K-shell internal conversion coefficient of 
the 196.9-kev transition, considerably in excess of the 
pure £2 value of 0.177. Thus the 196.9-kev transition 
would appear to have mixed M1+ £2 or alternatively, 
E1+M2 character. The results furnish essentially no 
information concerning the character of the 197.9-kev 
transition 

Evidently either the 196.9 or the 197.9-kev transition 
should be placed in the level scheme between levels E 
and D. As their 1-kev separation is comparable in 
magnitude to the errors in the energy differences of 
other transitions to and from levels E and D, these 
energy differences do not decide unambiguously which 
transition should be placed there. The 197.9-kev transi- 
tion is favored, however, for the energy difference of the 
568.6 (EB) and 370.7 (DB) kev transitions is 197.9 kev, 
and of the 604.2 (HD) and 406.8 (HE) kev transitions 
197.4 kev. Furthermore, it appears more reasonable to 
place the 197.9-kev transition, for which £2 character 
is possible, in the low-energy region of the level scheme 
in preference to the 196.9-kev transition, which has been 
shown not to have pure £2 character, since all measured 
K/L ratios, and K-shell internal conversion coefficients 
of other transitions from levels below that at 1384 kev 
are consistent with pure £2 character. The 197.9-kev 
transition has therefore been placed in the level scheme 
between levels E and D. 

‘lacement of the 196.9-kev transition between Level 
L (1679 kev) and level V (1976 kev), whose existence 
is required by the coincidence of the 1330, 361.0, and 
186.7-kev gamma rays, is suggested both by the energy 
sums and by the coincidence results by Nielsen ef al." 
The latter require that the weaker of the 196.9 and 


two 


values, and also bet 
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197.9-kev transitions proceed from level E to level D, 
and the stronger feed H. While the 
transition does not proceed directly to level H in the 
present level scheme, it nevertheless excites it in the 
majority of instances via the strong transition LH and 


the L/-JH cascade. 


level 


Upper Limit on Transition FE 


The possible existence of a 199-kev transition between 
levels F and E of Os™ is of interest, as a measurement 
of its intensity would enable a comparison to be made 
of the reduced transition probabilities of transitions 
from level F to levels E and D, respectively. The exist- 
ence of a 199-kev transition in the decay of Ir'*, how- 
ever, permitted only an upper limit of 1% to be set on 
the inte nsity of such a transition in the decay of Ir'™, 


Upper Limits on Transitions HB and HC 


Other transitions which were not observed are the 
possible 974 and 613-kev transitions from level H to the 
levels B and C of the ground-state rotational band. 
Uppe r limits of 1 and 2%, respec tively, are set on the 
intensities of these transitions 


Properties of Transition LI 


Coincidence measurements establishing level 7 and 
placing transitions LJ and JD in the level scheme have 
already been discussed. Study of transition LJ (294.6 
kev) is hindered by the presence of the 295.9-kev transi- 
tion of Ir'®, and by the 233-kev transition of Ir'**, whose 
L-shell internal conversion electrons coincide closely in 
with the A-shell internal conversion electrons 
of the 294.6-kev transition. An internal conversion coef- 
ficient for this transition was, 


ene rey 


therefore, not obtained. 
An indirect measurement of its K/L ratio was carried 
out by measuring the K-shell internal conversion inten- 
sities of both the 294.6- and 295.9-kev transitions and 
the total inte nsity of their incompletely resolved L-shell 
internal conversion electrons, and then making use of 
the known K/L ratio of the 295.9-kev transition.2? The 
contribution of the /-shell the 233-kev 
transition of Ir'*’ required a small additional correction 
The resulting A / 


the £2 value, 2.27, 


electrons of 


with 
but does not exclude a small M1 


ratio, 2.4+0.9. is consistent 


admixture 


Transition 1H 


\ transition with 223.8-kev energy has been placed 


levels / and H 


version coefficient is consistent with £1 character. 


between the Its measured internal con- 


V. M. Kelman, R. Ya. Metskhvavishvili, V. A. Romanov 
and V. V. Tukhkevich, Nuclear Phys. 4, 240 (1957); J. Exptl 
Theoret. Phys. (U.S.S.R.) 33, 588 (1957 translation: Soviet 


Phys.-JETP 6, 455 


1958 


GO! 


196.9-kev 


DHABER AND 


Transition 


While the energy’ ims whicl may be formed from 


KY 


the transitions associ / and their multi- 


pole orders testify to the essential correctness of this 


portion of the level scheme, an inconsistency appears 
oincident with the 827-kev 


According to the transition intensities 


in the gamma-ray spectrum « 
gamma ray (/D 


shown in Fig. 7 level J is excited almost exclusively by 
transition LJ (294.6 kev), and hence the 294.6-kev 
gamma ray should be in almost 100% coincidence with 
the 827-kev gamma ray (/D) or approximately twice 
as intense in the coincidence spectrum as each of the 


186.7, 370.7, and 557.2-kev In fact, how- 
ever, it is only about one fourth as intense in the coinci- 
dence spectrum as eacn of these gamma rays A hypoth- 


esis which contradicts 


gamma rays 


none of the experimental evi- 


dence is that there exist other, so far undetected, 
transitions from level /. Transitions with energies of 


430, (IF), 629 (IE), 836 (IC), and 1197 kev (IB 
possible. As these would be £1 transitions, and thus 


are 


have small internal conversion coefficients, they might 
escape detection in the internal conversion spectra. 
Furthermore, a 629-kev transition would have been 
masked by the strong 633-kev transition of Ir'**. Upper 
limits of 5, 10, 1, and 1%, re spectively, are set on the 
intensities of possibl 130 (JF), 629 (IE), 836 (IC), and 


1197 (UB 


A further argument for the po 


kev transitions 

sible existence of addi- 
tional transitions from level J may be proposed on the 
electron « ipture probabilities. 


Although level I has odd parity and a spin of 2 or 3, the 


basis of transit 


ion 


existing balance of intensities of transitions to and from 
it indicates only a week (1+2° ©) excitation in the elec- 
tron capture decay of Ir, and gives a resulting high 


log ft value (> 8.4). Any further transitions from this 
level would corre spond to a higher electron capture 
probability and a correspondingly lower log ft value 
The low intensity of the 296-kev peak in coincidence 
with the 827-kev ray would also result if the 
lifetime of level 7 were comparable to the resolving time 
2x10 


fraction, depe ndir gy on tne letime, 


gamma 
of the coincidence circuit ec), for then only a 
294.6-kev 
gamma rays would be registered, while the coincidence 
pattern of the 186.7, 370.7, and 557.2-kev gamma rays 


would remain unchanged 


Spins and Parities of Energy Levels 
Previous Results 


10 minute 
M) to have odd parity and a 
spin of 10, and the members of the ground-state rota- 
tional band (levels A, B, C, G, and K) to 
2+, 4+, 6+, and 8+ sequence of levels. Coulomb 
excitation experiments** have demonstrated the 2+ 


Previous studies® of the isomer of Os'™ have 


shown the isomeric level 
form a 0+, 


nature of level D. The multipole orders of 


a number 


of transitions excited in the decay of 12 day Ir™ were 
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determined from measured K/L ratios and studies of 
coincidences of gamma rays with internal conversion 
electrons.'' These results require that levels E, F, and 
H have even parity, and level L have odd parity. 


Spins and Parities Permitted by Measured 
Multipole Orders of Transitions 


On the basis of the present results little can be added 
concerning the spins of levels above 557 kev without 
invoking arguments involving transition probabilities 
or the predictions of a specific model. The £2 nature of 
transitions FD, EF, HD, and HE serves only to restrict 
the spins of levels E, F, and H to values from 0 to 4 and 
to require even parity. The multipole orders of transi 
tions ED, FB, and FC associated with these levels have 
not been definite ly established. On the basis of the E1 
character of transitions 7D and JC, level J must have a 
spin of 1, 2, or 3 and odd parity and level J 3, 4, or 5 and 
odd parity. Similarly, spins of 0 to 5 and odd parity are 
required for level Z and spins of 1 to 6 for level .\ 


Level N and Transiiion NC 


However, if relative transition probabilities are con 
sidered, probable spins may be assigned to the levels 
While the upper limit on the internal 
coefficient of transition NC (1330 kev) 
with £1, £2, £3, or M1 character, three of these possi- 
bilities may be eliminated at once. Level V evidently 
has odd parity, for in common with level L, known to 
have odd parity, it is strongly fed in the electron capture 
decay of Ir™. Transition VL(196.9 kev) between these 
two levels must then be a mixed M1+ £2 transition for 
its internal conversion coefficient and K/L ratio are 
consistent with either M1+£2 or Ei+M2 character. 
Transition VC to the even parity level at 547.7 kev 
cannot then have M1 or £2 character, owing to the 
opposite parities of the initial and final levels. If transi- 
tion VC had £3 character an E1 transition to another 
member of the ground state band could compete with 
it. Such an El transition may be suppressed due to 
K forbiddenness, but in this instance if level V had a 
high value of K, a transition to level D(K =2) or other 
levels above it would be favored. Evidence for excitation 
of level D, it will be recalled, was not observed in the 
spectrum of gamma rays in coincidence with the 1330- 
kev gamma ray (ND or NC). Transition NC is therefore 
assumed to have #1 charac ter, restric ting the possible 
values of the spin of level V to 3, 4, or 5. The absence of 
a competing 1690-kev transition (VB), on the intensity 
of which an upper limit of 0.1% is set, eliminates a spin 
of 3 for level V. The M1+ £2 character or transition VL 
then restricts the possible spins of level L to 3, 4 


conversion 
is consistent 


, OF Oo. 


Transitions from Levels E and F 


Ground-state transitions from levels E and F wer 
not observed. Upper limits of 2 and 1% are set on their 
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respective intensities. These may be compared with 
intensity sums of 28 and 13%, respectively for all other 
transitions from the two levels. While there exist even- 


ve 


for which ground state 
ls with spin 2 and even parity are 


highly retarded relative 


even nuclei (Pt'*, for example) 
transitions from leveé 
to cascade transitions, these 
are few in number. Spins of 1 or 2 for levels E and F 
therefore appear rather unlikely. The spin of level £ is 
therefore tentatively restricted to the values 0, 3, or 4, 
and the spin of level F to 3 or 4, for in the latter case 
the existence of #1 transition LF from level LZ (spin 3 


4, or 5) rules out a spin of 0, 


’ 


Spins of Levels E, F, H, and L 


Upper limits of 1% are set on the intensities of possi- 
ble 924 and 1122 kev £1 transitions from level L to 
levels E and D. No transition with 924-kev energy was 
observed. (An 1150-kev transition with an intensity of 
slightly less than 1° remains unassigned in the level 
scheme.) On the other hand, lower energy £1 transitions 
with intensities of 3.9 and 27% arise from level L. A 
spin of 4 or 5 is, therefore, required for this level. This 
eliminates the possibility of zero spin for level E, for the 
two levels are connected by a two-step cascade of E1 
and £2 transitions. The absence of a direct transition 
between the two levels then eliminates a spin of 4 for 
either level, re quiring that the spin of level E be 3 and 
that of level L 5. The #1 character of transitions LF 
and LH then fixes the spins of both levels F and H, as 4. 


Properties of Level I 


rransitions from level J to levels A and B, which 
would have energies of 1384 and 1197 kev, respectively, 
Upper limits of 0.25 and 0.5%, 
r¢ spective ly, are set on 


were not observed 
the intensities of these two 
The choice of spins for level J is thus re- 
stricted to 2 or 3, taking into consideration the possi- 
bility that an £1 transition to level B might be K 
forbidden. The £1 character of transition JH then 
allows only a spin of 3 for level 7. The transition between 
the 5— level 1 and the 3— level J must then have pure 
E2 character, which is compatible with the measured 
K/L ratio (see Table I). 

The absence of £1 transitions from the 3— level J to 
the 2+ and 4+ levels B and C of the ground-state 
rotational band may be evidence that K>2 for this 
level. 


transitions. 


Possible Spins for Level J 
Finally, the absence of a 1381-kev transition from 
level J to level B, on the intensity of which an upper 
limit of 0.25% is set, allows only spins of 4 or 5 for 
level J. 
Nature of Level H 


It should be noted that these arguments regarding 
the spins of the various levels are independent of any 
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F'1c. 8. A comparison of the decay energies of nuclides decaying 
to the even osmium isotopes with values predicted by the sen 
empirical mass formulas of Cameron (see reference 30) and 
Levy (see reference 31 Experimental decay energies wer¢ 
arrived at from the following sources: Re™*; F. T. Porter, M. S 


Novey, and F. Wagner, Jr., Phys. Rev. 103, 921 
1.0715+0.0013 Mev. Re'**; M. W. ] 
R. Williams, and S. V. Nablo, Can. J 
max) = 2.116+0.002 Mev. Re™: (see reference 
t0.3 Mev. The highest energy beta group is 


Freedman, T. B 
(1956), Eg—tmax 
C. C. McMullen, 
34, 69 (1956), Ez 
29), Es 7 


max) = 1./ 


_~ 


assumed to proceed to the 1.384-Mev level of Os™. Iri#; G 
Scharff-Goldhaber, D E Alburger, and M McKeow!: 
unpublished), Egscnax) = 1.92+0.05 Mev. The highest energy 


positron group is assumed to proceed to the 0.434-Mevy level of 


Os, Ir'®8; G. Scharff-Goldhaber, D. E. Alburger, and M 
McKeown (unpublished Egccmax) = 1.4504+-0.030 Mev The 
highest energy positron group is assumed to proceed to the 








0.155-Mev level of Os'**. Ir™; The energy of the upperr é 
of Os™ excited in the decay of Ir™, at 1.876 Mev, is adopted as 
a lower limit on the decay energy of Ir™. The upper limit of 
2x10~* determined for the positron branching in the decay of 
Ir™ yields an upper limit of 2.2 Mev on the decay energy. Ir’ 


A value of Qx,,, (Ir 1.54+0.25 Mev for the Ir™ — Os! 


disintegration energy has been calculated from the known dis 
integration energy of the Ir™ — Pt™ beta decay and the measure 
masses of Pt™ and Os’ as follows 

Ox, p+ (Ir) =Q4_ (Ir) +-LM (Pt) — M (Os"™) |e? 


Nuclear Data Sheets, compi! 


using the following data 
Levesque, J 


Way, F. Everling, G. H. Fuller, N. B. Gore, R B 
Marion, C. L. McGinnis, and M. Yamada, Nationa! Academy of 
Sciences, National Research Council (U. S. Government Printing 
Office, Washington, D. C., 1959). Qg_ (Ir) = 1.45340.005 Mev 


Gutkin, and V. V. Dorokhov, J. I 


R. A. Demirkhanov, T. I 


Theoret. Phys. (U.S.S.R.) 37, 1217 (1959) [translat Soviet 
Phys.-JETP 10, 866 (1960)], M(Pt) = 192.022561+0.000225 
amu, VM (Os™)= 192.022470+0.000160 amu. A value of 1.95 Mev 
for the Ir” — Os™ disintegration energy, based on the discover 

of a 1.5X10-*% positron branch in the decay of Ir { whick 
kee 0.240+0.010 Mev, has recently been proposed by S. I 
Antonova, S. S. Vasilienko, M. G. Kagansky, and D. L. Kamins 

J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 379 (1960). This value 
for the disintegration energy rests, however. on the a t 

of 5 spin and parity for the ground state of Ir, wh . 


require that the positron decay proceed to the 3+ level at 0.691 


However tl sD 





Mev in Os n of the ground state of Ir™ ha 
been shown to be 4 on the basis of studies of the branching ratios 
of the beta decay of the 1.45 minute isomer of Ir™ by G. Scharff 


‘ experimental 
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of the decay scheme, and to place an upper limit on the 
decay energy of Ir. On the basis of a large body of 
experimental evidence the A/8+ branching ratio for 
nonunique first forbidden transitions has been shown 
to fall 30 to 60°, above the predic tions of Zweifel™ for 
allowed transitions and the K/8+ ratio for unique first 
forbidden transitions to be close to the value for allowed 
transitions multiplied by the factor 2(We+1)/(Woe—1), 
where Wo is the maximum positron energy, in units of 
moc*, including the rest mass.” This branching ratio was 
estimated for transitions to the ground state and levels 
B, C, and D of Os™ for an assumed total disintegration 
energy of 1950 kev and odd parity and spin 2, 3, 4, or 5 
for the ground state of Ir. The predicted value for an 
allowed transition was multiplied by a factor of 2 for 
nonunique first forbidden transitions and by the factor 
2(Wo+1)/(Wo—1) for unique first forbidden transi- 
tions. The values obtained for the K/8+ branching 
ratio were combined with the measured upper limit on 
the positron branching ratio to give the upper limits on 
electron capture intensities shown in Table V. These 
o confirm the result that none of the first 
three excited of Os! 
electron capture transitions. Evidently the large relative 
rac ting the of 
transitions to arrive at 


serve chiefly t 


states are strongly excited by 


error associated with subt intensities 


several strong electromagnetk 


a small electron capture transition intensity is respon- 
sible for the fact that the electron capture intensity to 


the 186.7-kev level derived from the measured gamma 
the 
he measured positron 


and internal conversion intensities exceeds 


upper limit established from t 


ray 
branching. 
Total Disintegration Energy 


In order to place an upper limit on the decay energy 


of Ir™, K/8+ branching ratios wer also calculated for 

assumed total disintegration energy of 2200 kev. 
These gave the result that for this decay energy electron 
capture transitions to any of the first three excited 
levels, the sum of whose intensities exceeded 3%, would 


give rise to a positron branching ratio greater than the 
upper limit. While the individual electron 
ties derived for transitions to these levels 


rif 
| t 


capture intensi 


are small, and subject to large relative errors, certain of 





“Pp. F. Zweifel, Phys. Rev. 107, 329 (1957 
J. Konijn. B. van Nooijen, H. L. Hagedorn, and A. H 
Wapstra, Nuclear P 9, 296 (1958 
Goldhaber and M. McKeown, Phys. Rev. Letters 3, 47 (1959) 
and earlier work on the branching of the beta decay of the ground 
stat Ir'® (see Nuclear Data Sheets, cited above). The positron 
iv of Ir" would then be expected to proceed to the yn level 
of Os™ at 0.206 Mev, giving a tal disintegration energy 
O; Ir’) = 1.468+0.010 Mev close agreement with the 
iv above. Note added in pr Recent studies by 
the au es of the gamma rays and internal con 
ion electrons of Ir'** with high energy positrons indicate that 
he predominant positron branch in the decay of Ir™ proceeds to 
the 0.869-Mev level Os'™, rather than to the 0.434-Mev level, 


y 1 
imed 


ntegration energy should there 
Mev indicated in Fig. 8 


earlier. The tota 


Mev rather thar 3.37 


> 3.81 
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these errors drop out in taking their sum, giving a total 
intensity for electron capture transitions to the three 


‘ 


levels of (204+7)%. The total disintegration energy of 


. leemed to lie between the energy of the 


1876 kev and an 


Ir™ is therefore 
uppermost level excited in Os™ at 
upper limit of 2200 kev 

Che lower limit of 1876 kev on the decay energy of 
Ir'® | 
emiempirical ma 
1500 kev 
the expt rimentally 
[r'8* [r'™ 
of Cameron and Levy 


considerably higher than that predicted by the 
(1259 kev 
This is shown in Fig. 8, where 
of Ir'8*, 


are compared with the pred tions 


formulas of Cameron 
and of Levy 
determined decay energies 
1.19 
and if 
The ¢ xp rimental and predic ted 
to diverge with increasing mass 


decay energi¢ are een 


number, their difference approaching 1 Mev for Ir'® 


The 


empiric al mass law, 1 


necessity tor izeable corrections to the sé mi 


order to take into account contri 


butions arising from the nuclear deformation, has 


already been pointed out by several authors From 
this point of view the large dis« repancy observed in the 
present instance between experimental and predicted 
decay energie 
of the 


this region. 


ibly arise from the rapid change 


nuclear deformation with 


may poss 


neutron number in 


Comparison with Nuclear Models 


Deviations from the Strong Coupling Model 


Interest in the even i otope of osmium arises from the 
fact that they may be expected to exhibit prope rties 
intermediate 


nuclei in the 


between those of the highly deformed 

ion (152<A < 182) and 
he pherical nucle in the near-harmonic region 
192S.A 


uupling region » 


208 deviation of nuclear prope rties 
from those predi ted by the stror 


found to be larg tor ()s'* 


g coupling model is 


he experimental evidence 


for this which ilreadv been cited is as follows 


1. The levels 


only do not have an /(/+1) dependence of their energy 


of the ground-state rotational band not 


on the spin, but are also not fitted by the addition of 


arising from the rotation-vibration 


P+ 


nt of the lifetime s of the second 


1 correction term 


interaction, proportional to 
2. A direct measureme 

and first ex tates of the ground state rotational 

band 

lor the E2 1 nsitior 

0.44 , , wil 

1.43 


3. Coulomb excitation me 


vive é itio of reduced transition probabilities 


} } 
est two 


from t 
trong coupling model predicts 
a vaiue ol 
surements’ give a value ol 
io of reduced transition probabilities 
7 & 
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9.5_, st? for the rat 
for the £2 transitions 
kev to the first excited state and ground state, 
tively (the of the present work give 
6.3+1.0) while the st g coupling 
of 1.43 
‘E. M. Burt 


H Revs. Mo 
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value 


GOLDHABER 


4. The AK 
relaxed with respe 
tion in Os! 
with K-forbidden tr y deformed 
Hf!78 36 Hi ndr e facto 6x ‘ and 
10-'6, respect vel itions 
v=AK—L=8 

The reiatly 
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where the first term is the energy predicted for the level 
by the asymmetric rotor model in the absence of the 
rotation-vibration interaction, and the second term is 
introduced to correct for the rotation-vibration inter 
action. 

In this expression 8 is the customary parameter 
describing the quadrupole deformation of the nucleus 
and A (8) is the function which, for an axially symmetric 
nucleus, gives the rotational energy of a level with spin / 
LE 24 (8)1(1+1 


[ Exot in the absence of the rotation 
vibration interaction 


Che effect of the departure from 
axial symmetry upon the energies of the rotational 
levels is contained in the function e("J,y). The quantity 
6 introduced in the second term is an adjustable param 
eter which should have the same value for all values of 
the spin. 

A comparison of the predicted and experimentally 
determined level energies of a given nucleus is simplified 
by taking the ratios of the energies of the various levels 
"J to the energy of the first 2+ state, for these ratios of 
energies do not depend on 8. These ratios are approxi- 
mated by 


Ri("1) = Ro") +be(" [1 — Ro(* 


where the first term, Ro("/), 
in the absence of a rotation-vibration interaction. The 


is the corresponding ratio 


parameters y and 6 are then chosen to give the best fit 
to the ratios of the experimentally determined level 
energies. 
For Os™, 
assumed values of ¥ 


these energy ratios were calculated for 
22.2° and b=3.7XK10~, 
appear to give the best agreement between the predicted 


which 


and experimentally determined energies of the levels of 
ground-state rotational band and the second 2+ level 
They are presented in Table VI, along with the corre- 
sponding ratios of measured energies 
the levels of the 


The values for 
ground-state rotational band, the 
Ser ond 2+ le ve a and the 3 7 le vel are seen to be in ( lose 
agreement, but the energy of the second 44 
seen to fall below the « nergy predic ted by the the ory by 
approximately 8%, and the energy of the third 44 
level falls below the the oreti ally predic ted level ene rgy 
by ne arly a factor of 2. While the small deviation of the 
energy of the second 4+ level (F) might, as observed 
previously, be attributed to a repulsion of this level and 
level H, the energy of the third 4+ level (#1) clearly 
does not fit the predictions of the asymmetric rotor 
model. The *4 level predicted by the asymmetric rotor 
model, it will be noted, would not be expec ted to appear 
in the decay of 12 day Ir™ for its predicted energy lies 
in the vicinity of 2 Mev. 


level is 


Reduced transition probabilities were calculated for 
certain transitions from the results of Davydov et al.*.* 


for the same value of y. Ratios of these are compared 
in Table VII with corresponding experimental ratios, 


and with the predic tions of the strong coupling model 
where they can be made. Evidently the experimental 


results for transitions from the 2+, 3+, and 4+ levels 
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Taste VI. A comparison of the measured energies of the levels 
of Os™ with those predicted by the asymmetric rotor model. The 
energies are expressed as the ratio of the energy of a given level, 
"J, to that of the first 2+ level. In the calculation of these ratios 
from the asymmetric rotor model the method of reference 40 has 
been followed. The energy of the nth rotational level with spin / 
iS approximated by 


F4("I,y,8)= A (B)e(*I,5 


’ 


where the first term is the energy predicted for the level by the 
asymmetric rotor model in the absence of the rotation-vibration 
interaction, and the second term is introduced to correct for the 
rotation-vibration interaction 

In this expression 8 is the customary parameter describing the 
quadrupole deformation of the nucleus and A (8) is the function 
which, for an axially symmetric nucleus, gives the rotational 
energy of a level with spin J [ Fyor= 4A (8)/ (1 +1)) in the absence 
of the rotation-vibration interaction. The effect of the departure 
from axial symmetry upon the energies of the rotational levels is 
contained in the function e("/,y). The quantity 6 introduced in 
is an adjustable parameter which should have 
the same value for all values of the spin 
lhe ratio of the energy of a given level "J to that of the first 

state may be written as 


Rs (*1) = Ro(*1) +be(*1 yy 1—R 
where Ro("J) is 


rotation-vibration ir 
the above expression 


the second tern 


) 4 
. 
"J)j, 


corresponding ratio in the absence of a 
Energy ratios were calculated from 
with the choice of values of 22.2° for the 
y and 3.710 for the rotation-vibration 
1eter b. These values of y and 6 appear to give 
of the predicted and measured ratios of the 
energies of the '4, '6, '8, and #2 leveis to the energy of the '2 level 


iteraction 
asymmetry parameter 


nteraction para! 


the hest agreement 
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Experimental 


mJ) E(}2) 
Theory 
+01 1 1 
+0.5 2.985+4-0.003 2.990 
+1.0 4.045+0.006 3.969 
+05 2.934+-0.003 2.983 
+1.0 5.112+-0.006 5.538 
+1.0 6.220+0.007 10.83 
+2 5.614+0.011 5.655 
+3 &.904+0.018 8.96 


D, E, and F agree more closely with the predictions of 
the asymmetric rotor model than with the predictions 
of the strong coupling model. There is a disagreement 
of nearly a factor of 10, however, between the predic- 
tions of the model and experiment for the ratio of 
reduced transition probabilities of transitions HE and 
HD from the third 4+ level 1. Both the energy of this 
level and the relative intensities of transitions from it 
thus fail to fit the predictions of the asymmetric rotor 
model, suggesting either another origin for this level or 
a deficiency of the model. If the observed 205.9-kev 
transition is placed at either of its two possible locations 
in the level scheme, between levels H and F, or between 
levels E and C, in either case the ratio of the reduced 
transition probability of the 205.9-kev transition to that 
of the other transition proceeding from the same level 
will be substantially larger than the corresponding ratio 
predicted by the asymmetric rotor model (see Table 
VII). In view of the deviation of the properties of level 
H from those predicted for the third 4+ level in the 
asymmetric rotor model, it would appear to be more 
probable origin for this transition. 
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DECAY SCHEMES 
interactions between the odd particles depress the levels 
of class A relative to those of class B in Ho'®, 

It is the asymmetric rotor levels of class A which 
have been calculated by Davydov and Filippov. We 
have calculated the levels of class B to see whether they 
fit the odd-parity levels of Os™ observed in our work 
(levels J, J, L, and N). With the assumption of the 
probable spins attributed to these levels it was not 
possible to reproduce their relative positions. li level L 
were to have spin 4, however, rather than the spin 5 
tentatively attributed to it, then the positions of the 
levels could be fitted with a 6 and 7 somewhat different 
from the Davydov-Filippov 8 and y for the ground 
state band. But then the relative transition proba- 
bilities, which are also predicted by the model, did not 
agree with the observed pattern of transitions between 
these levels. Neither could the relative spacing of the 
odd-parity levels of W'* be fitted by the model. 

While the asymmetric rotor model of Davydov and 
Filippov agrees, in general, well with the data on the 
lower energy levels, there is a plausible reason why this 
simple model might not work as well for rotations based 
on excited particle or vibrational states. In the latter 
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case there are near-lying particle states which can perturb 


the level structure and wave functions, while at least the 
lower members of the ground state rotational band are 
well separated in energy from states with different 
particle configurations which might be admixed. 
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An energy 
on the B'°( He ,p)C™ reaction at An. 
4.43-Mev first excited state 
The intensity 
0.07) 
12.78-Mev 
relative 


evel in C® at 9.0+0.1 Mev 
ye Mev 


An upper limit of 5 


to the corresponding ground-state transitions 
a sensitive 


means of this reaction 


INTRODUCTION 


HE work described in this paper began as a search 

for the 3.2-Mev gamma-ray de-excitation of the 
0+ second excited state of C” at 7.66 Mev. This level, 
which is known to decay predominantly by alpha- 
particle emission to Be’, is thought to be involved in 
the “burning” of helium in red giant stars.' In recent 
weak (~7X10-° per decay) FO 
transition from the 7.66-Mev level 
estimated that the fractional 
+.43-Mev first excited state by the 
emission of 3.2-Mev gamma radiation would be ~ 0.02% 
of the total decay of the 
estimate! of 0.0014 ev 
The best expr rimental upper limit is 0.1% for this 
therefore 
the 3.2-Mev gamma radia- 


experiments? the 
ground-state was 
obs« rved and it was 


branching to the 


level if the single particle 
is assumed for the width [ 
branch.?4 A ve ry sensitive technique is 
required in order to detect 
tion. 

One approa h to this proble m is to excite the 7.66 
Mev state by the B'(He*,p)C 


the triple coincide 


? reaction and to look for 
nce effect due to the proton branch 
feeding the 7.66-Mev state and the two gamma rays of 
3.2 and 4.43-Mev occurring in the de-excitation. Protons 
from the B"(He’*,p)¢ 
coincidence, have 
tectors by Moak et al. 
etal. At En 


state is 25 


reaction, both singly and in 


been studied with scintillation de- 
and more recently by Almqvist 
2 Mev the proton group to the 7.66-Mev 
times less intense than the group to the 
+.43-Mev level. Nevertheless we felt that a triple coin- 
7.66-Mev 
scintillation detectors might be feasible. 


Instead of 


cidence measurement on_ the state with 


, 


finding the 3.2-Mev gamma-ray branch 


t Work performed under the 
Energy ( ommussior 
For a review see C. W. Cook, W. A. Fowler, C. C. Lauritsen, 

and T. Lauritsen, Phys. Rev. 107, 508 (1957 

2D. 1 Alburger, Phys. Rev. Letters 3, 280 
118, 235 (1960 

+R. W. Kavanagh, Bull. Am. Phys. Soc. 3, 316 (1958 
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Phys. Rev. 110, 1369 (1958 
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\. E. Litherland, Phys. Rev 
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1959); Phys. Rev 


J. Ferguson, H. I 
114, 1040 (1959 


Gove, and 


ALBURGER AND R. E 
en National Laboratory, U pton, Ne 


PIXLEY 


1960 


has been detected by means « 
This state decay 


© 1s placed on 


of the proton group leading to the 9.0-Mev state (followed 
® relative to the proton branch to the 4.43-Mev level. Gamm 
states in C™ to the 4.43-Mev level have been determined a 

The radiations fr 
search from being made for the 3.2-Mev gamma radiation f 


from the 7.66-Mev level we have uncovered a new state 
in C” at 9.0 Mev which de-excites by a gamma-gamma 
cascade through the 4.43-Mev first excited 
Although the proton branch to the 9.0-Mev state is 
found to be 20 times less intense than the branch to the 
7.66-Mev level the (p,7,7) triple coincidence effect due 
to the 9.0-Mev state has made the search for the 3.2- 


Mev radiation from the 7.66-Mev state more than an 


state. 


order of magnitude in required accord- 
ing to the above-mentioned timates 

We report here the measurements which have 
9.0-Mev level her with gamma-ray 
of the 15.10- and 12.78-Mev levels to 
the ground and first excited states of C™. The 
branch from the 12.78-Mev | not 
previously. 


been 
made on the 
branching studies 
cascade 


been re ported 


EXPERIMENTAL TECHNIQUES 
Since our estimates of t B (He? ;p,7,7)4 


} 


yieid 


, triple 
coincidence he 7.66-Mev leve in C 
very low intl! ral “ concentrated 


yuld be 


h wou d also 


indicated a 
first on developing proton detector which « 


used in large solid 


allow two gamma t 
target. Figure 1 

the experiments ‘rotons a letected in a ¥% 
diameter by A iy tf lot ntillator which is 


attached to a ul 


6362 10-stage 


photomultiplier tube 
foil 0.00035 in. thick 
of protons trom 
optimum scint 
conditions, tl 


the 


T 
study of 
BY (He, p)C 
level. It was found tl 
scintillator result 
for detection in ¢ 
We also tried C for proton detection 
but the pulse-height resolution was no better than 
Pilot-B. Apparently the linewidt ilts mostly from 
the photocathode nonuniform! tk 


with 


the variation in 


1970 
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illumination occurring when particles enter the scintil 
lator in different directions. Since the resolution under 
the conditions we were using seemed to be relatively 
independent of the type of scintillator, we chose Pilot-B 
because of its short scintillation decay time. 

On opposite sides of the target tube are located two 
5-in. diameter Nal crystal detectors, one 5 in thick and 
the other 4 in. thick whose axes are in line with the 
target. The front surfaces of the two Nal crystals are 
both 1.2 cm from the beam axis. In this geometry the 
calculated’ efficiency-time-solid-angle for 4.4-Mev 
gamma rays is 21% for each detector. 

The target material, which was very kindly supplied 
by Dr. D. A. Bromley, consisted of an 80-yg/cm? thick 
B® layer deposited on 0.5-mil thick Al foil. A 4X4 mm* 
target foil was cemented at its edges to a 0.5-mil thick 
Al vacuum window foil which was in turn waxed onto 
the end of the target tube. A collimator confined the 
He* beam from the Van de Graaff accelerator to a spot 
2 mm in diameter. 

Standard electronic circuits were used for coincidence 
detection. We found the best pulse-height resolution 
and gain stability of the 6362 phototube with a cathode- 
to-first dynode voltage of 200-250 volts and a total 
voltage of 700-800 volts. The outputs of three Franklin 
double-delay-line clipped amplifiers were fed to a 
standard fast-slow triple coincidence circuit which 
operates on the passage-through-zero part of the pulse. 
Fast coincidence resolving time settings were 7 
(3-4) 10~® sec and slow channels with 7r~4 usec were 
available on each of the fast inputs. The spectra were 
displayed in a Penco 100-channel pulse height analyz r 
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Fic. 2. Curve A proton spectrum 
from the B'’(He*p)( reaction at 
Eye*= 2.2 Mev when using the proton 
detector geometry of Fig. 1; Curve 
B—proton spectrum in triple coin 
cidence when both gamma-ray dete« 
tors are channeled between 2.5 and 
5 Mev; Curve C, points 
proton spectrum in 
cidence with one gamma-ray counter 
channeled from 2.5-5 Mev; Open 
circles—spectrum (normalized to the 
4.43-Mev line) when the gamma-ray 
counter is channeled so as to include 
only the region containing full 
energy-loss peaks of the 4.43- and 
46- Mev gamma rays. Numbers 
refer to the energies of levels in C™ 
Note: In this and all other figures 
the zero of pulse height is at minus 
8 channels on the abscissa 
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He*® beam currents of 0.01 to 0.05 wa were used for the 
various experiments which are described below. 


EXPERIMENTAL RESULTS AND DISCUSSION 
A. 9.0-Mev Level in C”” 


Figure 2(A) shows the singles spectrum of protons 
from the B'(He*,p)C” reaction at Eye=2.2 Mev 
obtained in the geometry of Fig. 1. (The ground-state 
proton group lies beyond the range of the 100-channel 
pulse-height analyzer). At a beam current of 0.05 wa the 
yield in a channel placed around the 4.43-Mev proton 
group was 6800 counts per second. In our initial runs 
the proton detector was channeled on the group to the 
7.66-Mev level, one Nal detector was channeled on the 
region containing the three peaks of the 4.43-Mev 
gamma ray (full energy, one-escape and two-escape 
peaks) and the spectrum of pulses from the other Nal 


) 


crystal in triple coincidence was displayed. This spec- 
trum showed only gamma rays of about 4.4 Mev with 
an intensity very much greater than either the random 
coincidence rate (see discussion below) or the estimated 


yield of the 3.2-Mev gamma rays. 

As an alternative procedure for establishing the 3.2- 
Mev gamma-ray de-excitation of the 7.66-Mev level 
both NaI detectors may be channeled from 2.5-5 Mev, 
so as to include major portions of the spectra of both 
the 3.2- and 4.43-Mev gamma rays, and one may look 
for the 7.66-Mev proton group [at channel 57 in Fig. 
2(A)] in triple coincidence. One of the many spectra 
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taken under these conditions is shown in Fig. 2(B). 
This exhibits a random peak due to the protons to the 
4.43-Mev state, the real peaks due to the protons to the 
15.10- and 12.78-Mev states and a prominant peak at 
a pulse height of 48.5. For values of the beam current 
ranging from 0.0125 to 0.05 wa the yield of the line at 
channel 48.5 was proportional to the integrated beam 
current whereas the relative yield of the 4.43-Mev 
random peak decreased at lower beam current. The 
peak at channel 48.5 was still observed when both 
gamma-ray detectors were channeled on only the full- 
energy-loss peak of the 4.43-Mev gamma rays (with 
diminished intensity because of the smaller fractions 
of the 4.43-Mev gamma-ray spectra accepted) but it 
disappeared when one gamma-ray counter was chan- 
neled above 5 Mev. In order to remove the difficulties 
which might arise from N® positrons entering the Nal 
crystals, and also to discriminate against annihilation 
radiation, the triple coincidence spectrum was run 
under the conditions of Fig. 2(B) except that }-in. thick 
Pb absorbers were placed in front of both gamma-ray 
counters. The peak at channel 48.5 remained with the 
same relative intensity when allowances were made for 
the reduction in solid angles of the gamma-ray detectors 
and for the absorption of the 4.43-Mev gamma rays in 
the lead. 

We note here than the 4.43-Mev peak in Fig. 2(B) is 
due to several different effects. In the gamma-ray spec- 
trum there was a strong annihilation radiation line 
whose intensity immediately after turning the beam off 
was unchanged indicating that no appreciable amount 
of N® was formed. The decay of this radiation was found 
to have a half-life of ~ 20 min, and we assign the activity 
to the positron emitter C™ produced by the B®(He’,d)C" 
reaction. In our experimental arrangement there is a 
high efficiency for detecting beta-gamma-gamma fast 
triple coincidences associated with positron activities. 
Although the pulses from the three detectors are below 
the channel biases, a slow quadruple random coinci- 
dence occurs when the fast coincidence gate is opened 
by a positron and two 0.51-Mev gamma rays and 
random pulses appear in their respective channels 
within the 4-usec slow resolving time. In the case of the 
4.43-Mev proton group, pairs of the pulses in the slow 
proton and gamma-ray channels can also be in real 
coincidence. Based on the fast triple coincidence rate 
and on the slow channel rates, we calculate that about 
4 of the 4.43-Mev peak intensity in Fig. 2(B) results 
from events of this nature. In view of the relative 
amplitude of the 9.0-Mev proton peak in Fig. 2(B) it 
is not possible to explain this Jine as being the result of 
random events. 

We conclude that the peak at channel 48.5 corre- 


sponds to protons leading to a new energy level in C”. 


A scale of energy versus pulse height was derived from 
the peak positions of the 9.61-, 7.66-, and 4.43-Mev 
peaks in Fig. 2(A) and an energy value of 9.0+0.1 Mev 
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for the state was obtained after making a slight adjust- 
ment of the 4.43-Mev random peak in Fig. 2(B) to the 
energy scale. The 9.0-Mev state decays by a gamma- 
gamma cascade through the 4.43-Mev first excited state. 
The energy deduced for the first transition is 4.6+0.1 
Mev which means that the two gamma rays would be 
difficult to resolve with NaI detectors. Since a total 
energy of ~ 20 Mev is required to produce this (,7,7) 
coincidence effect we know of no other reaction that 
has a high enough Q value to account for our results. 

Returning to the first experiment described in this 
section it may be seen from Figs. 2(A) and 2(B) that a 
channel placed around the 7.66-Mev proton peak in- 
cludes } to 4 of the proton group leading to the 9.0-Mev 
state. This account for the 4.4-Mev gamma-ray spec- 
trum which was observed in triple coincidence. Because 
of the “background”’ resulting from the 9.0-Mev proton 
peak and its associated gamma-gamma decay mode we 
estimate that a 3.2-Mev gamma-ray branch from the 
7.66-Mev level smaller than 1% cannot be established 
in this reaction with our experimental arrangement. 

Figure 2(C) (solid points) shows the spectrum of 
protons in coincidence with one gamma-ray counter 
channeled from 2.5-5 Mev. In addition to the very 
strong protons to the 4.43-Mev level and the weak 
group to the 15.10-Mev state there is a complex distri- 
bution having a peak at channel 42. A proton group in 
the same relative position has been observed pre- 
viously®:* and it has been assigned to the B"(He’,p)C™ 
reaction feeding levels in C™ at 3.68 and 3.86 Mev. We 
then placed a narrow the gamma-ray 
detector output so as to bracket the region containing 
only the full-energy-loss peaks of the 4.43- and 4.6-Mev 
gamma rays. The resulting spectrum when normalized 
to the amplitude of the 4.43-Mev solid-point peak is 
shown by the open circles in Fig. 2(C). It is clear that 
the peak at channel 42 has disappeared and that a peak 
at channel 49 remains. The position of the latter corre- 
sponds closely in position to the peak in Fig. 2(B). 
These results confirm the assignment of the proton 
group in channel 42 to a C™ state which emits gamima 
rays of <4-Mev energy and the proton group in channel 
49 to the C” 9.0-Mev state which emits gamma rays of 
about 4.4 Mev. 

The proton branching intensity to the 9.0-Mev level 
relative to the 4.43-Mev proton branch was calculated 
from Fig. 2(C 
circle curve (less the dashed estimated background 


channel on 


by comparing the area under the open- 


curve) with the area under the 4.43-Mev peak. Allowing 
a factor of two for the two cascade gamma rays in coin- 
cidence with the 9.0-Mev peak the (9.0-Mev level) /(4.43- 
Mev level) population intensity ratio for protons whick 
are followed by gamma-ray emission is (0.21+0.07)% at 
En. = 2.2 Mev. For the purpose of calculating detector 
efficiencies it has been assumed that there is no (p,7) 
angular correlation and that the proton distribution is 
isotropic. With the large solid angles subtended by both 
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the proton and gamma-ray detectors, it is felt that the 
presence of nonisotropic correlations would not greatly 
affect our results. We did see a small effect of the (p,7) 
correlation in the case of the 4.43-Mev state. When a 
channel was placed around the proton group to the 4.43- 
Mev state, the measured total efficiency-times-solid- 
angle of the coincident 4.43-Mev gamma rays was 17.5°% 
compared with the 21% expected for an isotropic corre- 
lation. The error that we have placed on the branching 
ratio includes a 20% uncertainty to cover possible 
angular correlation effects. 

As a check on our interpretation of the open-circle 
curve in Fig. 2(C), we calculated from its yield the 
expected yield per microcoulomb of the 9.0-Mev triple- 
coincidence peak in Fig. 2(B). This was done by multi- 
plying the net peak yield in Fig. 2(C) (open-circle curve) 
by an efficiency-times-solid-angle factor of 13.4%. The 
efficiency factor was measured by (p,7) coincidences on 
the 4.43-Mev level and it is smaller than the 17.5% total 
efficiency because of the channel bias condition. We find 
that the predicted triple-coincidence yield of the 9.0- 
Mev peak agrees with the yield observed in Fig. 2(B) 
within 10%. 

In order to investigate the possibility of a direct 
gamma-ray transition to the ground state from the 9.0- 
Mev level we channeled the proton detector on the 
region containing the 9.0-Mev proton peak and dis- 
played the gamma-ray spectrum in coincidence. As may 
be seen in Fig. 3 gamma rays of 4.4 Mev appear together 
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Fic. 3. Gamma-ray spectrum in coincidence with the proton 
counter channeled on the region containing the group to the 9.0 
Mev state. The spectrum ending at about 9 Mev is consistent with 
“summing” of the 4.6-4.33 Mev cascade gamma rays. 


rING 


LEVEL IN C! 1973 
with a weak distribution which falls off at about 9 Mev 
and a higher energy random background. The 4-Mev 
and 9-Mev regions of the spectrum are difficult to relate 
quantitatively because the yield of pulses in the neigh- 
borhood of 4 Mev is caused partly by the long low- 
energy tail of the proton group to the 4.43-Mev state 
and partly by the gamma rays of 3.68 and 3.86 Mev 
from the B"(He’,p)C™ reaction. The 9-Mev distribution 
is consistent, as regards both shape and intensity, with 
the summing” of the 4.43- and 4.6-Mev gamma rays 
in the crystal. A 5% ground-state transition would 
appear as a 1-Mev wide peak near 9 Mev with an addi- 
tional height equal to the amplitude of the sum spec- 
trum at that energy. 

At present we can say little about the relative alpha- 
particle width of the 9.0-Mev state, since we do not 
observe the proton line in the singles spectrum. In the 
singles spectrum measured by Almqvist e? al.* at Fue = 
2 Mev a proton group to the 9.0-Mev state with an 
intensity of up to 4% of the 4.43-Mev peak could be 
present but not be detected. Thus since the branching 
deduced from gamma-ray emission is 0.21% of the 
branch to the 4.43-Mev level the alpha-particle width 
of the 9.0-Mev level could be as much as 20 times larger 
than the gamma-ray width and still be consistent with 
existing data. A magnetic analysis of the protons from 
the B”(He*,p)C” reaction at Eq=2.2 Mev would be 
worthwhile as a check on the existence of the 9.0-Mev 
level in C*, Furthermore a value or limit on the ratio 
r,/1, could be obtained by a comparison of the popula- 
tion of the 9.0-Mev state in the singles proton spectrum 
with the number of protons followed by gamma-ray 
emission. It would seem likely that appreciable gamma- 
ray emission could occur only if the alpha-particle 
emission is parity-forbidden. 


B. Gamma-Ray Branching of tae 
15.10-Mev State 


The branching of the 15.10-Mev level to the 4.43-Mev 
state relative to the ground-state transition has been 
measured as 9% by Waddel et al.,* 3.5% by Garwin and 
Penfold,’ and 3.1% by Almaqvist et al.* We have deter- 
mined this branching ratio by combining double and 
triple coincidence information. The procedure was to 
set a rather wide channel on the proton group to the 
15.10-Mev state, to channel one gamma-ray detector 
on the 3 peaks of the 4.43-Mev gamma rays, and to 
display the gamma-ray spectrum first in double coin- 
cidence with protons and then in triple coincidence with 
protons and 4.43-Mev gamma rays. 

The double coincidence run, Fig. 4(A), contains the 
distribution due to the 15.10-Mev ground-state gamma 
rays whereas in triple coincidence, Fig. 4(B), the 10.7- 


*C. N. Waddel, H. E. Adelson, B. J. Moyer and H. C. Shaw, 


Bull. Am. Phys. Soc. 2, 181 (1957); C. N. Waddel, thesis, Radia- 
tion Laboratory, University of California (unpublished). 
* FE. L. Garwin and A. S. Penfold, Bull. Am. Phys. Soc. 2, 351 
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Fic. 4. Curve A—Gamma-ray 
spectrum in coincidence with 
protons channeled on the group 
to the 15.10-Mev state. Curve B 
gamma-ray spectrum in_ triple 
coincidence with protons to the 
15.10-Mev state and a gamma-ray 
counter channeled from 2.5—-5 Mev 


Mev gamma ray appears together with the 15.10-Mev 
random distribution. By comparing the intensity of the 
10.7-Mev peak in Fig. 4(B) with the 15.10-Mev peak 
in Fig. 4(A) and by correcting for the efficiency times 
solid angle for detecting the three 4.43-Mev gamma-ray 


peaks in the triple coincidence run, the branching ratio 
is derived. However, since the proton group to the 
16.1-Mev state is unresolved, one must correct for the 
presence of the gamma-ray cascade from the 16.1-Mev 
level. The proton group feeding this state is twice as 
strong as the one to the 15.1-Mev state, and its gamma- 
ray branch® to the 4.43-Mev level is 1.4%. Subtracting 
this contribution and assuming similar angular distribu- 
tions for the protons and gamma rays, we arrive at 
(4+1)% for the branching of the 15.10-Mev level to 
the 4.43-Mev state relative to the ground-state transi- 
tion, 


C. Gamma-Ray Branching of the 
12.78-Mev State 


An upper limit of 20% has been placed by Almqvist 
el al.® on the branching of the 12.78-Mev level to the 
4.43-Mev level relative to the ground-state transition. 
By channeling on the proton group leading to the 12.78- 
Mev level, we have determined the branching ratio 
according to the techniques described in the preceding 
section. The double coincidence spectrum, Fig. 5(A), 
shows the 12.78-Mev ground-state gamma ray together 
with the 15.10-Mev gamma ray which appears because 


the channel on the 12.78-Mev proton group does not 
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completely exclude the much stronger proton group to 
the 15.10-Mev state. In Fig. 5(B) the triple coincidence 
run exhibits the 8.4-Mev cascade gamma-ray transition. 
The gamma-ray branch to the 4.43-Mev state relative 
to the ground-state transition is 
(20+7)% from these data. 

According to Almqv ist ef al.,® the J ields of the proton 
groups at Ey.3= 2 Mev leading to the 15.10- and 12.78- 
Mev nearly equal. However, the corre- 
sponding numbers of protons associated with gamma- 
ray decay are about 20 to 1 in favor of the 15.10-Mev 
state owing to the fact that most of the 12.78-Mev 
states break up by alpha-particle emission. By com- 
bining this ratio of ~ 20 with our ratio of 5 (in favor of 
the 12.78-Mev state) for the relative cascade gamma- 
ray branchings to the 4.43-Mev state, the 8.4-Mev 
cascade gamma ray from the 12.78-Mev state should 
be ~4 as strong as the 10.7-Mev cascade gamma ray 
from the 15.10-Mev state 


calculated to be 


levels are 


5. Curve A Gamma-ray 
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We have measured the spectrum of 
gamma ravs in col 
channeled from 2 


high-energy 
idence with counter 


n 
5 Mev. A 
this run were not very favorable, we observe, in addition 


a gamma-ray 
though the statistics of 
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The mechanism of the reaction Be*(Li’,Li*)Be*, 0 =0.36 Mev, 
from which the angular distribution of Li* has been measured by 
Norbeck, Blair, Pinsonneault, and Gerbracht (NBPG), is analyzed 
from a classical viewpoint. The reaction is one of neutron pickup 
by the Li’, and it is assumed that due to the low reaction energy 
and relatively low mass of the neutron the Li’ and Be’ are not 
unrecognizably perturbed from the classical hyperbolic orbits they 
would follow under Coulomb repulsion. For the NBPG data taken 
at 2-Mev Li’ bombarding energy it is noted that the blurring of 
the classical trajectories due to diffraction is about 37% in the 
angle of deviation. Comparison of NPGB’s cross sections per 
steradian for Li* formation with those calculated from Ruther 
ford’s formula show that 1 in 10* passing Li’ nuclei can capture 
a neutron from Be’ in encounters in which the perinuclear distance 
is as great as (3.0+0.55) K10™" cm. 

The rate of radial attenuation of the probability of finding the 


I. INTRODUCTION 


ERYLLIUM-9 is the most easily photodissoc iated 
of any of the stable nuclei: 


Be’ > Be'+n'— 1.63 Mev. (1) 


If one explores a three-body model of this nucleus, i.e., 
two alpha particles and one neutron, a striking feature 
is the very low “packing energy,” since 


Be®— (2a-+n) = —0.73 Mev. (2) 


In this paper we will use a crude three-body model of 
the Be’ nucleus, in which the two a particles are assumed 
to be confined to a volume not widely different from 
that consistent with the formula 


v=1.5X10-" YA, (3) 


where r is the radius and A the nearest integer to the 
atomic weight. In contrast, the neutron, like the neu- 
tron in the deuteron, will be assumed occasionally to 
wander far outside the range of nuclear forces, the 
structure possessing an obviously imperfect analogy to 
a dense but small planet with a rarified but extended 
atmosphere. If we disregard the evidence from the shell 
model, place the neutron in an /=0 orbit, and use a 
“square” well potential, the radial part of its wave 
function should have the form 


vy r)«(] Br)e or (4) 

with 
8= (2uW)'/h, 5) 
for values of r beyond the well radius. W is the ioniza- 


tion energy of the neutron from Eq. (1). In the three- 
body problem the interpretation of yu is not unique; it 


t This research supported in part by the U. S. Atomic Energy 
Commission. 
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Be® neutron in unit volume is determined from the angular dis 
tribution of Li*, using the classical equation for the perinuclear 
separation as a function of angular deviation. In the region 
1.5<r<3)X10™ cm it is consistent with the slope of the func 
with B= (2.1+0.5)10" cm“. The theo 
retical value for a neutron bound to a Be* structure by W, = 1.63 
Mev is (2¢W,)*/k or 2.6K 10" cm™ 
It is shown that the extraordinarily low (n,y) cross section for 
Li’ determined by Imhoff, Vaughn, Johnson, and Walt cannot be 
used here to describe the capture. Using a plausible cross section 
of 5X10 cm?, the value of m in the specified region is 1.310" 
cm™~', giving, for instance, the absolute value of neutron proba 
bility per cm’ at 2.0 10~" cm radius as 6.2 10” cm™*. 
The function nr~* exp(—28r) must join on to one less steep at a 
radius 28X10~" cm, or the neutron probability integrated over 
all space becomes greater than unity 


tion mr* exp(—28r 


would certainly seem to have a value less than the 
reduced mass of a two-body system composed of a Be* 
core and an external neutron. 

According to the shell model the neutron should have 
a wave function characterized by /=1, in which case 
the corresponding external radial part is 


yilr)& 


However, we shall be discussing the situation far from 
the center of the Be*® nucleus, and under this condition 
the differences between Eq. (4) and Eq. (6) are com- 
parable to other uncertainti 


1/8r+-1/S*r*)e~?". (6) 


s in the analysis. 


II. NUCLEAR REACTIONS OF Be’ AND THE 
THREE-PARTICLE MODEL 


The Be* nucleus is involved in several nuclear re- 
actions having extraordinarily large cross sections at 
low bombarding energy. In these reactions, there is 
always a possible mechanism by which the Be® nucleus 
can react without decomposing into particles other than 
the three postulated. For instance, consider Be®(p,d) Be* 
and Be*(p,a)Li®; in the first of these the Be® can be 
considered to split in the fashion aa|n, and the neutron 
picked up. In the second, the split could be a| an. 

Consider the first of these reactions. Deuterons from 
it are easily observable under laboratory conditions of 
bombardment with proton energies as low as 0.100 Mev. 
The formula for the Coulomb potential barrier height 
B in Mev for protons recommended by Blatt and 
Weisskopf' is 


B= (ZpZre*)(r,A*+p), (7) 


with Zp and Zr the atomic numbers of projectile and 


target, respectively, and p=0 for protons. Using ro= 1.5 


‘J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
John Wiley & Sons, New York, 1952) 
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CLASSICAL ANALYSIS OI 
ase III. Values of », et 


Fraction 


DarrierT 
Experimenta! situation 7 ] height 


8.6-Mev a’s on Au target 0.34 
2-Mev Li’ on F target 0.22 
2-Mev Li’ on Be target 0.35 


4-Mev Li’ on Be target 0.70 
9-Mev d’s on Al 0.46 


Cc. S. Littlejohn and G. C. Morrison, Phys. Rev. 116, 1526 
b See Butler, reference 6 


sidered in quite the opposite fashion. We will assume 


Rutherford scattering as the principal factor in the ob 
served angular distributions, and treat the nuclear ré 

action as causing a mild perturbation of the classical 
hyperbolic orbits. The perturbation will be estimated in 
a very elementary fashion. Such a treatment must be 
justified in two steps, the first of which is to inquire 
whether, for the elastically scattered Li’ nuclei, there is 
sufficient validity to the orbital picture. This question 
has been considered by Bohr’ and depends on the valu¢ 
of n, where 


” 2Z pZré hV p. Y) 


n is thus the ratio of rmin, [ Eq. (8) | to A, the de Broglie 
wavelength divided by 27. If 7>>1, diffraction effects ar 
negligible and an elastically scattered projectile, de 

tected at angle 6. in the center-of-mass coordinate 
system, may with confidence be said to have traversed 
a hyperbolic orbit given in that system by 


7 (a) = Armin (Csc30. Cosa— 1) cot? (46 10 


Figure 1 illustrates the coordinate system used. Table 


III lists values of » and other significant quantities in 
certain experimental situations. In this table the bar 


Fic. 1. The coordinate system used to describ 
target collision in the barycentric system. a is th 
m of the line connecting the objects from the 


1 OO’~. 6, is the deflection of the projectile 


N. Bohr, Kgl. Danske Videnskab. Selskab, Mat 
18, 8 (1948 
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for various nuclear « 


Remarks 


Pure Rutherford scattering 

Coulomb excitation; no nuclear reactions.* 
Neutron pickup observed; reactions with 
Be® “core” 100 times less probable 
Nuclear reactions of all types 

Butler stripping, no ( oulomb effects 


vi 
' 
I encing reactions 


a conventional manner, 


B ZpZre/t Pi+T), (11) 


ry=1.5X10-" cm and P and T stand for the 
masses of projectile and target, respectively. It is seen 
that the case of Be’ under bombardment with 2-Mev 
Li’ ions, with 7=7, lies close to the region in which we 
have become accustomed to the use of orbital pictures, 
for instance, consider the classical calculations of 
Coulomb excitation 

The uncertainty measured by 7 can be expressed in 
another way; i.e., Bohr’ shows that the uncertainty ex- 
pressed in terms of the variation of the angle of devia- 
tion is approximately 9~*, or 37% for »=7. This can be 
interpreted as an uncertainty in the perinuclear dis 
tance for an observed angle of deviation, through Eq. 

10) with a=0. For instance, with 0,=45° (Li® ob- 
erved at 45° in the barycentric system) the perinuclear 
distance is 2.91 10~" cm at 2 Mev, and the region of 
incertainty due to diffraction lies between 3.5 and 
2.6X10-" cm. At @,= 135°, the uncertainty is less, the 
perinuclear distance lying in the range (1.55 <rper< 1.85) 
xX 10-" cm. 

The second step which needs to be justified concerns 
the fact that even if an elastically scattered charged 
particle may be said with confidence to have traversed a 
classical orbit, one which has been involved in a nuclear 
reaction will in general have its orbit distorted beyond 

| recognition. There are, however, two circumstances, 
special to the Be®(Li’,Li*)Be* reaction, which greatly 
reduce the orbital distortion. These are that the re- 
action has the low QO of 0.36 Mev, and the mass of the 
neutron picked up is 1/7 of that of the Li’ which caught 
it. For a numerical example, consider the situation in 
the barycentric system, for the case of Li’ ions of 2 
Mev kinetic energy as measured in the laboratory sys 
tem. In the barycentric system the Li’ initially is mov- 
ing toward the Be® with 0.633-Mev kinetic energy, and 
the Be’ is approaching it with 0.492 Mev. If we con- 
sider that the Li’ takes up the momentum of a 0.36- 
Mev neutron, imple vector diagram shows that the 
maximum deviation of a Li’ nucleus which would other 
wise pass essentially undeviated, is about 15°. The 
corre sponding \ ie for a 4.0-Mev Li’? is Qh°, For Li’ 





I 
dn 


aborotor 
cm?/ steradian ; y 


Barycentric 


T 


». 2. The angular distribution of Li* from the 
Be*(Li’,Li*) Be® at 2-Mev Li’ energy in the 


centric coordinate 


reaction 


laboratory and bary 


systems 


ions recoiling backward the angular perturbation due to 
neutron capture should be less. 


IV. TREATMENT OF THE DATA 
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tire ly analogous. Figure 
are arbitrary units; let us repre- 


sent the numerical value of any such ordinate by /. Thus 


i dQ= kf, 12) 


1 


and & is the numerical 


factor required to express the result in cm’ per steradian. 


where @, is the laboratory angle, 


The total cross section is then 


ark f siné,dé6,, 13 
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The curve was then transformed to the bary entric 
system by following standard procedures. 

The results of the transformation to the barycentric 
system are shown in Fig. 2. In the transformation, the 
values of the experimental errors in points 
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TasLe IV 


Summary 


Desc ription of operation 


Selection of original NPBG datun 
at 2 Mev (see Fig. 1) 
lransformation to barycentri« 
system. 

Adjustment for perturbation | 
neutron capture, Eq. (15) 
Computation of Rutherford cross 
section, Eq (14 

Calculation of ryer, Eq. (16 

10°" P (0.)/T per 


of the Be® nucleus. 
have just made is 


Then the simple assumption we 


P (6. W(P per) |7O F per (9.), (17) 
where o, is a kind of capture cross section of the Li’ 
nucleus, suitable to the conditions of the encounter. I! 
is expected that the attenuation of |W(r) |* as r increases 
will be extremely rapid at the large values of r which 
concern us; 0.8*10-" cm<r<4x10~-" cm. We shall 
show later that a, cannot be the radiative capture cross 
section of Li’ for a free neutron; in the absence of any 
direct knowledge concerning it we shall assume that its 
variation throughout the barycentric velocities with 
which we are concerned is small compared to the rate 
of variation of |y(r)|*. If this is correct, each value of 
P(0.)/foer deduced from the data of NBPG will be 
proportional to the neutron probability density func 
tion per unit volume at distance fryer from the Be’ 
electrical center. To assist in following the calculation, 
Table IV traces the interpretation of one particular 
NPBG datum through the computations. 

In Fig. 3 the computed values of 107 P(6,)/rper are 
distance in Be’ 


plotted as ordinates against radial 
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2-Mev data, 
@ one derived from 
4-Mev data. The 
solid line is a plot 
of the function r? 
Xexp(—4.2 10"r) 
adjusted tothe points 
at r=2X10~" cm. 


REA 


f computational steps 


Numerical values 


= 5.1510" cm?*/steradian 


* cm’/steradian 


steradian 


dQ) p= 2.3 K10™ cm?*/steradian 
= (3 
2.35108 en 


4.8 10°* cm 


from NPBG’s 2-Mev 
data; circled points are from their 4-Mev results. 


Points marked with a cross are 


reliable which lead to radial 
3.0K10-" cm. At larger 
radial distances the data arise from experimental ob- 


The data seem most 
distances between 1.5 and 
servations on Li® in the forward direction and at low 
intensities with respect to the background. At smaller 
radial distances the unreliability of the 4-Mev data due 
to the effect of diffraction and barrier pentration make 
our simple interpretation unreliable. 

One of the firm predictions of the quantum me- 
chanical model of a nucleus is that the radial part of 
function for a particle 
outside the range of nuclear forces where the nuclear 
potential energy is zero, is given by Eqs. (4) and (5). 
Thus we have 


an acceptable characteristic 


¥(r)|*«r* exp(— 26r), (18) 


and 


(d\W(r)|2)/|p(r) |2—= —2r 


We assume that Eq (18) is the form of the func tion of 


2K 10-” 


(1+-8r)dr. (19) 


Fig. 3, and determine 8 through the slope at r 


cm, using Eq. (19). This gives 


(2.1+0.5)« 102 em=. (20) 


2 
ext 
xy 


If we approximate the Be® nucleus by a two-body model 
in which the neutron moves with respect to a Be* core, 
the theoretical value of 8 may be deduced from Eq. 


(5), using W=1.63 Mev. It is 


Bu, = 2.64 10" cm". 


Considering the uncertainties involved there is reason- 


able agreement. The curve drawn in Fig. 3 is a plot 


of the function r 28r) with B 
ordinate being adjusted so that at r 

value is 2.5<X10~. It is that in the range 
1.510-" cm to 3X10~" cm such a function expresses 
the experimental attenuation quite well; at larger r, 


exp 2.110", the 
2*10~" cm the 


seen 


however, the attenuation of the probability seems less 
rapid. The explanation of such an effect is not at hand; 
as we have noted, the points concerned represent 
measurements of Li® in the forward direction in the 
laboratory at low intensity, very near the background, 
and may be in error. Furthermore, for the small angles 
of deviation from which these points at large r arise, 
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the uncertainty in fr per due to diffraction effects is much 
ine reased. 


VI. ABSOLUTE VALUE OF THE 


NEUTRON PROBABILITY 


Although no rigorous deductions were obtained con- 
¥(r)|? in the 


to 


cerning the absolute values of region 
1.5X10°"8<7r<3X10 calculate it 
uncovered some points of interest. The procedure was 
based on the following idea. If the absolute values of 
lW(r) |? were known along the orbit of the Li’ as it 
passes through the neutron “‘atmosphere’’ in the 
reaches of the Be® 
a neutron could be expressed as 


an atte mpt 


outer 
nucleus, the probability of capturing 


L 


P(6.) { V(r) |? al, 


an obviou 


(21) 


which is refinement of Eq. (17). di is an 


infinitesimal length of arc along the hyperbolic orbit 


and is connected with an increment da in a@ (Fig. 1) by 


| (dr)?+9°(da)? im 22) 


dl { (dr  sin’a+r°*[ d(cosa) | }$ csca. (23 


The integral of Eq. (21) was numerically evaluated, 


using various assumptions about |¥(r)|? and o-,, as out 


lined below The integral was expressed as a sum of 
contributions from increments of path Al 
) 


by Kq 23) 


sociated 
with increments A(cosa), near cosa=1, 

which corresponds to the perinuclear separation. 
Let us assume that the absolute value of the neutron 
density is given by 
V(r 


2.1+0.5 


28r), 24 


nr-* exp 


at- 
to do it independently of Eq. 
(24) to 


<10" cm. The most obvious 


tempt to evaluate is 
(21), namely by space normalization of Eq. 
unity, setting 


f exp 28r)dr 1. 
“ 


in the eleme ntary theory of the deuteron, 


and neglects the fact that 


born 


This 1S doi e 
inside the region of the po- 
tential well the function is no longer the one postulated 
in Eq. (24). Carry 
3 3410 


ng out this step Eq. 25) produces 


n= B/2r which is unacceptably small. To 
show this, consider the observations on Li* produced 
at 90° in the 


barycentric system from a 2-Mev Li’ 


beam. The perinuclear distance in this case is (2.03 
+0.25)« 10 Evaluation of the integral of Eq. 
(21) along a length of 3<10-" cm shows that in 
order to observed P(@.) of 6.510 
to be 2.910 


cm 
art 
account for the 


the value of o. would have 23 cm?, too 
large by a factor of ~ 100 
It is interesting to 


section for tl 


note, however. that the cTOSS 


le capture of a free neutron by Li’, fol- 


ALLISO} 

lowed by vy radiation to the ground state of Li®, is 
completely unacceptable here The velocity of the Li’ 
nucleus through the of Be® 
responds to a neutron kinetic energy of a few hundred 
kiloelectron volts. The « 
free neutrons in this en 


neutron “atmosphere” cor- 
section of Li’ for 
recently been 
measured® and has thi xtraordinarily values of 
(5-20)«10-” cm?. The fa 


than 10°. It is clear tl 


LOW 


ctor of discrepancy is more 


there must be sufficient coup- 
of the n r constituents con- 


ICiCs 


ling with other part 


cerned to remove the excitation energy in some other 


form than electromagneti di 
obt ’ value of m and 
plaus- 
for neutron pickup 
under these ible 
is 5X10-*5 cr geometrical 
section whose radi is tl um of 2.8X10-" cm for 
Li’ and 1.210 neu 
At this point another consideration 
ter of +} 
gibly small compared 
(8 10-" 
the neutron prob: 


Finally, we may 
the absolute pri 


bability 


signing a 


ible’’ cross SeE( tion tot 
] 


CONnaILIOI 


cross section 


corre Pp cTOSS 


enters, namely 


that the diame ection is not negli- 
separation 
2.03 10 a us the ct 
ibi 
will be appreciable, 
disk will not equ 
geometric al calculat 
that the probability 
// higher u! \ 
¥(r)|* taken at tl ( nter of the Li’ 
Thus the correct va in orbit with peri- 
nuclear distance 2 0.65*6.510~ or 
4.210. Using this value ' in Eq. (21), with 
ly(r) |? expressed a 1 carrying out the 
integration numerically giv ‘cm 
for 


cm vs in 


lange 
this diameter 
across the Li’ 
center. A purely 
gave the result 


ross 


go 
Lape 


a neutron is 
35 value of 


nucleus. 


giving, 
instance, |y¥(r 6 at 2.0310" 
radial distance 

can be 
at the 
neutron function 
radii under 


consideration lying the 1 ization integral Eq. 


Chis value of # is surp1 rge, in fact, it 
shown that this valu annot ( ind 
same time have E 
ail the way out from the Be® center to th 
(25) with the stead of zero, 
with »=1.3X10" cm™, , we find 
a=8.8xX10-" cm i neutron 
probability f as r de- 


creases, must 


rhe points it e region 0.8 10-2 
r<— 1.510 cm seem t i his cor 

rhere is no obvious fla 

irom 


iclusion. 
But these 
are at 
he tumnr li g 
e tunnelling 


points are al we 
70% of the barrier | 
effect into t 


be ignore d 


near 1X10 


n no longer 


tunnelling, 


*W. Imhofi 
1959 Nuclear 
10 This 


poin 
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are actually characteristic of shorter radii than those 
at which they are plotted in Fig. 3, and the predicted 
flattening is thus concealed. 


Vil. CONCLUSION 


Although the methods of calculation used in this 
work could be considerably refined, for instance, in 
allowing for the effects of diffraction and orbit per- 
turbation by neutron capture, it seems better to await 
further data which confirm the rather surprisingly large 
size of the Be® nucleus indicated here. As the study of 
heavy ion interactions proceeds, neutron pickup may 
be found from beryllium using even heavier projectiles 
and under circumstances where the orbital picture is 
less blurred than in the present case. 
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REACTION Be*(Li’,Li*)Be* 1981 

The idea of using such a classical approach for the 
interpretation of heavy ion nuclear collisions is not new. 
It has been developed in a series of papers by Breit and 
his collaborators," and has been applied to the reaction 


Au"®’(N¥.N™)Au™® by McIntyre, Watts, and Jobes.” 
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Differential cross sections have been obtained for the elastic scattering of neutrons by tritium and by He*® 
at E,=1.0, 2.0, 3.5, and 6.0 Mev over the angular range 27° to 161° in the c.m. system. The Los Alamos 
large Van de Graaff accelerator and puised-beam time-of-flight facility were employed, and the scattering 
samples were contained in small thin-walled stainless steel spheres. One-third mole of He* was contained 
at 5000 psi and one-half mole of tritium was prepared in the form of CaT;. Absolute cross sections were 
determined from a comparison with the scattering from a thin shell of CH, at each energy, together with 
calibration of the relative sensitivity of the detector as a function of energy by the known forward yield 
of the T(p,n) He’ reaction. The angular distributions for n-T scattering are in excellent agreement with the 
calculations of Bransden, Robertson, and Swan based on a Serber exchange force. The n-He® measurements 
favor qualitatively the Serber rather than the symmetrical exchange force used in the calculations, but the 
agreement is poorer than that obtained for n-T scattering. The polarization of elastically scattered 1-Mev 
neutrons was found to be less than 5% for both samples, unlike the strong polarization observed in n-He* 
scattering. 


INTRODUCTION of neutrons with bound systems of nucleons. The 
possibility of many-body nuclear forces can also be in- 
vestigated through the study of systems of a few 
nucleons. 

Much theoretical and experimental effort has been 


devoted to the study of p-d and n-d interactions. 


Che: measurements reported in this paper are con- 

cerned with the elastic scattering of fast neutrons 
by nuclei of mass three. They are part of an extensive 
program of investigation at this Laboratory of the inter- 
actions of the very light nuclei. The long-range objective 


of this program is to reconcile the scattering, reaction, 
and ground-state properties of the very light nuclei 
with the information about nuclear forces derived from 
analysis of m-p and p-p scattering. Supplementary 
knowledge of nuclear forces may be sought in the 
study of excited states and interactions in systems of 
a few nucleons. From the latter point of view, neutron 
scattering by the very light nuclei is of special interest 
since direct observation of the scattering of neutrons 
is not feasible at present, and the character of the n-n 
force must be inferred from a study of the interactions 


t Work performed under the auspices of the U. S. Atomik 
Energy Commission. 


Reviews of the subject have been given by Massey’ 
and by Mather and Swan.? A bibliography of more 
recent experimental work will be found in recent papers 
on n-d elastic and p-d inelastic scattering.’ The calcu- 
lation of nucleon-deuteron interactions with tensor 
forces has been formulated,® but the present state of 
nucleon-deuteron scattering theory is inconclusive. 


'H. S. W. Massey, Progress in Nuclear Physics, edited by O. R 
Frisch (Pergamon Press, New York, 1953), Vol. 3, pp. 235-270. 

*K..B. Mather and P. Swan, Nuclear Scattering (Cambridge 
University Press, New York, 1958 

* J. D. Seagrave and L. Cranberg, Phys. Rev. 105, 1816 (1957). 

‘L. Cranberg and R. K. Smith, Phys. Rev. 113, 587 (1959) 

*B. H. Bransden, K. Smith, and C. Tate, Proc. Roy. Soc. 
London ) A247, 73 


1958 
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Scattering of nucleons by tritium and He’ might be 
expected to be even more refractory mathematically 
than the three-nucleon problem. However, the current 
availability of electronic computers of higher speed and 
capacity than have been used before has reduced some- 
what the technical difficulty of more detailed numerical 
calculations. 

Nucleons can interact with mass-three nuclei in four 
ways: n-T, n-He’ and p-T, p-He*. These correspond to 
the isobaric triad: H*, He‘, Li*. The middle pair of inter- 
actions differs significantly from the others in that 
there exists a strongly bound s state of that system of 
the ground state of Het. 

Adequate 
modes of interaction might permit conjoint analysis® in 


nucleons 
experimental information on these four 


terms of parameters which are a function of isotopi 
spin, if the charge-independence hypothesis may be 
invoked. 


Previous Experiments 


Extensive data are now available for the proton 
branches of this problem. For p-T elastic scattering 
absolute angular distributions have been measured at 
Mev,’ at 
energies between 2 and 3.5 Mev,’ at 6.5 and 8.34 Mev,’ 
and at 19.4 Mev.” For the p-He’ case absolute angular 
distributions are available at four energies between 1 
and 3.5 Mev," at 5 Mev,” at 6.5 and 8.34 Mev,’ at 
9.75 Mev," and at 19.4 Mev.” 

No comparable data for the neutron branches has 
been available, although the total cross sections for 
n-| n-He’® 


numerous points between 0.2 and 22 Mev." The only 


eleven energies between 1 and 2.5 seven 


and interactions have been measured at 
previous differential cross section measurement, for 
n-| 


angles greater than 80 


scattering at 14 Mev," is limited to scattering 


Theoretical Work 


Phase-shift analyses of the low-ene rgy p-T and p He’ 


measurements have been published.'®'? The first 


detailed calculations of four body scattering were made 


* A. I. Baz’, Zhur. Eksp. i Teoret. Fiz. 32, 478 (1957 
1: Soviet Phys.-JETP 5, 403 (1957 
M. E. Ennis and A. Hemmendinger, Phys. Rev. 95, 772 (1954 
*R. S. Claassen, R. J. S. Brown, G. D. Freier, and W. R 
ton, Ph Rev. 82, 589 (1951 
E. Broll lr. M. Putnam, I 
7. 1307 (1960 
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communicatio 
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[transla 


Rosen, and L. Stewart, Phys 


Atomna 
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and E. D. Fedchenko, 
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by Swan.'* J structure method" 


was employed es were evaluated 
by variational method yns were made for n-T 
and p-He’ sca g for ordinary forces 

mixtures of exchange forc omparison 
dat Wi ] ) it ve 


Torce 


and for three 
with the only 
available beyond suggesting 
adequate, as 
p-He® 

had failed to 
predict the strong backscattering Further 
tot cro ction for n-T scatter- 


that ordinary nonexchangs were j 


was expected. Subsequent compari with 


son 
scattering data showed that the eory 
observed. 
more, the calculated 
ing was roughly a fact yw compared to later 
measurements."* 

In 1956 Bransden, Robertson, and Swan 


the results of a ren 


published 
the problem, again 
differing 


using the resonatir 


from the earlie \ wal n tha rtain incon 


Also, 


ined with 


" +} 


sistencies 1n ( removed 


the exact solutions of the iations were obta 


the aid of a high-speed computer. Predic- 
tions were made for n-He ittering between 1 
14 Mev. Calculations w carried out in detail 


only for the two cases that | | to acce ptable, though 


and 


inconclusive, results for nucleon-deuteron scattering, 


Sperber a mmetrical exchange force 


namely, the 

mixtures. The differences b hese two mixtures 
were found to be quit varked, unlike the results for 
nucleon-deuteror catter I he earlier calculations 
For each predictions for n-] 
n-He?® but the Serber 


produc es much stronger forward d backward scatter 


and 
for e 


force m 


scattering art 


ing at low energies. However, at 14 Mev the predictions 


of n-T scattering for the two mixtures are indistinguish- 
able over the range xperimenta! 
data were available 


Comparison with 1 xtensi\ it n total cross 
sections for these inter 1 V 1 quite clearly 
(a) that the 


only about 


account for 
half both cases, 
n-| 
and 


the I rn t ( predicted the 


Mev, 


ibove 1.5 
above 


and (b) that 
total cross section with t 10% 
the n-He 
2.5 Mev 


of reference 14 


elastic cross tlor iimost aS Well 
These comparisons ha n shown in Fig. 1 
en and Robert- 

ear that 


Serber 


son’s paper oI 
the total cross section data rongly 1! tne 
mixture 

In Fig. 1 
n-T sci ing ing the r mixture at the 
Mev 


ions for 
repre- 
sentative energies The 


n-He 


In the « xperiment 


results are quit 
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differential cross sections. were obtained for the elastic 
scattering of neutrons by tritium and He’ at E,=1, 2, 
3.5, and 6 Mev, together with polarization measure- 
ments at 1 and 2 Mev, to provide a more detailed test 
of the theory and as a guide for further calculations. 


TECHNIQUE 


The technique of measurement represents a straight- 
forward application of the pulsed-beam time-of-flight 
methods used previously—for example, in the study 
of n-d scattering.* The advantage of that method in 
improving the signal-to-background ratio proved to be 
of crucial importance for these measurements because 
of the unfavorable geometric configuration of the 
scatterers, the relatively small number of scattering 
nuclei, and the presence of relatively large amounts of 
containing and compounding material. The method 
was advantageous at all angles in discriminating against 
nonsynchronous background. At the larger angles, 
where one can resolve the scattering from T or He’ 
completely from the synchronous background due to 
scattering by the heavier materials, the advantage is 
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Fic. 1. Angular distributions for m-T scattering at F,=1, 2, 
3.5, and 14 Mev for the Serber force mixture, according to the 
calculations of B. H. Bransden, H. H. Robertson, and P. Swar 
[he data points are those of J. H. Coon a al. at 14 Mev 
(reference 15) 
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ase I. Relative forward yield Y of the T(p,5)He* reaction, 
used in establishing the relative energy sensitiv ty of the neutron 
detector. Relative accuracy of any two points in the same region 
and +5°, for point vlow 1 Mev compared to points 


is +3%, 
above 2 Mev 


Mev E., Mev 
0.477 
0.417 
0.422 
0.426 
0.469 
0.485 
0.490 


0.507 
0.596 
0.724 
OU. 8OY 
0.963 
1.000 
1.000 


3.00 
3.50 
4.00 
4.50 
5.08 
5.50 
6.00 


particularly great. It should be noted, however, that 
despite the signal-to-background 
ratio for the least favorable situations, as at 90° at 6 
Mev, was only 1:8 


these advantages 


Apparatus and Calibration 


The apparatus used in these measurements has been 
described. The single detector system was used at 
all energies, and special runs on the sensitivity of the 
detector vs neutron energy were interspersed among 
the data runs. The detector sensitivity curve was 
obtained, as usual, by observing the counting rate of the 
detector vs neutron energy for neutrons produced at 
zero degrees by the reaction T(p,n)He*®. The forward 
yield curves to which our data are normalized are due 
to Perry and Haddad,” and Allen and Ferguson™ for 
the neutron energy regions above 1 Mev and below 2 
Mev, respectively. The curves of Perry and Haddad 
and of Allen and Ferguson have been normalized to 
each other in the region of overlap from 1 to 2 Mev. 
The relative shape of the combined data is given in 
lable I. Changes in the values of Table I which may 
be indicated by future measurements would modify 
our results in a corresponding way. 

The T(p,n)He’ reaction was used as the neutron 
source for the scattering measurements at the three 
lowest energies, and the D(d,n)He’® source was used to 
obtain the 6-Mev data. 


Cross section determinations were made by com- 
parison with m-p scattering using a thin shell of CH, 
as the scatterer. 

The flight path from the center of the sample to the 
center of the detector was typically 1.17 m. Repre- 
sentative time spectra obtained under these conditions 
are illustrated in Figs 


2 and 3. 


Samples 


The pressure vessel used to contain He* was made out 
of Armco 17-7 PH stainless steel, with inside diameter 
2. Cranberg and J. S. Levin, Phys. Rev. 103, 343 (1956) 
™ J. E. Perry, Jr. and E. Haddad, “os Alamos Scientific Labora 
ory private « ymmunicatior 
“WD. Allen and A. T 


Establishment, Harwell 


Ferguson 


Atomic Energy Research 


private communication ) 
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lic. 2. Time-of-flight spectra at E, =3.5 Mev. Lower: Neutrons 

cident on the ing samples. Points labeled yo are y rays 
produced in the target gas cell. Upper: Neutrons recoiling from 
the CHs calibrati le at 30° to the incident neutron direc- 
tion, showing resolution of the two components. Synchronous 
portion of the background labeled Fe is from steel cable supporting 
the sample. 


scatter 


m Sami 


1.5 in. and walls 0.034 in. thick. 
4750 psi. At this pressure the sphere contained about 
one-third mole of He’, at about one-third the density 
of liquid He’. The ratio of He’ 
the sample was about 1:1. 
Welded to the sphere was a length of capillary tubing 
for filling and for monitoring the pressure. A precise 
pressure gauge was connected to the cell so that a con- 
tinuous check could be made of the cell pressure. No 
several months of 


The pressure used was 


nuclei to steel nuclei in 


loss of gas was observed over the 
observation. 

A light-weight frame was constructed to support the 
frame three other 
samples were supported: an identical evacuated steel 
cell, a third cell filled with He* at 5000 psi and its 
monitoring gauge, and a thin-walled shell of CH». By 
displacing the frame vertically 


cell and gauge, and on this same 


the appropriate sample 
could be brought into position in front of the neutron 


The CH, was 
1 in 


source. in the form of a spherical shell of 


inside diameter and thickness 0.055 in. 
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RG, AND SIMMONS 

The tritium was prepared in the form of 
CaT,. Calcium proved to be the most suitable 
of compounding material taking into account the follow- 
ing considerations: ease 


sample 


choice 


of preparation of the com- 
pound, ease of preparation of a sample of the com- 
pounding material itself, low density of nuclear levels 
up to 6 Mev, low elastic scattering cross section, and 
high tritium density. The compound was prepared 
in situ in a sample container which had been filled with 
granulated calcium. Tritiation for several hours at 
600°C and CaT, 


averaged CaT, 5. 


resulted mixture of Ca which 
stainless steel, with 
wall thickness 0.010 in. 
After loading with calcium through a small hole, a thin- 
10 in. 


used for filling the sphere with the tritium gas. 


The container was of Type 347 


inside diameter 1.25 in. and 
long was welded on and 
The 


which 


walled steel tube about 


tube was terminated by a light-weight valve 
bleed off the He’ 
from the de« ay of the tritium 


about 20000 curies 


could be opened which evolved 


Che tritium activity was 
and calculated generation of 
1c NTP Suffi- 


cient free volume was available in the sphere to make 


He’ was at a rate of about per day. 


venting unnecessary at intervals of less than several 





Fic. 3. Time-of-fligh I 
at 120°. Lower: Fe and re th: « t and inelastic neutron 
groups from the evacuated is the y ray from th 
source, and 7’ the +» ray from inelast ttering, delayed by 
flight time of the incident neutror pper: Correspondin 
neutrons from the cell filled with high-pressure He’, showing 
complete resolutior the Up t ' 


the Zas « ells 





ELASTIC SCATTERING OF 
weeks.”® The sample contained about 4 mole of tritium, 
4 mole of calcium, and } mole of steel. It was warm to 
the touch. 

A light-weight wire frame supported the sample, an 
identical evacuated sphere, a third sphere filled with 
an amount of calcium equal to that in the sample, and 
a thin-walled shell of CH». This framework also could 
be displaced vertically to position the various samples 
relative to the neutron source and detector. 


Procedure 


Complete time spectra were obtained for each run. 
At the beginning and end of each day’s running a check 
was made of the yield from the CH, scatterer. The 
neutron source was continuously monitored by means 
of a “long counter” to check on the stability of the 
target. 

For the case of tritium, backgrounds were obtained 
using the evacuated sphere and the calcium-filled 
sphere. For the He® case only the evacuated sphere 
background was taken regularly. For both samples 
an occasional “blank” background was necessary to 
unravel the contribution to the elastic scattering of the 
various components of the sample. The target-to- 
scatterer distance was checked frecuently. For the He’ 
runs the distance from the center of the scatterer to 
the center of the target was 6 in. For the smaller 
tritium sample this distance was reduced to 5 in. 


TREATMENT OF THE DATA 
Backgrounds 


It was necessary to determine the sample-independent 
background before applying corrections for muitiple 
scattering and self-absorption, even though the masses 
of steel and calcium in the dummy spheres were made 
identical to their respective masses in the sample 
spheres. The time channels of interest were determined 
by inspection of superimposed plots of sample and 
dummy data. The sample-independent portion could 
usually be inferred from interpolation between the 
data points lying just outside the region of interest. 
Where necessary, a “sample out” measurement was 
made. This background was subtracted from both sets 
of data to obtain preliminary “net” sample and dummy 
numbers, to which the corrections could be applied. 


Monte Carlo Calculations 


In order to make sufficiently accurate corrections for 
self-absorption and multiple scattering, a detailed 
Monte Carlo calculation®® was made for each sample 


25 The rate of He’ released from metallic tritides is much lower 
than expected when the materials are first made, apparently 
due to trapping in the crystal structure. Our CaT: sample did not 
approach the equilibrium rate for several months 

% FE. D. Cashwell and C. J. Everett, A Practical Manual for the 
Monte Carlo Method for Random Walk Problems (Pergamon Press, 
New York, 1959). 
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and at each energy corresponding to experiment. 
Adequate experimental information was available for 
all the cross sections required in the calculations either 
from previous measurements or from the preliminary 
results of our measurements. The total cross section 
of calcium was measured in an ancillary experiment.”’ 
The elastic angular distributions for calcium were 
obtained incidental to the n-T results. For the tritium 
and He’ cross sections preliminary experimental angular 
distributions were normalized to the known elastic 
cross section at the four energies of measurement with 
interpolation guided by the theory for the Serber force. 
In the same manner the optical model calculation of 
Beyster ef al.** was used for interpolation between the 
iron and calcium cross sections previously known or 
measured in this experiment. 

Calculations were carried out for each of the 24 
experimental situations. These followed the history of 
between 60000 and 140000 of the incident neutrons 
that made at least one collision in the sample. 

For each experimental situation, energy limits were 
specified to correspond to the experimentally observed 
neutron groups, and the calculations gave the relative 
numbers of neutrons falling between those limits which 
had been scattered either once or more than once. These 
numbers were used to make corrections for multiple 
scattering. The flux was averaged over those cases 
detected as single scatterings; these values were used 
to make the corrections for absorption in the samples. 
Since an identical procedure was used in reducing the 
data from the CH, sample taken under identical condi- 
tions, the absolute flux and solid angles were not re- 
quired and only the reiative sensitivies for the neutron 
energies corresponding to the hydrogen calibration and 
to the data points in question were needed. 


DISCUSSION OF ERRORS 
Statistics and Backgrounds 


Between 10000 and 100000 counts were recorded 
in the sample data channels for each observation and 
the statistical standard deviation (s.d.) in the corrected 
net differences between sample and dummy runs ranged 
from about 2% in favorable well-resolved cases up to a 
maximum of 9% in cases where the scattering of 
interest could not be resolved in time from the strong 
forward scattering from calcium or iron. A dummy run 
includes two components: the contribution of the 
dummy cell, and the background in the absence of the 
sample. Since this background is subtracted from the 
sample and dummy counts before the differences are 
corrected for self-absorption and multiple scattering, 
any error in the estimation of its magnitude would be 
propagated as an error in the net effect. The possible 

7 L. Cranberg, J. D. Seagrave, and J. E. Simmons, Bull. Am 
Phys. Soc. 3, 336 (1958). Abstracts of preliminary reports on the 
n-T and n-He’® work appear on p. 338 


* J. R. Beyster e al., Los Alamos Scientific Laboratory Report 
LA-2099, 1955 (unpublished ) 
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error due to this uncertainty was computed as 10% 
of the background value, multiplied by the difference 
in correction factors applied to the sample and dummy 
values. This error was generally quite negligible except 
for the same unfavorable cases mentioned above and 
also for the very low cross sections near the minimum 


in n-He’ scattering at 6 Mev 


Sensitivity and Drifts 
Phe 


threshold set by electronic means at about 200 kev, to 


sensitivity curve of our detector rises from a 


a maximum near 800 kev, and then decreases mono- 


tonk ally with inere ing ene rgy Che estimated s.d. in 


the relative sensitivity curve was based on statistics 


and reproducibility of the data calibration points. It was 
i ‘ ‘ 


typically 1% to 2% for most of the points required, and 


increased to about 4% for points lying on the low-energy 


portion of the curve. for backward 
angle 


namely, those 
at 1-Mev bombarding energy. 
\ pos ible 


in target 


error arising from uncompensated drifts 


ectroni 


the 


pressure 
the 


or ¢ equipment, or from 


operation of accelerator, was esti- 
mated at not more than one percent of the background, 
and this numerical value was used as an s.d. for stability. 
It became the dominant uncertainty only at the two 
mallest angles for n-T scattering at 1 Mev 


Monte Carlo Calculations 


the Monte Carlo 


statistical proce 


Since mode of calculation is a 


, the results of such calculations them- 
selves have a statistical uncertainty. However, the 
numbers actually computed for the multiple-scattering 
;.d. of less than 5° and the magnitude 


of the correction ipplied to the data was typically 3 


groups had an 


to § ranging up to a maximum of 20% at the most 


unfavorable cases. The uncertainty in the final cross 
section arising from this source was in all cases less 
than 1% and in particular was entirely negligible com- 
pared to other sources of error at corresponding points. 
rhe total correction applied to the data for flux attenua- 
tion and multiple scattering never exceeded 9°% and 
was typically 3% to 5¢ 


if Oh 
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» } 
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Fic. 4. Differential cross sec 
tions for the elastic scattering of 
fast neutrons by tritium and He® 
at E,=1, 2, 3.5, and 6 Mev. The 
solid curves are least-squares fits 
to the data, and the dashed curves 
are the predictions of B. H. Brans- 
den, H. H. Robertson, and P. 
Swan (reference 20) 
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Resolution and Geometry 


The target thicknesses were generally chosen to give 
a full neutron energy spread from the target of about 
100 kev except for n-T scattering at 1 Mev where it was 
increased to 200 kev to get sufficient intensity to 
measure the small forward cross sections. The over-all 
resolution is primarily due to the time resolution of the 
apparatus at the two higher energies, and to the effects 
of geometry and energy spread in the primary neutrons 
at the two lower energies. 

The samples were placed as close to the target as 
possible without introducing serious geometrical un- 
certainties. The spherical samples subtended a full 
angle of 14° at the target center which introduced a 
mean uncertainty of +5° in scattering angles. No 
correction for finite angular resolution was applied to 
the data since at no point does a possible error due to 
this cause appear to be comparable with the standard 
deviation from other sources. 

The s.d. in the cross-section scale as determined by 
the CH, measurements was typically 2%. 

For each data point all of the above errors associated 
with various corrections and calibrations were com- 
bined with the statistical s.d. as random errors—that is 
to say, the square root of the sum of the squares of the 
contributing errors was calculated and that value used 
as the over-all standard deviation. 


ANGULAR DISTRIBUTIONS 


The absolute differential cross sections determined 
in this experiment are collected in Table II and pre- 


sented graphically in Fig. 4 in comparison with the 


AST NEU! 
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ame? 
2” 
05 0-05 41 OS O -05 4 


05 0-05 +41 


cos 0. 


theory” for the Serber force. In 
center-of-mass differential cross 


predictions of the 
Table IT the 


sections are tabulated together with the cosine of the 


absolute 


center-of-mass scattering angle a’. The c.m. cross sec- 


tions are plotted in Fig. 4 as a function of cos6’, as the 
corre sponding curves are then ve ry close to simple 


parabolas (see below). In the figures the solid curves 


ras_e II. Absolute differential cross sections in the c.m. system 
for elastic scattering of fast neutrons by tritium and He’, with 
their standard deviations (s.d.). Values may be multiplied by the 
ratio a/a’ to obtain the laboratory cross section at the laboratory 
angle @ 
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Taste III. Legendre polynomial coefficients C, and B, of the expansions ¢(u)=2,? C,P.(u) and Bo(u)=2* B,P,(u 
£ if I 


Uncertainties shown are standard deviations from the internal goodness-of-fit. Absolute err 


Cross-section expansions 
nillibarns per steradian ) 
2 Mev 3.5 Mev 


Tritium 
1684 192+ 
126+ 26 
1434 218 
22+ 344 


201 186 
32 144 
182+ 206 
10 


fits and the dashed 
predictions of the theory. It will be 
observed that the theory provides a representation of 


correspond to the least-squares 


curves are the 


n-T scattering which is generally excellent at all four 
energies. It should be realized that not even total cross 
sections were known to the theorists at the time the 
calculations were made. The similarity between n-T and 
n-He’ scattering is not found as marked as the theory 
suggested, and there is a discrepancy outside experi- 
mental error between theory and experiment for all 
four sets of observations, although the qualitative 
features of the distributions are predicted correctly. In 
general, the experimental curves have minima occurring 
at a larger angle and with a greater cross section than 
predicted. 

Least-squares fits to the data were made using a 
prot edure® which pe rmitted the square of the difference 
between experimental and fitted point to be weighted 
inversely as the square of the experimental s.d., point 
by point. Fits were evaluated for between three and 
seven terms of Legendre and power series expansions 
in cos@’, and the standard deviations of the coefficients 
were evaluated from internal consistency. Only three 
terms were found to be significant for both cases at 1 
Mev and for n-He’ at 2 Mev. Four terms were required 
for the other cases. The results for the Legendre expan- 
sions are given in Table III, together with the corre- 
sponding values of expansions of kc. The latter terms 
are more closely related to the nuclear phase shifts.™ 
These are plotted as a function of energy in Fig. 5. 
With the aid of the least-squares coefficients the cross 
and 180° were calculated, and these 
have been included in Table II. The best determination 
of the integrated elastic cross section ¢, is given by the 
trCy, where Co is the 
zero-order Legendre term. The values derived from our 
measurements are presented in Table IV and compared 
with the values of or from the direct measurements of 


section values at 0 


least-squares analysis, since o, 


reference 14. The s.d. given for o, are in a few cases 


*® Los Alamos IBM 704 Subroutine 4 
* The square of the wave number, 
for a nucleon of laboratory energy / 


or He® 


> barns"? Mev™ 
a target of I 


wis +3% 


b2 


1 Mev 2 Mev 3.5 Mev 6 Mev 


0.37+0.01 0.914 1.83+0.04 
0.34+0.02 0.684 0.24+0.13 
0.13+0.02 0.784 2.08+0.06 

0.124 0.06 


2.53+0.03 
2.15+0.10 
3.04+0.06 
0.28+0.05 


0.334 


0.42+0.01 
0.21+0.01 
0.16+0.02 


1.094 
0.174 
0.994 


17+0.04 
7+-() 13 
-O.05 
0.06 


relatively larger than those for the 
of Co in Table III, 


internal consistency ; the s.d 


corresponding values 
he latter are derived from 
for a, reflect the absolute 
scale uncertainty. These cross sections are plotted in 
Fig. 6, together with all data of reference 14. 

For He’, the nonelastic cross secti 
tained from the relation ¢,,.=oar—a,. Also shown in 
Fig. 6 are the He*(n,p)T and He*(m,d)D cross sections 
derived from the best available experimental data for 


of detailed 


mS dn, Were ob- 


the inverse reactions.*® using the theorem 


balance. 


POLARIZATION 
Introduction 


To investigate the role of spin-orbit or tensor forces 
in nuclear scattering one may investigate the scattering 
of spin-oriented or polarized neutrons. In the calcula- 
tions” with which our results have been compared 
these forces were neglected, but it was thought worth- 
while to make polarization measurements in anticipa- 
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tion of more refined calculations. An additional experi- 
ment was undertaken to study the scattering of 1- and 
2-Mev polarized neutrons by T and He’. 

Other investigations have demonstrated that 1-Mev 
neutrons from the Li’(p,m)Be’ reaction at 50° in the 
laboratory are 30% polarized® and that 2-Mev neu- 
trons at 35° are 35% polarized.” The procedure used 
in measuring the polarization of neutrons scattered 
by T and He’ was substantially identical to that 


described in reference 37. 


Results 


A preliminary check on the polarization of neutrons 
produced by the Li’(p,”)Be’ reaction was made at 1.10 
and 2.15 Mev, using n-He‘ scattering as the analyzer.*’ 
The results are given in Table V. They are consistent 
with the more precise values reported earlier at nearby 
energies, namely P=0.30+0.02 at E,=980 kev*®* and 
P=0.38+0.03 at E,=2.09+0.05 Mev*? at the corre- 
sponding angles 50° and 35°, respectively. These latter 
values were adopted as the source polarization for 
further measurements. 

The n-He‘ polarizations were calculated from the 
phase shifts of Dodder and Gammel and of Seagrave.” 
At 1.10 Mev the uncertainty is primarily due to the 
energy and angular spread in our experiment, and at 
2.15 Mev it is largely due to the uncertainty in the P; 
phase shift.*” 


TasLe IV. Comparison with independent total cross sections 
or of the elastic cross sections ¢, for #-T and n-He’ scattering 
obtained by integration of the differential cross sections. For He’ 
the nonelastic cross section ¢,,=o0r—d¢. 


Ee 1 Mev 2 Mev 3.5 Mev 6 Mev 

n-T 
2.08+0.05 
2.10+0.06 


1.70+0.05 
1.72+0.06 


2.47+0.05 
2.41+0.07 


202+0.05 
1.95+0 06 


or* 2.87+0.06 
Co. 1.96+0.06 
One 0.9140.09 


2.77+0.06 
2.34+0.06 
0.43+0.09 


2.16+0.06 
1.69+0.07 
0.47+0.09 


* Total cross sections from a smooth curve through the data of reference 
14. Cross sections are in barns, with absolute standard deviations indicated 


TABLE V. Polarization P; of Li’(~,n)Be’ neutrons of energy F, 
emitted at a laboratory angle @,; as measured by n-He* scattering 
at a laboratory angle @, and c.m. angle 6,’. Positive polarization is 
here taken to mean spin in the direction kj, kout. P: is the calcu 
lated polarization for n-He* scattering. A positive product P,P 
corresponds to preferential scattering to the left 


E. (Mev) @: 6: 6x" P; PiPs P 
89° 0694007 
120° 


1.10+0.07 50° 75 
2.15 +0.05 35° 106 


0.185420.005 0.274+0.03 
0.752005 0.32 +0.04 0.42 +0.08 


* H.R. Striebel, S. E 
, 188 (1958). 

7 L. Cranberg, Phys. Rev. 114, 174 (1959) 

* D. C. Dodder and J. L. Gammel, Phys. Rev. 88, 520 
* J. D. Seagrave, Phys. Rev. 92, 1222 (1953). 

“]. I. Levintov, A. V. Miller, and V. N. Shamshev 
Phys. 3, 221 (1957) 


Darden, and W. Haeberli, Nuclear Phys 


1952) 
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Fic. 6. Integrated cross sections for the interaction of fast 
neutrons with tritium and He’, including total cross sections or 
from reference 14, the elastic and nonelastic cross sections ¢, and 
@n- Of this work (Table IV), the He*(n,p)T reaction and the 
He*(n,d)D reaction from detailed balance calculations (reference 
35), and the theory (BRS) of reference 20. 


The results for the polarization of neutrons scattered 
by T and He’ are presented in Table VI. The results are 
generally consistent with negligible polarization within 
our uncertainties of 4% to 12%, and the greatest 
departure from a value of zero polarization is only 1.5 
standard deviations. Fluctuations of this order are to be 
expected, and were observed in the several individual 
measurements which were combined in the more pre- 
cisely determined values at @’=94°. The latter are, 
moreover, closer to zero polarization than any of the 
single observations. 

In view of the small size of the effects observed, the 
elaborate calculations required for multiple-scattering 
and source-anisotropy corrections were not attempted. 
Rough estimates of these effects indicated that they 
should be less than the quoted errors. The corrections 
would be positive in sense, which would reduce the 
spread about a value of zero. 

These results may be regarded as consistent with the 
calculations of Bransden e al.” based on central forces 
and undistorted wave functions. More refined measure- 
ments than these will be required to obtain direct 
evidence for the role of spin-orbit or tensor forces in 
neutron scattering by T and He’. 


DISCUSSION AND CONCLUSION 
The agreement of theory with experiment shown in 
Fig. 4 is quite striking for the case of n-T scattering, 
particularly when it is noted that no adjustment of 
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t angles @ 


m angles 4; 
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Me Target i 4 P; 


10 I s t 0.041 
10 . : 0.010 
10 4 l oo 
0.004 
0.0587 
0.025 


+0.019 
+0 012 
+0.020 
+0 OOR 
+ 0.030 
+0.023 


0.10 +007 
0.03 +0.04 
0.05 +0.07 
0.01 +0.03' 
0.19 +0.12 
0.07 +0.07 


parameters to “‘fit” the data was involved, as is common 
with the optical model, for example. The differences 
that exist are small and systematic, and it is plausible 
to expect that a phenomenological interaction of similar 
form should be « ipable of representing the data within 
its stated errors 


no polarization, and it might be inferred that such 


Che pure Serber force would produce 


small ‘‘adjustment would not produce polarizations 
at variance with our measurements of small degrees of 
polarization. Hochberg has found" that the use of the 
force previously employed to describe nucleon-He' 


scattering” in which 


the exchange force mixture was 
nine-tenths Serber and one-tenth symmetrical, with a 
spin-orbit term chosen to give correctly the p-state 
splitting, gives better absolute agreement the 
n-T data at 1 Mev than does the simple Serber force, 
but at the cost of 
tribution which do not seem compatible with experi- 


with 
ntroducing irregularities in the dis- 


ment. Hochberg’s mixture does not produce polarization 
in this case, since the contributions of the different 
spin states average to zero.‘ 

The agreement in the case of n-He’ scattering is 
poorer, although theory seems to indicate qualitatively 
the general shape and trend with energy of the distribu- 
tions. In the published calculations, only elastic scatter- 
ing was considered, although in fact the He*(m,p)T and 
He*(n,d)D reactions are quite important, as shown in 
lig. 6. At the two higher energies, the better agreement 
noted in Fig. 4 may be due in part to the smaller frac- 
tional competition of the reaction channels. The effect 
seems to be primarily one of reducing the contribution 
to backscattering, which is qualitatively reasonable if 
the reactions are interpreted as charge-exchange inter- 
ictions which compete with the space-exchange inter- 
The 
istic backscattering peak in the scattering of nucleons 
by the very light nuclei. It is to be expected that the 
scattering amplitudes, which contain terms of the form 


actions latter are associated with the character- 


e’ when only elastic scattering is possible, will contain 
corresponding the are of 
1 due to the compe tition of the reaction 
This ettect 


if the phases 6 


terms of form ae’ which 


amplitude |a 
channels will reduce the cross sections even 


are approximately correct 
“> Hochberg Imperial College London. Er: 
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4 See Fig. 6 of referer 





ELASTIC SCATTERING OJ 

available for systematic regularities and trends, it was 
noticed that at energies above 5 Mev the p-T and n-He’ 
data showed minima near 120° with a much smaller 
cross section than in the corresponding p-He’ and n-T 
data. A marked difference was also observed in the 90° 
cross sections with greater consistency, due in part 
to the greater precision with which that cross section 
can be determined by least-squares fitting, and in part 
to the fact that the odd-numbered Legendre poly- 
nomials vanish at that angle. The striking effect which 
appears is presented in Fig. 7, where ka (90°) is plotted 
against the nucleon energy on a logarithmic scale for 
all available absolute cross section measurements of 
nucleon scattering by nuclei of mass three 
different cases.“* The data fall into two distinct classes 
above a nucleon energy of about 4 Mev. The logarithmic 


some 30 


scale was used as a matter of convenience and because 
the data then seemed to fall on straight lines. It has 
been suggested that this is an effect of the threshoid 
for the reaction of disintegration into two deuterons,’ 


in which case it may be possible to derive useful infor- 


©Since Fig. 7 was prepared, further measurements of p-He* 
scattering at five energies between 5.5 and 9.6 Mev have been 
reported by K. P. Artemov, S. P. Kalinin, and L. N. Samoilov, 

Zhur. Eksp. i Teoret. Fiz. 37, 663 (1959) [translation: Soviet 
Phys. JETP 10, 403 (190) Neither numerical values nor 
absolute errors are given, but the data points plotted appear to be 
about 20°% lower than corresponding points of the absolute meas 
urements at neighboring energies in references 9 and 13. If the new 
data are uniformly raised 20‘;, then all five values of ke (90°) fall 
close to the upper line in Fig. 7 

‘71. A. Baz’ (private communication). 


AST NEUT 
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mation about the phase shifts and mixing parameters in 
the four-nucleon system.* Alternatively, it may con- 


stitute evidence for an extremely broad state of Het 
which first appears at an excitation of about 25 Mev, 
interfering with a state homologous to states of H* 
and Li‘.“ 

In conclusion, gratification over the success of the 
calculations of Bransden, Robertson, and Swan must 
be tempered with the recognition that the Serber force 
is an oversimplified internucleon potential. A satis- 
factory interpretation of the observed agreement must 
await more refined calculations based on more realistic 
nuclear interactions. 
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rhe absolute differential cross section for production of monoenergetic neutror y 
action has been measured with 5.0-, 7.6-, 9.6-, and 12.2-Mev deuterons. A proton recoil 
was used to detect the neutrons and to separate neutrons from the D(d,np)D breakup reaction. The angular 
distributions at all energies are very peaked in the forward direction, with a first minimum around 30 to 40 
degrees and a subsequent smaller maximum. The angular distributions, tran med center-of-mass 
system, have been fitted with the exchange stripping theory of Owen and Mada: h stripy 
from both incident and target deuterons is formally included. Excellent fits ! 
necessary to monotonically decrease the interaction radius, Ro, with incident deuteron energy. The variation 
was considerable, from Ro=8.4+0.2 fermi at 5.0 Mev to Ro=5.5+0.2 fermi at n isotropi 
contribution of about 3 mb/sr was added to each distribution to obtain the be 


INTRODUCTION point of view of Butler’ stripping, properly accounting 
for the identity of the incident and target particles. His 
predicted angular distribution showed qualitative agree- 


ment with experiment at forv ngles for 19-Mev 
deuterons, but his predi \ tion of the 0° cross 


HE D(d,n)He’ reaction provides a copious source 
of monoenergetic fast neutrons, and thus is an 
important experimental tool. A knowledge of the angu- 


lar yield of neutrons from this reaction is therefore of 


, "ute section with enerey was cnnosite to the experimentally 
considerable use. From the theoretical point of view, SCUOm with energy _ e experimentally 


; “rrr “ae . . observed variation. 
the reaction lends itself to a stripping analysis and might bserved variation 


The exchange  strippiny nod of Owen and 


also provide additional information on the four-nucleon 
Madansky*** can 


iwular distribution 


ystem. 

- . A f { \ 3 trons thi . 1 ¢} ibuiti 
Much experimental work has been done on this re- of D d,n He’® neu n I } } , re contribution 

action and its companion, the D(d,p)T reaction.' At 


deuteron energies greater than 5 Mev, two recent 


to the angular distribution of stripping from the “‘heavy 
partic le”’ (in this case, the irg iteron) is formally 
included. A fitting of t angula str butions reported 


D(d,n)He* experiments have been reported. Brolley, 
5 here has been n 


Putnam, and Rosen, using a nuclear emulsion camera, 
measured angular distributions at incident deuteron 
energies of 6, 8, 10, 12, and 14 Mev. Since they were 
detecting the He’® residual nuclei, they were unable to Two separ 
investigate the forward peak at center-of-mass angles the angular yi 


less than about 2 


20°. Daehnick and Fowler,’ using a 
single plastic scintillator as a neutron detector, obtained 
an angular distribution at a deuteron energy of 8.4+0.1 REMOTE CONTROLLED 


, . o ANGLE CHANGER 
Mev for center-of-m ingles from 2° to 84°. x ‘ 


The theoretical work of Konopinski et al.*> showed 
that the measured angular distributions could be under 


PROTON RECOIL 


stood in terms of spin-orbit forces and centrifugal 
, ETECTOR 


barriers for the deuteron partial waves, and that the 





measured distributions could be decomposed into a sum 


= 


NMENT 
ESCOPE 


of Legendre polynomials (even orders only), the co- 
efficients of which indicate the contribution of each 
partial wave 


SSS SY be. 


Fairbairn® has considered the d-D reaction from the 


ices of the 
rgy Commission 
\ review of w¢ 


LONG COUNTER 
rough hil 
J. E. Brolley 
107, 820 (1957 
‘WW. W. Daehni " ywler tev _ 13090 
1958 
Konop in el Rev. 73. 822 (1948 
Beiduk, J. R. Pruett, and E. J. Konopinski, Phys. Rev 
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Fic. 2. Schematic of 
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the 
hexagonal positioning wheel 
indicates when a radiator is 
in position, and the current 
through the helipot indi- 
cates which radiator is in 
position. The radiator-CsI 
crystal spacing can be 
varied by moving the crys 
tal phototube back. 
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relative to the yield at 0°, at four incident deuteron 
laboratory energies, 5.0, 7.6, 9.6, and 12.2 Mev. Second, 
absolute cross sections at 0° were measured at several 
incident energies between 3.4 and 10.2 Mev. The rela- 
tive angular yield curves were subsequently normalized 
to the best 0° cross sections measured in the 
experiment. 


sec ond 


A plan view of the experimental layout for the relative 
angular yield experiment is shown schematically in 
Fig. 1. The deuteron beam is that of the Livermore 
90-inch variable-energy cyclotron. 

The gas target has two atmospheres of D» gas within 
a stainless steel cylindrical container 4 inches in length 
and 1 inch in diameter. A 0.020-inch tantalum beam 
stopper at the end of the container prevents deuteron 
bombardment of the stainless steel end wall. The deu 
terons enter the target through a 0.00025-inch (about 
10 mg/cm?) tantalum foil. Tantalum collimators, § inch 
in diameter, properly placed in the beam pipe, prevent 
deuteron bombardment of the side walls of the target. 

The neutron detector is mounted at a distance of 3 
to 4 feet from the target on a remotely controllable 
angle changer, the pivot point of which is directly under 
the gas target. The selsyn control from the counting 
area permits accurate changes in steps of about 0.2° and 
is reproducible over long periods of time to better than 
0.5°. 

The neutrons are detected by means of a proton recoil 
counter telescope, similar in principle to others pre- 
viously reported.”-"' A schematic of its essential parts 
is shown in Fig. 2. Incident neutrons enter the detector 


C. H. Johnson and C. C. Trail, Rev. Sci. Instr. 27, 468 (1956), 
"S. J. Bame, Jr., E. Haddad, J. E. Perry, Jr., and R. K. Smith 
Rev. Sci. Instr. 28, 997 (1957). 





HEXAGONAL RADIATOR 
POSITIONING WHEEL 


SPUR “MICROSWITCH 


GEARS 


and strike a thin polyethylene radiator. Knock-on 
protons in the forward direction pass through two gas- 
filled proportional counters (about one atmosphere 
argon-CO, mixture) and then deposit most of their 
energy in the 4-in. thick, 1-in. diam CsI crystal. Several 
polyethylene radiators (all 1 inch in diameter) are 
available at different positions (six positions available) 
on the radiator wheel so that desired resolutions or 
counting rates may be obtained. One radiator wheel 
position contains a 1-in. diam carbon radiator and 
another position is open so that backgrounds due to the 
carbon in the polyethylene and to random events not 
associated with the polyethylene can be measured. The 
radiator wheel positions can be changed without affect- 
ing the cyciotron beam by means of a remotely con- 
trolled drive motor. Positive positioning of the radiator 
with respect to the proportional counters is obtained 
by having a corner of a properly aligned hexagonal 
positioning wheel close a microswitch when the radiator 
is in place, thus sending a signal to the counting area. 
The current passing through the helipot can also be 
read in the counting area, and the radiator in position 
is identified by this reading. 

The energy distribution of the incident neutrons can 
be obtained by analyzing the pulse-height spectrum of 
those pulses in the CsI crystal which are in coincidence 
with pulses in the two proportional counters. One can 
thus separate the monoenergetic D(d,n)He’ neutron 
group from other neutrons present. 

The neutron production is monitored by accumulating 
the charge collected by the gas target which is insulated 
from the beam pipe. Additional monitoring is done by 
another proton recoil counter telescope. This telescope 
contains only one proportional counter and one radiator, 
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Fic. 3. Block diagram of the electronics associated with the proton 
recoil teles« ope detector and the proton rec oil monitor 


and is maintained at a fixed position of about 15° to the 
incident deuteron beam (see Fig. 1). The bias setting 
on the discriminator in the crystal leg of the coincidence 
input can be varied until only neutrons from the mono- 
energetic d-D group are giving rise to coincidences. 
With this discriminator setting, a scaler on the output 
of the coincidence unit simply integrates the counts in 
the monoenergetic peak. 

A block diagram of the electronics system is shown in 
Fig. 3. All standard 
circuitry. 

In the early stages of the experiment, additional 


components are microsecond 


neutron production monitoring was done with a long 
counter and with a | 
later dispensed with because of greater reliability of the 


5 fission chamber, but these were 


current integrator and the proton recoil monitor. 

The energy of the incident deuteron beam is deter- 
mined by means of a differential range measurement. 
The range in aluminum is measured and then is con- 
verted to an energy by means of the range-energy re- 
lation of Aron et al."*"* Corrections are applied for the 
energy loss in the target foil and in one-half of the gas 
target. The uncertainty in the beam energy due to the 
range measurement, the intrinsic energy spread of the 
cyclotron beam, and drifting of the beam energy is 


about +2% 


ANGULAR YIELD MEASUREMENTS 


A typical pulse-height spectrum from the proton 
recoil counter telescope, as viewed with a 256-channel 
pulse-height analyzer, is shown in Fig. 4. The incident 
energy is 12.2 Mev and the counter is at 0° with respect 
to the deuteron beam. The monoenergetic peak of neu- 
trons from the D(d,n)He* reaction (Q=+3.27 Mev) 


#2 W. A. Aron, B. G. Hoffman, and F. C. Williams, Atomic 
Energy Commission Report AECU-663 (2nd rev.), 1949 (unpub 
lished). This report is also the University of California Radiation 
Laboratory Report UCRL-121 (2nd rev.), 1949 (unpublished 

*H. Bichsel, R. F. Mozley, and W. A. Aron, Phys. Rev. 105, 
1788 (1957 
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can be clearly seen. At lower energy is the spectrum of 


neutrons resulting from the three-body “breakup” re- 
action D(d,pn)D (threshold 4.45 Mev). Only the 
high-energy end of the breakup neutron spectrum is 


seen since the discriminator in the crystal leg into the 


| 
] 
i 


triple coincidence unit is set to prevent lower energy 


The 


pr duced in the deu- 


breakup neutrons from giving rise to coincidences 
background due to neutrons not 
terium gas can be measured by running with the target 


evacuated, and this contribution can be 
subtracted. 


It can be seen that tting bias on 


readily 


the discrimina- 
ton recoil monitor at a 
tween the breakup and mono- 


tor in the crystal 
point in the val ; 
energetic neutron groups will mean that the coincidence 
unit output, which 
all of the area under 


is recorded on a scaler, will include 
the monoenergetic peak, and we 


will be monitoring directly on the desired neutrons. 


The angular resolution, as determined by the target 
the target-to-radiator 
2.5° at 60° in 
was determined by 


rough O° 


size, proton radiator size, and 
spacing was about 1.5° at 0° and about 
the laboratory. The position of 0 
taking data from about —10°, tl 
eak position of the yi ld curve 
the forward peak 


to about +1 


to positive 


the true 0° 
allowed an assignment of true 0 

The yield 
Fig. 5, plotted in the center-of-mass system. The sta- 
tistical uncertainty in the values ranges from about 2% 


angles and calling the | 
position. The shape of 


measured angular curves are shown in 


at 0° to about 6% at angles in the minimum. The nor- 


malizations with respect to the integrated charge and 


the proton recoil monitor were both in agreement to 
within this accuracy, as were normalizations to the long 
were used 


FH 


counter and the fission chamber when they 


as auxiliary monitors. The Los Alamos data at 











Fic. 4. A typical pulse-height spectrum from the proton recoil 
counter telescope. Deuteron energy=12.2 Mev. Neutron angle 
=()°. Circles denote deuterium gas in target; crosses designate 
evacuated target. The n f D(dn) He’ neutrons 
is well resolved from the hig! nerg I I the breakup neutron 
spectrum 
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Fic. 5. Angular yield curves. The closed circles at 5.0 Mev are the 5.13-Mev data of Smith and Perry (reference 14) 


and at 12.2 Mev are the 12.2-Mev data of Brolley et al 


Mev, due to Smith and Perry," have been plotted with 
the 5.0-Mev data, and were normalized to these data at 
a lab angle of 20.7°. The data of Brolley, Putnam, and 
Rosen? at 12.2+0.15 Mev have been plotted with the 
12.2-Mev data, normalized at a lab angle of 30.1°. The 
agreement is seen to be excellent. The point at 79.4° 
on the 9.6-Mev curve was measured at 100.6° and then 
reflected through 90° to check the symmetry about 90°. 

When the relative angular yield curves of Fig. 5 are 
made absolute by normalizing to the 0° cross-section 
measurements described in the next section, they can 
be fitted absolutely by a sum of even-order Legendre 
polynomials, ¢(6)=}>_,.a,P,(cos@). The variation of the 
Legendre coefficients, a,, with incident deuteron energy 
(Fig. 6) provides a means of constructing angular dis- 
tribution curves for any energy through the range 
covered. The coefficients are listed in Table I, along 
with the integrated total cross sections. Polynomials 
to order n=10 were used, providing six parameters 
with which to fit the observed data. Excellent fits could 
be achieved, as seen in Fig. 7. 


TasiLe I. Legendre coefficients (in millibarns/steradian) re 
sulting from fitting angular distributions with a sum of even-order 
Legendre polynomials. Total cross sections (in millibarns) from 
integration of the Legendre sum 


Ra 
Mev) a 


a2 a, 


14.28 
16.33 
16.13 
14.78 


ds 


1.50 
2.21 
3.83 
2.80 


ds 


6.64 
8.38 
9.49 
10.43 


aie oT 


10.08 
11.22 

9.54 
10.52 


1.07 
0.50 
0.68 
0.24 


94.6 
96.5 
93.7 
81.3 


5.0 53 
7.6 .68 
96 46 
12.2 6.47 


“R.K. Smith and J. E. Perry, Jr. (private communication 


reference 2) 

Due to the identity of the incident and target particle 
in this reaction, the angular distribution is symmetric 
about 90° in the center-of-mass system. Therefore, 
conversion of the c.m. curves in Fig. 7 to the lab system 
provides angular distributions for all lab angles at these 
energies. Such curves are shown in Fig. 8. Since the 
5.0-Mev curve is only measured to 70° in the c.m. 
system, the 5.0-Mev curve may be incorrect in the 
region from 50° to 90° in the lab system (dashed section 
in Fig. 8). 
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Fic. 6. Variation of the calculated Legendre coefficients 
with energy 
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Fic. 7. The experimental data, transformed to the center-of-mass system and least-squares fi a sum of Legendre polynomials. 
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ABSOLUTE CROSS SECTIONS the solid angle subtended by the telescope radiator at 


} 


1." express the absolute telescope 


To measure the absolute cross sections at 0° the the SOURCE. Bame ef al 
counter telescope was placed 40 inches from the center efficiency, ¢, as 
of the gas target and at 0° with respect to the deuteron e= Por(E)M, 
beam. The polyethylene radiator was carefully weighed where P is the number of hydrogen atoms/cm® in the 
and measured and found to be 21.40 mg/cm? thick. The radiator, or(£) is the total m-p scattering cross section 
absolute efficiency of the telescope depends upon this for neutrons of energy £, and M is a calculated quantity 
radiator thickness, the internal geometry of the tele- which contains the internal geometry, the target-radia- 
scope, the differential m-p scattering cross section, and tor solid angle, and the anisotropy of n-p scattering 
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Fic. 8. The least-squares center-of-mass curves, transformed to the laboratory system. Use is made of the symmetry of the angular 
distribution about 90° in the center-of-mass system to define the cross section at all angles in the laboratory system. The dashed section 
in the 5.0-Mev curve is due to the lack of experimental data from 70° to 110° in the center-of-mass systen 





D(d,n)He*? REACTION FOR 
Tables of M for a wide range of internal telescope 
parameters, target-radiator solid angles, and incident 
neutron energies, as well as interpolation methods, are 
given in reference 11. A semiempirical formula for cal- 
culating or(E), due to John Gammel, is also given in 
this reference. By means of this formula and the M 
tables, the absolute efficiency of the counter telescope 
used in this experiment was found to be of the order of 
10-*, and absolute efficiencies were obtainable with an 
estimated error of +3%, the largest uncertainty in this 
number being the m-p scattering anisotropy. 

The deuterium gas was supplied by the Stuart 
Oxygen Company and was guaranteed to be 99.5% 
deuterium. An analysis determined the deuterium 
content to be 99.66+0.05%. The target gas pressure 
was measured with a simple mercury column manom- 
eter. Frequent checks were made on the pressure, and 
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Fic. 9. Experimental determination of etfect of beam heating 
on the density of deuterium atoms in the target. The zero beam 
level intercept can be determined to 2 or 3%. The open- and 
closed-circle points were obtained several days apart to check 
reproducibility. 


the number of deuterium atoms/cm? in the target could 
be determined to an accuracy of +1%. 

The deuteron beam was well collimated to a diameter 
of } inch on entering the gas target. The loss of second- 
ary electrons arising from deuteron passage through the 
0.0005-in. tantalum entrance foil was suppressed by 
placing a 100-volt bias on an insulated section of beam 
pipe near the target entrance. Within statistics, no 
electron loss could be found with the bias removed. 

The effect on the density of deuterium atoms in the 
target from heating due to passage of the deuteron beam 
through the gas was measured by running at several 
beam levels between 0.25 and 1.5 wa and extrapolating 
to zero beam level. A typical curve of the neutron counts 
in the telescope per wcoul of charge on the target versus 
beam level (Fig. 9) had a slope of approximately 0.5 
counts/ycoul wa. The uncertainty in the zero beam level 
intercept was about 2 to 3%. 

The measured absolute cross sections are listed in 
Table II. They have been corrected for the attenuation 
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Tasie II. Absolute cross sections for production of neutrons 
at 0°. The uncertainty in the incident deuteron energy is about 
+2%. 


@(0°) 
(mb/sr) 


59.6+3.0 
80.9+-4.0 
90.1445 
99.3450 
103.345.0 
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of the neutrons by the walls of the gas target and the 
entrance window of the counter telescope, a correction 
of about 2%. The correction due to the fact that the 
gas target is a line source rather than a point source, 
as assumed in the M table calculation, was found to be 
negligibly small (0.2%). 

The absolute cross sections are plotted in Fig. 10. 
Also plotted are the preliminary data of Cochran, 
Smith, and Henkel,'® from 6 to 14 Mev and the un- 
published data of Smith and Perry," from 0.5 to 6 Mev. 
Both sets of data were measured with a proton recoil 
telescope similar to the one used in this experiment, and 
the probable error in both sets is approximately 5%. 
The point at 8.4 Mev is that of Daehnick and Fowler.’ 


EXCHANGE STRIPPING THEORY 


The exchange stripping approach of Owen and 
Madansky*” was developed to account for the signifi- 
cant components in the backward direction found in 
some stripping angular distributions. In this approach 
the usual deuteron stripping theory’'* is modified to 
formally include contributions from “heavy-particle”’ 
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Fic. 10. Differential cross section at 0° in the laboratory system. 
The open circles are the present data, the closed circles are pre- 
liminary data of Cochran, Smith, and Henkel (refererice 15), the 
crosses are unpublished data of Smith and Perry (reference 14), 
and the triangle is from Daehnick and Fowler (reference 3). 


'®D. R. F. Cochran, R. K. Smith, and R. L. Henkel (private 
communication). We very much appreciate permission to include 
these results prior to publication 

‘4. B. Bhatia, K. Huang, R. Huby, and H. C. Newns, Phil. 
Mag, 43, 485 (1952) 
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Fic. 11, The experimental data, with the best calculated exchange stripping fit at each energy. The stripping curves have been 
normalized to the data at 20°, and an isotropic component of about 3 millibarns/steradian has been added 





stripping. This is done by antisymmetrizing the final- 
state wave function for the outgoing neutron with re- 
spect to exchange of available neutrons in the deuteron 
and heavy particle. Since the D(d,n)He’* reaction is 
unique in that both the incident and target particles 
must be equally regarded as the source of the resultant 
neutron, this approach should be particularly suitable 
to this reaction. The following relations result from the 
development of Daehnick and Fowler.’ 

A first-order Born approximation perturbation cal- 
culation yields a differential cross section which contains 
the incident deuteron stripping amplitude, the target 
deuteron (heavy particle) stripping amplitude, and an 
interference term between the two, i.e., 


a(@)= he+ha*— haha’. (1) 


The interference term arises due to the fact that the 
neutron detector cannot distinguish between neutrons 
from the two deuterons. The (—4) coefficient of the 
interference term arises when the spin functions in the 
initial-state and final-state wave functions are properly 
combined. 

The stripping amplitudes are spatial overlap integrals 
between initial- and final-state wave functions. They 
can be written as a product of three factors, 


hax AG(K)fi(k), (2) 


hax A'G(K’)fi(k’). (2’) 
A is a measure of the reduced width for the formation 
of a final He*® nucleus containing the target deuteron 
and the proton of the incident deuteron. Since it is not 
an angle dependent factor, it can be removed from the 


stripping amplitude for angular distribution fitting 
purposes. 

G(K) is the momentum transform of the neutron 
within the incident deuteron, with respect to the center 
of mass of the incident deuteron, and, in a zeroth-order 
square-well approximation, the angular dependent part 
has the form 


Smad i 
G(K)« ( . (3) 
a¢g+K? 
where 
ad M n€a hh? (4) 
K?=|k,—4ka|? (5) 
ad¢ is defined by the deuteron binding energy, ea: k.. 


and k, are the wave vectors for the outgoing neutron 
and the incident deuteron, respectively. 

fi(k) is the momentum transform of the internal 
spatial wave function of the final state of the captured 
proton relative to the target deuteron. Since the captured 
proton wave function is not strictly a plane wave, a 
delta-function interaction'*® at an interaction surface of 
radius Ro is used to limit the integration. Distorting 
effects are not explicitly accounted for, but it is assumed 
that the interaction radius Ry can be adjusted to simu- 
late some of them. Since the proton is captured into an 
/=0 orbit in He’, the angular-dependent part of f;() is 
given by a zero-order spherical Bessel function, 


f k) x jo(RRo), 


= |ky—3k,, 


(6) 
(7) 

The wave vectors A and k contain the angle, 6, be- 
tween the incident deuteron and the emitted neutron. 








Did,n)He*? REACTION FOR 
The factors G(K’) and f,(k’) of Eq. (2’) have forms 


identical to Eqs. (3) and (6), respectively. Since 


ky=—ka, the wave vectors for the target deuteron 
stripping (the primed system) have the form 
K’= k+dka 2 (5’) 


k= | —ka— 9k, |?. (7’) 


EXCHANGE STRIPPING FITTING 


When the proper forms for G(K), fi(k), G(K’) and 
fi(k’) CEqs. (3) and (6), and their primed equivalents ] 
are substituted into Eqs. (2) and (2’), it can be seen 
that the differential cross section expression, Eq. (1), 
contains only one adjustable parameter, the interaction 
radius Ro. 

The measured data, with the best stripping fits at 
each energy, are plotted in Fig. 11. The fitting was done 
by normalizing the calculated curve to the least-square 
(Legendre) curve value at 20° and adding an isotropic 
component equal to the measured value at the mini- 
mum. The values of interaction radius, Ro, required to 
obtain the fit and the isotropic contribution at each 
energy are listed in Table IIT. The error of +0.2 fermi 


TaBLe III. Values of the interaction radius, Ro, and the iso 
tropic component required to obtain the best exchange stripping 
fit to the experimental data. 


Isotropic 
Ra Ry contribution 
(Mev) (fermi) (mb/sr) 
5.0 8.4+0.2 3.3 
7.6 6840.2 20 
9.6 6340.2 3.1 
12.2 5§.5+0.2 2.3 


(10- cm), indicated for the interaction radii, reflects 
the sensitivity of the fit of the forward peak to the 
choice of Ro. 

A plot of the variation of the interaction radius with 
laboratory energy of the incident deuterons is shown 
in Fig: 12. The radius at 8.4 Mev is that of Daehnick 
and Fowler.’ (The error on this point is approximate.) 
The radii at 3.0 and 14.0 Mev were obtained by con- 
structing angular distributions at these energies by 
means of the Legendre coefficients of Brolley ef al.? and 
treating these constructs the same as the experimentally 
measured curves. 
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Fic. 12. The variation with energy of the interaction radii used 
to obtain the best exchange stripping fits. The triangles are from 
fits to the present data, the circles to the data of Daehnick and 
Fowler (reference 3) (error approximate) and the crosses to 
Legendre constructs from the data of Brolley ef al. (reference 2). 


As can be seen, there is a considerable change in Ro 
over this energy range, and the values are quite high 
compared to the conventional deuteron “radius” of 4.3 
fermi.'’? An analysis of the contributions made by the 
various distorting effects neglected in the development 
of the theory might lead toeither a qualitative or quanti- 
tative explanation of the magnitude and variation of Ro. 

Exchange stripping fits to the N'*(d,#)O"* reaction"* 
and the B"(d,n)C™ reaction®” have also shown varia- 
tions of Ro with energy. It is well known that the strip- 
ping model is a relatively crude one, and it seems quite 
possible that radii obtained in this way can never be 
given any real physical significance. 
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The November 1, 
I ™ I +4 


1952 thermonuclear explosion 


(“Mike’ 


through multiple neutron capture by U™*. The long-lived products of successive 8 


ium isotopes UU» 


decays trom 


produced all of the urar 


these isotopes were measured mass spectrometrically and radiometrically. The logarithms of the abundances 
decline smoothly with increasing mass number; the even-mass abundances slightly exceed the geometric 
mean of adjacent odd-mass abundances. Some nuclear properties of neutron-rich heavy nuclides, not subject 


to ordinary investigation are inferred 


I. INTRODUCTION 


N November 1, 1952, the first large scale thermo- 

nuclear test explosion (Ivy Mike) took place in 
the Pacific Ocean. The device involved both the pro- 
duction of 14-Mev neutrons through deuterium-tritium 
fusion, and neutrons from the fission of uranium. The 
unusually high neutron flux of the device produced 
U*, U*---U%*, These isotopes then decayed by beta 
emission to more stable isobars (Fig. 1). The device 
produced much of the earliest information about 
neutron-rich nuclides whose mass numbers exceed 
243.'-* The abundances of the 17 successive uranium 
isotopes are of interest because of the insight into 
nuclear properties that may be obtained and because 
the nuclear reactions in the explosion constitute an 
analogy*~’ to the currently postulated mechanism‘? of 
nucleogenesis on a fast time scale. 


Il. MEASUREMENTS 


Samples of airborne debris were collected on filter 
paper; more massive samples were obtained by collect- 


* Based on work performed under the auspices of the U. S 
Atomic Energy Commission. 
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ing some of the condensed debris from an adjacent 
atoll. Elements 94 through 100, to which the uranium 
isotopes had decayed, were then chemically extracted 
and purified. It was assumed that the chemical yields 
in recoveries and separations for elements 95-100 were 
identical, all of them being actinide elements which are 
similar in the +3 oxidation state and behaving almost 
identically in most chemical procedures. The one ex- 
ception to this, Bk’, which exists also in a tetrapositive 
oxidation state, caused no difficulty since its abundance 
could be calculated from Cf activity in californium 
fractions separated from the berkelium at known times 
after the detonation of the thermonuclear device. 


A. Isotopic Ratios 


The isotopic composition of the plutonium, ameri- 
cium, and curium fractions were measured on 12-inch, 
60° mass spectrometers with triple filament sources. 
The isotope Cm? was not discernible through the use 
of the mass spectrometer but its presence was inferred 
from an excess of spontaneous fission activity over 
that which would be expected from Cm™* and Cm™*.? 
A minute amount of Cm*” was detected through the 
observation of its characteristic alpha particle energy. 

The abundances of all the transcurium elements were 
measured radiometrically. The isotope Bk was ob- 
served by the measurement of its beta activity and 
quantitatively measured by the observations of the 
growth of its alpha-particle emitting daughter, Cf. 
The abundances of Cf*® and Cf 
their measured alpha activities 


( 
' were determined from 
ind known half-lives.* 


§ Half-lives and energies in this paper come fron review 
by D. Strominger, J. M. Hollander, a G. T. Seaborg, Revs 
Modern Phys. 30, 585 (1958), except for reference 9 and for the 
Cf™ half-life, whic s taken t e 2.55 years as given by T. A 
Eastwood, J. P. Bu M. |. Cabe H. G. Jackson, R. P 
Schuman, F. M. Rourke, a L. Collins, Phys. Rev. 107, 


1635 (1957 
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Taste I. Mass abundances at zero time 

A Mass Isobar* Na *=Relative C4= Cumulative abundance as Cateven) * 
number observed abundance Nat+NaaitNacet (CanCauy) 

239 Pu 1.000 4-0.004 1.424 

240 Pu 0.36340.004 0.424 1.44 

241 Pu, Am 0.039+0.005 0.061 

242 Pu 0.0191+0.003° 0.0226 1.55 

243 Am (2.1+0.4)K 10°" 4 0.0035 

244 Pu (1.18+0.07)« 10°" 0.00135 1.71 

245 Cm (1.244+0.01)K 10° 1.77xX10" 

246 (Pu)Cm (4.78+0.11)x10"° 5.30X10°* 1.73 

247 Cm (3.940.2)xK10°* 5.3x10-* 

248 Cm (1.2+0.1)K10°* 1.4xX10°** 1.48 

249 (Bk )Cf (1.140.1)«K10-7 1.7X10°7 « 

250 (Cm) ' 

251 (Cf) 

252 ci 1.03+0.07)«10°*! 1.510% 

253 Cf, Es (4.0+1.2)K10°" 50x10 « i 

254 Cf (4.240.3)x10™" 1.0x10-" 

255 Es, Fm 5.7+3)xK10" 5.7xX10°" 


* Isobars in parentheses were not used to obtain quantitative data 


Relative abundance of Cm* <1.9 X10~*. This probably arose from a s 
This error is primarily that of comparing Am™ to Pu™ 

The error of comparing Cm to Am is ~15% 

The error of comparing Cf to Am™ is ~10% 

Includes interpolated abundances from Fig. 2 


rae ae 


' The ratio of C4*8/(C4**C 42)? =1.3. Since here the odd Cy, is in the nu 


The isotope Cf*' was not observed directly, but its 
presence was indicated by the production of Cf*® in a 
short neutron irradiation of the californium fraction. 
The yield of Cf? was obtained from the amount of 
56-day*® spontaneous fission activity. The relative yield 
of the nuclide with mass number 253 was inferred from 
the growth and decay of Es*® in a purified californium 
fraction. Similarly, the growth and decay of Fm*® in a 
purified einsteinium fraction gave the relative yield of 
mass number 255. 


B. Elemental Ratios 


The amounts of the six perceived elements were nor- 
malized to each other by observing the variation of 
beta-decay daughter activities with time, by comparing 
alpha activities of the elements, and by determining the 
yield of the same numbers in different 
elements. 

The isotope Pu undergoes beta decay with a 13- 
year half-life to Am™. The isotope Pu®® decays to Am** 
almost immediately (5-hour beta half-life). The mass 
spectrometric ratio of Am™!': Am? in samples where the 
time between the detonation of the device and the 
separation of americium from plutonium was known 
made it possible to derive the amount of Pu*" associated 
with the americium, and served to connect the plu- 
tonium and transplutonium data. The accuracy of the 
joining of the plutonium data to the americium data is 
estimated to be about 15%. 


mass two 


° In | the three available mass spectrometric measurements, the 
Am" /Am ratio rises less rapidly than linear growth of Am™ 
from Pu™' would predict, indicating that a long-lived (ca 80 day 
8-decay precursor of Am™ such as a Np™ isomer might exist 
This uncertainty is responsible for much of the error in the 
joining of americium and plutenium data 


» Errors stated are standard errors for ee of isotopes of the same element 
all amount of plutonium whi 


K =ratio of even-mass Se abundances (Ca) to geometric mean of adjacent odd-mass C's 


1 contained a small amount of Am™', 


erator, this datum is not consistent with the other five K values 

The alpha activities of the isotopes of curium, cali- 
fornium, einsteinium, and fermium were all compared 
to the alpha activity of Am*® in the same sample. The 
curium activity was difficult to interpret since Cm 
and Cm™* both emit alpha particles whose energies are 
to 5.35 Mev and the half-lives of these two nu- 
clides are not known precisely. The mass spectrometric 
ratio of Cm**:Cm™* (Table I) and half-lives of 7500 
years and 5500 years,” respectively, give a specific 
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Fic. 1. Production of uranium isotopes in the November, 1952 
Mike thermonuclear event, and their decay to beta stability 
] beta unstable nuclide. {J beta stable nuclide 


® This half-life is chosen from unpublished work (ANL) and 
a consideration of the half-lives reported by J. P. Butler, T. A 
Eastwood, H. G. Jackson, and R. P. Schuman, Phys. Rev. 103, 
965 (1956); and A. M. Friedman, A. L. Harkness, P. R. Fields, 
M. H. Studier, and J. R. Huizenga, Phys. Rev. 95, 1501 (1954). 





2002 











a co ee ee ee ee 
° 
i 4 
°o 
°o 
-2+ 4 
° 
a -3F Qo 7 
z 
“ ° 4 
-4 
o ° 
z 
a -5 ~ 
2 ° J 
> 
@o -6 Fr ° 
a 
So .7F ° 4 
°o 
° 
ad 
-8 of 
-9r ° 4 
9 
-IOrF = 
of 
2 aS ee eee eee 


hiltndivedioniunl 
240 242 244 246 248 250 252 254 256 
MASS NUMBER (A) 


Fic. 2. The log,» of the abundances (N44) of the various nuclides 
with mass numbers at the time of detonation of Mike 


activity of (6.62 1.0) 10° 5.35-Mev alpha dis/min per 
microgram of Cm**, 

An early mass spectrometric measurement of plu- 
tonium gave a crude relative yield of 11-day Pu™* that 
was in good agreement with the later determination of 
the Cm** relative yield obtained through comparison 
of activities. 

( omparison of these different isotopes of the actinide 
elements rests upon the assumption that no important 
fractionation of the elements occurred during the in- 
terval between the time they were produced and the 
time they were deliberately separated and measured. 


III. RESULTS 


The abundances V, determined as described above 
are shown in Table I. The stated errors are the standard 
deviations estimated from counting and mass spectro- 
metric data, and the uncertainties in the half-lives used. 
The logarithms of these abundances are plotted as a 
function of their mass number (A) in Fig. 2. 

Since the high-mass nuclides are produced by neu- 
tron capture it would be useful to consider not only the 
abundances .V,4 but also the sum of the abundances 
of all nuclides whose mass numbers are higher than A ; 
because nuclides of mass greater than A represent the 
burnout of mass A by neutron capture. We define there- 
fore, the cumulative abundance C, as follows: 


C4 Vat N agit Vasot: ++ Nags. 


The cumulative abundances C4 are listed in Table I and 
their logarithms are plotted as a function of mass num- 
ber (A) in Fig. 3. 


DIAMOND et a 


It can be seen in Fig. 3 that the even mass number 
cumulative abundances are generally slightly above a 
line joining the cumulative abundances of odd-mass 
number isotopes 


linearity of 


The approximately semilogarithmic 
the plot in Fig. 3 allows one to estimate 
even-Mass 


odd-mass 


quantitatively the extent of the excess of 
number isotopes over 
isotopes. We define A as the ratio of an even-mass 
cumulative abundance to the fj 
adjacent odd-mass cumulative 


number 


neighboring 
geometric mean of its 
ibundances 


K=C, © 4~-1i€ ay 


The value of A shown in Table I is quite constant 
through mass number 249. The mean value in this 
region is 1.58 and its mean deviation is 0.14. This 


generality is violated at masses 253 and 255 


IV. DISCUSSION 
A. Nature of the Device 


The principal thermonuclear reaction in the device is 
indicated by the equation H*+H*=He't+n. The re- 
action produced neutrons whose energy is initially 14 
Mev. In addition, neutrons were also produced by the 
fission of uranium. The duration in time of the reaction 
produced by the device was short compared to the 
shortest possible beta decay half-lives." The tempera- 
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HEAVY ISOTOPE ABUNDANCES 
hence the thermal neutron energy must have exceeded 
four kev. 

Cameron,® considering multiple neutron capture in 
Mike, has reasoned that the heavy uranium isotopes 
were produced after most of the neutrons had been 
reduced in energy to the point where (n,f) and (n,2n) 
reactions were unimportant. Devaney, Petschek, and 
Menzel" in their numerical computation of the buildup 
of heavy nuclides in a device such as Mike, have esti- 
mated the product of neutron concentration and time 
necessary to produce U***: U%*= 10-" would exceed one 
mole of neutrons per ml for 10~* second. 


B. Neutron Capture 


If the concentration of neutrons uniform 


throughout the device and if the cross sections did not 
g 


were 


increase with increasing mass number, the curves in 
Figs. 2 and 3 would be convex. Cameron suggests that 
the yields of the heavier nuclides may be greater than 
would ordinarily be expected because of greater nuclear 
radii and greater neutron binding energies resulting in 
greater neutron capture cross sections. One can also 
assume the existence of zones and gradients of neutron 
concentration within the device, and by a suitable 
combination of the curves of Devaney, Petschek, and 
Menzel synthesize the observed mass abundance curve. 


C. Even-Odd Effect 


The cumulative abundances are described by two 


smooth curves: that for the even-massed cumulative 


abundances lies uniformly above that for the odd 
massed cumulative abundances (through mass 249) by 
a factor of 1.58+0.14. The most plausible explanation 
of this even-odd effect is that it represents differences in 
the capture cross section for the thermonuclear device 
neutrons. 

The even-odd effect is not directly comparable to 
experimental neutron cross sections for neutron energies 
close to those expected in the device, because most of 
these measurements'*-"* do not employ target nuclides 

‘8 J. J. Devaney, A. G. Petschek, and M. T. Menzel, Los Alamos 
Scientific Laboratory Report LAMS-2226, 1958 (unpublished) 

“R. L. Macklin, N. H. Lazar, and W. S. Lyon, Phys. Rev 
107, 504 (1957), show the closed shell effect for 25-kev neutrons 

'S Holmes, McVicar, Rose, Smith, and Shepperd, Proceedings 
of the International Conference on Peaceful Uses of Atomic Energy, 
Geneva, 1955 (United Nations, New York, 1956), Vol. 5, p. 331 
These data are reviewed by A. M. Weinberg and E. P. Wigner, 
in The Physical Theory of Neutron Chain Reactors (University of 
Chicago Press, Chicago, Illinois, 1958), p. 66. 

‘©T. M. Snyder, Proceedings of the International Conference on 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 5, p. 171. 

7, V. Hummel and B. Hamermesh, Phys. Rev. 82, 67 (1951) 
'®C. Kimball and B. Hamermesh, Phys. Rev. 89, 1306 (1953 
' Booth, W. P. Ball, and M. H. McGregor, Bull. Am. Phys. 
, 268 (1957). 


IN THERMONUCLEAR DEVICE = 2003 
having odd numbers of neutrons. Neutron cross sec- 
tions do appear to be about a factor of 1.5 greater for 
odd Z than for even Z nuclides in the approximately 
300-kev neutron flux in Zephyr.'® 

The analogy between the thermonuclear device and 
nucleogenesis on a fast time scale has been noted.*~? In 
nucleogenesis, it is unlikely that there was any single 
element in which many neutron captures by successive 
isotopes were responsible for the observed abundances. 
Looking at the Appendix to the review by Burbidge, 
Burbidge, Fowler, and Hoyle,‘ one can see that only 
the region between mass numbers 155 and 170 in 
nuclide abundances taken from Suess and Urey” 
represents the results of the neutron capture on a fast 
time scale untrammelled by other processes or the 
proximity of closed shells. There the ratio of even-mass 
abundances to the mean of adjacent odd-massed 
abundances is 1.36+0.21. This then, supports the crude 
analogy between the thermonuclear event and the 
rapid neutron capture phase of nucleogenesis. 

The neutrons responsible for the mass abundance 
curve, are energetic enough so that capture cross sec- 
tions are at least partially dependent upon the density 
of energy levels in the compound nucleus. The small 
variation in the cross sections of successive even and 
odd uranium isotopes implied by the data might be 
taken as an extension of the experimental evidence for 
the observation (Hurwitz and Bethe)" that the signifi- 
cant excitation energy for determining level density is 
“not measured from the ground state, but from a char- 
acteristic level,’” which depends in a smooth way upon 
the total number of nucleons in the nucleus. 

The relatively large abundances of mass number 253 
and mass number 255 nuclides might have been due to 
alpha decay of higher mass precursors, while neighbor- 
ing even mass precursors would have undergone fission 
before alpha decay. 


D. Level Densities 


The survival of Cf in the decay chain: U**, 
Np™*t*, Pu®*®, -.-Cf can be used to infer some of 
the nuclear properties of highly neutron-rich nuclides 
around this mass number. The beta-decay energy of 
Np*™ is predicted™ to be 7 Mev: if the Pu™ level 
density above approximately 4.6 Mev (the neutron 
binding energy”) were high enough to overcome the 
strong energy dependence favoring decay by beta 
emission to lower states, then such neutron emission 
would be expected to compete with beta decay. The 
fact that Cf exists implies such competition is small. 
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It might be expected that the curves in Figs. 2 and 


3 would show a dip after mass number 244 where the 


minor 152 neutron subshell observed in alpha decay 


energies would effect the level densities and the capture 


cross sections." No such dip is seen. 
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\ directional correlation measurement has been performed on the 250-kev vs 
cascade in U™ following the 24-day beta decay of Th™ and the subsequent one-minute beta decay 
7514-795 kev) composite photopeak spectrum coincident with the 250-kev gamma ray 


“770” -kev 


rhe 


751+-795)-kev composite 


of Pa™ 


was displayed on a multichannel pulse-height analyzer for different positions of the scintillation counters 


From these spectra the directional correlations between the 250-kev gamma ray an 
sides of the 770-kev composite line were measured. The results together wit 
sistent with assignments of multipolarity £1 to the 250-, 751-, and 795-kev gamma rays and 
to the levels involved in the 250-751 kev : 
Thus new levels are proposed at 795 and 1046 kev ¥ jin and parity I 


1 ) 
gamma cascades, respectively 
and 0*, respectively 


assignments 0 and 0* —1~—0" 


INTRODUCTION 


YINCE Th” is obtained from natural uranium, it was 
one of the earliest radioactive nuclei to be studied. 
Nevertheless, there still exist uncertainties in the inter- 
pretation of this decay. One reason for this is that the 


electron conversion spectrum is masked by the presence 
of a very intense Pa™— U™ ground-state beta-ray 
group (98% of all transitions) with end point 2300 kev. 
Another reason is that several transitions are strongly 
electron converted and, therefore, do not appear in the 
gamma-ray spectrum. For these reasons, it is especially 
important to complement beta- and gamma-ray spec- 
troscopy of the Th™ decay by additiona] measurements. 
Consequently, we have attempted a gamma-gamma 
directional correlation measurement in order to lead to 
a clearer interpretation of the U™ level scheme. 
Several outstanding features regarding the Th™— 
Pa™—> U™ decay are well known. The beta and gamma 
ravs from the Th™ decay are relatively low in energy 
and do not interfere with the radiations from the Pa™ 
beta decay which are of higher energy. The Pa™ decay 
proceeds from two isomeric states with half-lives 1.18 
minutes and 6.66 hours, respectively. The radiation 
from the one-minute decay is the more intense and 
the scintillation counter 
measurements of the beta- and gamma-ray spectrum, 


dominates spectrum. From 


and beta-gamma coincidence measurements, Johansson! 


dation Postdoctoral Fellow 1957-1959 
Pennsylvania. Philadelphia 


* National Science Four 
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'S. A. E. Johansson, Phys. Rev. 96, 1075 


address: University of 


(1954 


the lower and 


h other measurements are con 


upper 


spin and parity 


1 250-795 kev gamma 


has established the presence of a transition of energy 
810 kev which must be completely converted in U™ 
and which is fed directly by beta decay from the one- 
minute isomer. Therefore, it is clear there must be a 
oO" 
et al.* have measured the end-point 
ray groups and their intensities in a beta-ray spectrom- 
eter. Ong Ping Hok ef al.* have studied both the internal 


spectrum wW ith 


+ 0* ground state transition of this energy. DeHaan 
energies of the beta- 


conversion electron a beta-ray spec- 
trometer and the gamma-ray spectrum with a scintil- 
lation counter. Compk te references to earlier work are 
given by these authors 

A decay scheme for the one-minute Pa™ — U™ decay 
has been proposed by Bjgrnholm and Nielsen and is 
given in Fig. 1. The decay scheme is based principally 
on Bjérnholm and Nielsen’s measurements‘ using the 
Copenhagen six-gap “‘orange” type beta-gamma coinci- 
dence spectrometer and the author’s gamma-gamma 
coincidence measurements performed on a scintillation 
apparatus described in the next section. 

The main pieces of evidence for proposing this decay 
scheme are as follows. The 811-kev transition is very 
strongly converted and, therefore, must the 
multipolarity 0. Consequently, there must exist a 
level at 811 kev with spin and parity 0*. The same 0* 
level has apparently been observed by Asaro and Perl- 


Kramer, Physica 21, 803 


have 
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man® following Pu** alpha decay to U™. They assign 
an energy of 803 kev to this level. The first 2* rota 

tional level at 44 kev in U™ is known to exist from 
Pu™* alpha decay.* Bjgrnholm and Nieisen also find 
evidence for this level since they have detected L elec 

trons from a 44-kev transition following Pa™ decay. 
They find these electrons coincident with gamma rays 
at 767 and 1000 kev. In addition to the ground-state 
beta group with end point 2300 kev, Bjgrnholm and 
Nielsen find a beta group with end point of approxi- 
mately 1500 kev in coincidence with a gamma ray at 
767 kev and a beta group of end point 1250 kev in 
coincidence with gamma rays of approximately 250 
kev and 1000 kev. Moreover, in the internal conversion 
spectrum they find K electrons from a 235-kev transi 
tion which are coincident with 767-kev gamma rays. 
Thus it appears reasonable that there is a level at 1046 
kev which is populated directly by beta decay and which 
gives rise to both the 235-kev and 1000-kev transitions. 
Also, the 811-kev level must be populated partly by a 
235-kev transition as well as directly by beta decay. 
However, in looking for gamma rays in coincidence with 
the 767-kev gamma ray, a photopeak was found by the 
author to be centered at 250+5 kev rather than at 235 
kev as shown in Fig. 2. This is in agreement with 
Johansson' who was the first to report a 750-250 kev 
gamma-gamma cascade. Moreover, a 235-kev gamma 
ray could neither be observed in the singles spectrum 
nor in the spectrum coincident with the A electrons 
from the 811-kev transition.‘ Thus a lower limit is 
placed on the K internal conversion coefficient of th 
235-kev transition which is high enough to exclude the 
possibility of M1, £1, and £2 for this transition. The 
value of the K/L ratio measured by Bjgrnholm and 
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as proposed by Bjgrnholm and Nielsen, reference 4 
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Fic. 2. The gamma-ray spectrum coincident with the 
770-kev composite photopeak in Th™ decay. 


Nielsen for the 235-kev transition establishes in addition 
that this transition is not M2. Thus 20 is strongly 
suggested for the 235-kev transition and the spin and 
parity 0° for the 1046-kev level. The scintillation spec- 
trum of the gamma rays coincident with the 250-kev 
gamma ray are shown in Fig. 3. A peak is found at 770 
kev but its width is too broad to be a single peak. The 


broadening can be explained if it is assumed that there 


are two gamma rays coincident with the 250-kev 
gamma ray with energies 44 kev apart, i.e., gamma 
rays with energies 751 and 795 kev which decay to the 
44-kev and 0-kev levels, respectively. Should this be 
the case, it is then possible that the 250-kev gamma ray 
populates a new level at 795 kev while being emitted 
from the 1046-kev level already proposed. Bjgrnholm 
and Nielsen were unable to detect the K electron from 
the 250-kev transition above the beta-ray background. 
However, they were able to place a limit on the K 
internal conversion coefficient of the 250-kev transition 
on the basis of which all possibilities except £1 can be 
ruled out for the multipolarity of this transition. There- 
fore, if the above assumptions are correct the 795-kev 
level must have spin and parity 1- 


DIRECTIONAL CORRELATION MEASUREMENTS 


A directional correlation measurement on the 250- 
“770” kev composite cascade was attempted in order 
to provide a crucial check on the spins of the levels 
proposed at 795 kev and 1046 kev. According to the 
decay scheme proposed in Fig. 1 the two cascades 
250-751 kev and 250-795 kev should have very dif- 
ferent directional correlations. Therefore, although the 
proposed gamma rays at 751 and 795 kev cannot be 
resolved from each other in the scintillation counter 
spectrum in coincidence with 250-kev gamma rays, the 
directional correlation of these coincidences should be 
a function of the pulse-height interval selected from 
the “770"-kev photopeak. For this reason the direc- 
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Fic. 3. Gamma-ray spectra of Th™ decay. (a) The high-energy 
portion of the singles spectrum. (b) The spectrum of gamma-rays 
coincident with the 250-kev region of the singles spectrum 


tional correlation was performed by displaying the 
770-kev coincidence peak on a multichannel analyzer. 
Using this technique it was possible to analyze the 
upper and lower pulse-height regions of the peak 
separately. 

Three scintillation counters were used in an arrange- 
ment shown in Fig. 4. The 250-kev photopeak was 
selected in Counter A and the 770-kev composite peak 
and C were measured 
between Counters A and B and Counters A and C. In 
this way it was possible to make measurements at the 
90° and 180° positions simultaneously. All three 
counters used 14-inch diameter by 1}-inch long Nal 
(Tl) scintillation crystals mounted on RCA-6342 photo- 
multiplier tubes. Conventional coincidence 
circuits were used with the resolving time 27 set at 


in Counters B Coincidences 


fast-slow 


8 


approximately 4X 10~* second. 
The Th™ source was prepared by the conventional 


* into water 


method® involving the extraction of Th’ 
from a solution of two kilograms of uranylnitrate in 
ether. The extracted Th™ was purified in a cation 
exchange column and the solution was placed in a 1.5- 
millimeter capillary tube for use. 

In this experiment it is necessary to take special pre- 
caution against the occurrence of spurious coincidence 
due to scattering between the counters. The 1000-kev 


gamma ray may backscatter from the crystals of 
Counters B and C into the crystal of Counter A, thereby 


simulating a “770’’-250 kev coincidence. In the case of 
the two counters at 90°, scattering between counters 
was practically eliminated by a 1-cm thick absorber 
placed between the counters. Lead absorbers 4 mm 
thick were also placed in front of Counters B and C in 
order to reduce backscattering between the two coun- 
ters which were at 180°. A 3-mm aluminum absorber 
was also placed in front of Counter A in order to block 
the energetic 2.3-Mev beta rays. 
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250-kev 


with 


The photopeak of the 


Counter A 


gamma ray was 
selected in 
height selector. The coincident 770-kev composite line 


spectra from Counters B and C were displayed on a 


a single-channel pulse- 


single multichannel analyzer. Spectrum B was displayed 
on the lower 50 channels of the 
and Spectrum ¢ 
accomplished by using two independent gate circuits 
I and II which were gated, respectively, by the fast- 
slow coincidences A—B and A-C. In order to throw the 
spectrum of Counter C in the upper 50 channels, a flat 
pedestal was added to the gated signal pulses from 
Gate circuit I] 


multichannel analyzer 
on the upper 50 channels. This was 


Back bias was used on the multichannel 
analyzer so that the 50 channels available for displaying 
the spectra covered the 500- to 1000-kev region. Single- 
channel pulse-height selectors were used in addition on 
Counters B and C in order to cut out pulses which were 
outside this energy region. In this way, the spectrum 
displayed on the lower 50 channels was prevented from 
overlapping with the spectrum displayed on the upper 
50 channels 

The coincidences A-~B and A-€ as recorded in the 
multichannel analyzer were measured for two configura- 
tions of Counters B and C 
as shown in Fig. 4 where the angle between Counters A 
and B was 90° and between A and C, 180°. 
configuration was obtained by rotating Counters B and 


The first configuration was 
The second 
C together around the source so that the angle between 


A and B was 180° and between A and C, 270°. 
The two configurations were run alternately, each run 


Counters 


lasting one hour. On each multichannel coincidence 
spectrum of Counters B and C the eight adjacent 
channels which were centered on the composite 770-key 
photopeak 
approximately the width of this peak at half-maximum 
After run the 


collected in these eight channels were summed in three 


were selected These channels covered 


counting rate. each one-hour counts 


ways: (1) sum of all eight channels, (2) sum of lower 


four channels, and (3) sum of upper four channels. Just 


before and after changing the position of Counters B 


and C between each pair of one-hour runs, one-minute 
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Fic. 4. The arrangement of three scintillation counters 


used in the directional correlatior 


surements 
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runs were made to determine the singles rates from the 
single-channel pulse-height selectors following Counters 
B and C. These singles rates were used to normalize, 
respectively, the corresponding coincidence counts A~B 
and A-C (summed in the three ways discussed above) 
which were collected during the one-hour runs made 
before and after the angle change. Thus, changes in 
coincidence counting rate due to changes of the counter 
solid angle with the position of the counter were can- 
celled. After each one-hour run, the ratio of the nor- 
malized coincidence counts from the pair of counters at 
180° to the pair at 90° was computed. The geometric 
mean of these ratios for each pair of one-hour runs gave 
the desired quantity, the 180° to 90° ratio of the 
directional correlation functions, W(180°)/W (90°). In 
this way W(180°)/W(90°) was determined for the 
lower and upper sides of the composite 770-kev photo- 
peak as well as for the whole photopeak. 

By using three counters instead of two to make 
directional correlation measurements, the rate of taking 
data is of course doubled. Moreover, results are ob- 
tained which are independent of source decay during 
the run, and which are less dependent on small drifts 
in the gains of the counters. For example, a small drift 
in Counter A will effect both the coincidence rates A~B 
and A-C in the same way so that the ratio of these rates 
is unaffected. Stability in Counters B and C is obtained 
if the counts are added for a fixed number of channels 
centered on the photopeak of interest in the coincidence 
spectrum. Thus, provided there are a sufficient number 
of channels covering the photopeak, the coincidence 
counts obtained should be relatively independent of 
small drifts in Counters B and C. In using this system, 
one does not normalize the coincidence counter with 
singles counts monitored concurrently during the 
coincidence run. Thus it is not necessary for the photo- 
peaks of interest to stand out prominently in the singles 
spectra as it would be if normalization with singles 
counts were used to cancel counter drifts. 

Of course, in experiments where the channels on the 
lower and upper sides of the photopeak are added 
separately, as is the case in the present measurements, 
the results will be more sensitive to gain drifts and it is 
important to use several cycles of runs of short duration 
to insure meaningful results. In all, seven pairs of runs 
were executed giving mutually consistent results within 
the limits expected by the statistical errors alone. 
Averaging the seven runs and making a slight correction 
for random coincidences, the lower four channels of the 
composite 770-kev coincidence photopeak give W (180°) 

W (90°) = 1.19+0.03 whereas the upper four channels 
on the photopeak give W(180°)/W (90°) = 1.31 +0.03. 
A slight correction (plus 0.01 to both of the results 
above) has been included to account for the presence 
of a 920-kev component which contributed approxi- 
mately five percent to the selected counts of the 770-kev 
coincidence photopeak. This component appears to have 
approximately the same intensity at angles 90° and 
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TABLE I. (a) The experimental values of W(180°)/W (90°) 
obtained from a measurement of the directional correlation of the 
250-770 kev gamma-gamma cascade in U™. Three portions of the 
—— 770-kev photopeak were selected for the measurement, 
the lower half-width at half-maximum counting rate, the upper 
half-width and the whole width consisting of both of these regions. 

(b) The theoretically expected values are derived assuming 
that the measured coincidences are due to a mixture of two 
cascades, 250-751 kev and 250-795 kev with spin sequences 
O*(£1)1-(2£1)2* and 0*(£1)1~-(£1)0*, respectively. It is further 
assumed that the relative intensities of the two cascades are given 
by the branching expected theoretically from a spin 1~ and K =0 
or 1 level to the spin 0* and 2* members of the ground-state 
rotational band 


W (180°) /W (90°) 

Whole width at 
half maximum 
counting rate 


1.2540.02 _ 
1.24 40.02 


1.24 
1.54 


Upper half 
width 


Lower half 
width 


14 one 
hr runs 
2 nine 
hr runs 
K =0 
K =1 


(a) Experiment 1.19 +0.03 1.3140.03 


b) Theory* 
* See reference 7 


180° between the counters. Summing over the eight 
channels centered on the 770-kev photopeak it was 
found that W(180°)/W (90°) = 1.25+0.02. In addition 
to the seven pairs of one-hour runs a pair of 9-hour runs 
was made during overnight periods. No attempt was 
made to analyze the upper and lower sides of the 770- 
kev peak separately due to the uncertainties in gain 
shifts over long periods. However, the eight channels 
covering the peak were summed giving W(180°)/ 
W (90°) = 1.24+-0.02 for the pair of runs in good agree- 
ment with the corresponding experiment based on 
short runs. 


INTERPRETATION OF THE ANGULAR 
CORRELATION RESULTS 


We will begin by comparing the experimental results 
with what seems the most likely theoretical interpreta- 
tion based on other experiments already summarized 
in the Introduction. Thus we assume the decay scheme 
given in Fig. 1. The first level in the 250-770” kev 
gamma-gamma cascade is proposed at 1046 kev with 
spin and parity 0* and the second at 795 kev with spin 
and parity 1~. Branching then occurs to the 2+, 44-kev 
level and the O* ground state. The three gamma rays 
are all assumed to have multipolarity £1. The observed 
directional correlation measured for the lower and upper 
parts of the 770-kev composite photopeak should differ 
since different superpositions of the two spin sequences 
0*—1-—2* and 0*—1-—0* are involved in the two 
cases. Thus the results depend on the relative branching 
from the 795-kev 1- level to the 44-kev 2* and ground 
state 0* levels and on the energy resolution of Counters 
B and C as well as on the directional correlations 
associated with the two spin sequences. Because the 
751- and 795-kev components are not resolved in the 
scintillation coincidence spectrum, the branching ratio 
cannot be measured directly. However, since U™ lies 
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in the region of the strongly deformed nuclei the simple 
theoretical branching relations’ are expected to be 
accurate. If the 795-kev level has spin 1~ and K=0, 
(the quantum number K’ is the component of the total 
angular momentum I of the nucleus along the axis of 
symmetry of the nucleus) then the branching from this 
level to the ground-state rotational band is given by the 
intensity ratio J(1 >2+)/T(1 > O*)=2(751/795)' 

1.69 whereas if K=1, /[(1-—2*)/I(1-—-0°*) 

0.5(751/795)*=0.422 

If the directional correlation function is expanded 
Legendre polynomials W(@)=1+A:2/P2(cos@)+ 
A,P(cosé), then one expects from theory® A,=0.5 and 
A,=0 for the spin sequence 0*(£1)1-(£1)0 
A,=0.05 and A,=0 for the spin sequence 0* (£1) 
1~(£1)2*. The corrections for the finite angular resolu- 
tion of the counters reduce the two A» 
0.40 and 0.040, respectively 

Gaussian line shapes were plotted for the 751- and 
795-kev components with the known linewidth for this 
energy of 10.5 percent and with the relative peak 
heights expected for the 90° and 180° positions of the 
counters. The relative peak heights of the two energy 
components were computed from the product of the 
theoretically known relative intensities and the direc- 
tional correlation function W (@) for the particular com- 
ponent and angle. On adding the 751- and 795-kev 
components so constructed at 90° and 180°, we get the 
actual line shapes expected at the two angles. For K =0, 
the total linewidths of the constructed peaks came out 
12.9% and 13.3%, respectively, for 90° and 180°. The 
observed average composite photopeak widths for the 
seven pairs of runs were 13.5+0.4 for Counter B in the 
90° position, 13.8-+0.4 for Counter C in the 270° posi- 
tion, and 13.640.4 and 13.6+0.4, respectively, for 
Counters B and C at 180°. Thus the accuracy was not 
sufficient to observe the expected slight broadening of 
the line shape in going from 90°(270°) to 180°, but the 
observed widths do match fairly well the expected 


into 


and 


coefficients to 


widths based on the analysis discussed above. Finally, 
the portions of the areas under the constructed com- 
posite curves corresponding to the channels summed 
over in the experimental case were determined. From 
these areas the expected values of W(180°)/W (90° 
were found for the various possibilities as given in 
Table I. 

The possibility of K=1 ruled out 
decisively whereas the fit between theory and experi- 
ment for K 


comparison. 


appears to be 
0 is good considering the nature of this 
In addition to the directional correlation measure- 
ments incorporating the multichannel analyzer, another 
set of measurements was performed using only single- 
channel pulse-height selectors for making the energy 

7K. Alder, A. Bohr, T. Huus, B 
Revs. Modern Phys. 28, 541 (1956 
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were made before it was 
realized that the 770-kev peak is a composite photopeak. 
Consequently, the position and width of the window 
selecting the 770-kev peak was not measured accurately 


selection. These measurements 


and the results so obtained cannot be compared directly 
with the 
However, the single-channel measurements were per- 
formed with an angle of 135° 


multichannel pulse-height analyzer results. 
between the counters in 
addition to the angles 90° and 180°, so that information 
regarding the 
A, coefficient 
out 


correlation 
results, with- 


directional 
The 
for the finite angular 
the counters, are W(180°)/W' (90 
W (135°)/W (905 1.12+0.02. It 
results are consistent with 
posed above. 


value of the 
could be obtained. 
resolution of 
.20+0.02 
that 
the possibility A, 


correc ting 
and 
these 
Q pro- 


Is seen 


To complete the analysis, it is of interest to compare 
the experimental results with predictions based on other 
spin assignments to the levels in question. It is readily 
seen that if the gamma rays are assumed to be of pure 
multipole order, no other interpretation of the experi- 
mental results can be found. If the 
first transition to be a dipole-quadrupole mixture, then 
two additional composite spin sequences are possible. 
Both of these spin 
mediate spin and parity 1~ with A 
the initial spin. They are [1(1,2)1 
1~(£1)2 o of 
reduced 


one <¢ onsiders 


involve an inter- 
QO and differ only mn 

1)0* )+[1(1,2) 
the quadrupole to dipole 
for the first gamma ray 
equal to approximately 1 and [2(1,2)1-(£1)0* J+ 
[2(1,2)1-(£1)2* ] with 6,=1.3. As discussed in the 
limit has been placed on the K 
internal conversion coefficient 


sequences 


| with 6,, the rat 


matrix elements® 


Introduction, an upper 
of the 250-kev transition‘ 
which is reasonable only if the multipolarity of the 250- 


kev transition is £1. Thus the spin interpretations 


suggested above with the initial spin 1 or 2 appear to 
be unlikely since the first transition (250 kev) would 
have to be approximately a 50%-50% dipole-quad- 
rupole mixture 

Gallagher and Thomas’ have studied the Np™ — U™** 
K-capture decay and report evidence for a 1 
788 kev in U™ is the 
one indicated at 795 present 


level at 
same as the 
work. The 
were per- 

magnetic spec trograph with 
0.1% energy resolution and the level at 788 kev was 
is and differences. 

assigned K=0- and J=1, 
since the relative A-conversion intensities measured for 
the 744- 788-kev this 
state are in agreement with this assignment. Thus, K = 1 


788 kev. 


Evidently this level 


kev 


Gra laghe r 


In the 


measurements of and Thomas 


formed using a permanent 


established on the basis of energy sun 


The state was tentatively 


and transitions emitted from 


is excluded for the state at 


Evidence for 1~ levels have been reported for severa’ 
‘ such as in Ra™, Ra™, Ra™®, 


nuclei neighboring | 

°C. J. Gallagher, Jr., and T. D. Thomas, University of Cali 
fornia Radiation Laboratory Report UCRL-8864, August, 1959 
unpublished); Nuclear Phys. 14, 1-20 (1959/60 
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Th*”*, Th™*, and Pu**.’” Apparently such levels are to 
be interpreted as octupole vibrations of a nucleus about 
a spheroidal shape.’ Building on the 0* ground state 
such octupole vibrations can give rise to excited bands 
with K=0-, 1-, 2-, and 3-. From the present experi- 
ments K=0- is indicated for the 795-kev level in U™ 
as discussed in the previous section. This is in accord 
with the studies of neighboring nuclei which also indi- 
cate K=O- for the 1~ level.” Thus, the 795-kev level 
should probably be interpreted as the lowest member 
of a K=O rotational band. Population of the higher 


” F. Stephens, Jr., F 
1543 (1955). 
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energy states with J/=3-, 5~, etc., is not expected to be 
appreciable in the beta decay of Pa™ since on the basis 
of log fi values the ground-state spin of Pa™ appears 


most likely to be 0. 
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Elastic Scattering of Heavy Ions by Gold and Bismuth* 
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The angular distributions of C", N*, O'*, and Ne* elastically scattered by Au’ and Bi®™ have been 
measured at laboratory energies of approximately 10.4 Mev per nucleon. The elastically scattered ions 
were recorded in photographic emulsions at laboratory angles from 19° to 175°. In general, measurements 
were extended only to angles where the ratio of the cross section to the Coulomb cross section, o/o,, was 
greater than 0.1. In one case the measurement was extended to a region where ¢/¢.<1.4X10™. The cross 
sections all exhibited a behavior similar to that previously reported for C on Au’. An oscillation in the 
cross-section ratio occurring at smaller angles than the 20% to 30% rise and sudden drop was observed. 
Excellent agreement was obtained with the Blair “sharp-cutoff” calculations for values of o/o,>0.2. 
Nuclear interaction distances calculated by fitting the sharp-cutoff calculations are consistent with ro= 1.46 
fermis, where R=1ro(A,i+A;'). No striking distinction can be made regarding the surface characteristics 
of the four projectiles or the two targets 


INTRODUCTION cutoff model,? has been applied with excellent results to 


HE study of elastic scattering of heavy ions from 

nuclei promises to be an important source of in- 
formation concerning the size of nuclei and condition 
of the nuclear surface. The mean free path of nuclei 
heavier than a@ particles in nuclear matter is very small, 
so that the interaction is almost completely determined 
by the tails of the nuclear potentials and the Coulomb 
potential. The characteristic angular distribution ob- 
tained is best illustrated by the ratio of the measured 


the elastic scattering of nitrogen by nitrogen,’ and 
carbon by gold.‘ The nitrogen-nitrogen results have 
been analyzed by Porter® using an optical model. He 
obtained good agreement with the experiment with a 
real nuclear potential of —40 Mev, an imaginary 
nuclear potential of —8 Mev, and a potential form 
factor cf 6X 10~-" cm. A good fit to the data could also 
be obtained by setting the real part of the nuclear phase 
shift equal to zero. Therefore, it is the absorption to- 


gether with the Coulomb interaction which plays the 
major role in the elastic scattering, as would be expected 
because of the small mean free path in nuclear matter. 

McIntyre et al.* have studied the elastic scattering 


cross section to the Coulomb cross section. It is found 
that at small angles this ratio is unity. As the angle in- 
creases, the ratio increases by about 20% to 30% and 
then falls rapidly. This same behavior was found for 
the elastic scattering of a particles from nuclei.’ 


é 2 J. S. Blair, Phys. Rev. 95, 1218 (1954); J. S. Blair, Phys. Rev. 
A rather simple model of the interaction, the sharp- 


108, 827 (1957) 
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107, *J. A. McIntyre, S. O. Baker, and T. L. Watts, Phys. Rev. 
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ras_e I. Measured ranges and energies for the incident particles 


Reaction 
energy’ E 
Mev) 


Corrected Energy at 
emulsion 


surface” (Mev 


M (Hilac) 
(Mev) 


range* 
Reaction us 


C?+Au 198.6 
N'*+Au 181.2 

Au 159.6 
Ne®+Au 137.4 
C8+ Bi 205.2 
N+ Bi 180.3 
()'*+ Bi 159.0 
Ne™ + Bi 138.9 


2 10.11¢ 
4: 10.42 
164.1 10.37 
207.6 10.41 
124.0 10.34 
145.4 10.43 
164.0 10.29 
209.6 10.52 


120.0 1 
144.0 1 
162.2 
204.6 
122.4 
143.6 
161.9 
206.2 


values include a 3 yu « 
based on an ¢ 


* These wrection for rubbing of emulsions, and are 
f 3.815 g/cc. They are total ranges and are 


e laboratory angle of scatter was approxi 


nulsion density 

corrected for grain size. Tl 
s obtained using Heckman’'s 

ade to ac« 


reference 9) range-energy data. A 
ount for finite grain size at beginning and 


f target before scatter 
rubbed. The value of (F 


w the ¢ +Au reaction 


Energy at center 
This emulsion was heavily 


10.34 Mev, nu 


M) used in the 


leon I 


of O'*® from Au'®’, Ni, Al’?, and C” at a laboratory energy 
of 158 Mev. The results for Au and Ni are similar to 
the previous elastic-scattering data.’*:* However, some 
small oscillatory structure was found before the rise in 
the cross section. The data for Al and C are in an angu- 
lar region where o(@)/a.(@)<1. Some diffraction struc- 
ture is observed for the C™ data. Halbert and Zucker’ 
have studied the elastic scattering of N“ by Be*. Here 
also o(0)/o.(0)<1. A diffraction structure is evident 
for these data also. 

In the present paper we describe experiments con- 
cerning the elastic scattering of C”, N™, O'*®, and Ne” 
from Au’? and Bi®. Angular distributions were meas- 
ured from 19° to an angle where o(@)/a,(0)~0.1, except 
for one case where o(@)/a.(0) was followed to 1.4K 10™. 
The laboratory energy of the particles was approxi- 
mately 10.4 Mev per nucleon. An oscillatory behavior 
of «(@)/o.(0) was observed at angles smaller than the 
position of the rise before the sudden drop. “Sharp- 
cutoff” calculations have been carried out for each of 
the cases, allowing a determination of the nuclear inter- 
action radius for all of the nuclei involved. The sharp- 
cutoff calculations are in excellent agreement with the 
data. 


EXPERIMENTAL PROCEDURE 


The experimental arrangement has been described 
in a previous paper.‘ A collimated beam of particles 
struck.a thin unsupported target of gold (0.75 mg/cm?) 
or bismuth (0.9 mg/cm?). The scattered particles passed 
on to nuclear emulsions, while the main beam proceeded 
into a collector cup. Integrated charges of approxi- 
mately 4X 10~* coulombs were collected for each expo- 
sure. The beam from the Hilac was deflected either 15° 
or 30° by a bending magnet before reaching the target. 
The targets were placed approximately 3 meters from 
the magnet and were at an angle of 60° with respect to 
the beam axis. There were no absorbing foils between 


™M. L. Halbert and A. Zucker, Phys. Rev. 115, 1635 (1960 


GOLDBERG 


» AND KERLEE 
the Hilac and the target. The magnet used for back- 
ground suppression, as described in the previous paper,‘ 
was not used, although lead absorbers were placed 
about the chamber for reducing x-ray background. Some 
surface blackening of the emulsions occurred and was 
removed by gently rubbing the surfaces.* This rubbing 
removes about one micron of the emulsion depth, as 
will be discussed later. K-O emulsions, 200 u thick, were 
used for all exposures. The emulsion density after 45 
minutes in vacuum was 3.94 g/cc. 

The number of tracks per unit area was determined 
with a standard Leitz binocular microscope and an eye- 
piece reticle. The scattering angle and geometric cor- 
rection factors were found from measurements of the 
geometry of the scattering chamber, and are presented 
in the previous paper.’ The 


emulsion holders, target, 


and collimator were all miounted permanently on a 


single plate so that changes in geometry could not occur 
during the experiment 

The beam was collimated by two slits #5 in. x in., 
placed 73 in. apart. In the case of N'* and Ne” on Bi®, 
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Fic. 1. A typical range spectrum in emulsion for carbon ions 
elastically scattered from gold at a scattering angle of 20° in the 
laboratory. Emulsion density is 3.94 g/cc. The micron scale has 


been corrected for track dip angle in the emulsior 


with the 
blackening of the emulsion 


* Since the exposures were made, we 
cooperation of J. T. Gilmore, that the 
surface is almost entirely due to 4 rays (recoil electrons) created 
by the beam passing through the target. This source of back 
ground has been eliminated in subsequent exposures by straddling 
the target with a permanent magnet having a field strength of 
about 1 kilogauss. This gives a radius of curvature of 4 cm to 22 
kev electrons, the maximun energy, and a radius of 10 
meters to the heavy ions, causing an angular deflection of approxi 
mately 0.1 degree for the heavy ions. The electrons cannot 
the field to the plates. Plates exposed using this n 
surface blackening 


have determined, 


rpected 
expected 


cross 
agnet have little 





ELASTIC SCATTERING OF 
the slits were } in. in height. These slits are one-half as 
wide as those used in the previous experiment. Errors 
in the scattering angle, 6,., arise from several sources 
and depend upon the value of @,.. In the present 
chamber, the cumulative effect of the errors is near 
maximum at a @,. of approximately 35°. The discussion 
below pertains to a range of scattering angles of 30°-40°. 
The uncertainty of the scattering angle is important 
due to its relation to the cutoff (l’) value in the sharp- 
cutoff calculation which leads to the interaction dis- 
tance, R. However, effects that simply cause a spread 
in scattering angle, such as multiple scattering in the 
target and finite target width, influence the angular reso- 
lution but not the uncertainty in the /’ determination. 
The finite width and height of the collimator account 
for an angular spread of +0.6° (i.e., full width at half 
maximum of 1.2°). The area of the target that is illu- 
minated is expected to be greater than the collimator 
area because of the allowable divergence of the beam 
that falls on the collimators. The above value also in- 
cludes the direct effect on scattering angle of the beam 





T 


EXPERIMENTAL 
ANGULAR 
OISTRIBUTION 
FOR 


' nat! Bi?*(x,x) BIz0% 
matuk iH, x=c!?, wo" et? 








ty 
Ma ', 


Meat ity 
' 


1.0 Hayy 


' 
' 
wit Ny 


ma 


NAT 
Lista att be 
Pont Mat N 











Oc. ( OEGREES) 


Fic. 2. Ratio of the differential cross section for elastic scattering 
to the Coulomb cross section versus the center-of-mass scattering 
angle for C®, N“, O'*, and Ne” scattcred by Bi®™. The energy of 
the incident ions is given in Table I. The curves have been nor 
malized to unity at small angles. 
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Fi. 3. Ratio of the differential cross section for elastic scattering 
to the Coulomb cross section versus the center-of-mass scattering 
angle for C*, N™, O'*, and Ne* scattered by Au’. The energy of 
the incident ions is given in Table I. The curves have been nor 
malized to unity at small angles 


divergence. In addition, the collimator height contrib- 
utes to an error in the average scattering angle.‘ For 
the 4-in. high collimators, the true scattering angle is 
0.35° greater than the nominal scattering angle, whereas 
the shift is only 0.1° for the }-in. high collimators. 
Multiple scattering in the target contributes +0.4°. 
The finite length of the swath scanned on the emulsion 
was limited to less than 6 mm and so contributed in- 
significantly to the angular spread.‘ 

The spread in beam energy is also reflected as a loss 
in angular resolution. This effect was evaluated pre- 
viously* by means of the sharp-cutoff calcuiation. A 
spread in energy of 1.7 Mev leads to a spread in angular 
resolution of 0.7° for 120-Mev C™ ions on Au’. For 
200-Mev Ne” ions on Au'®’, a 2.8-Mev spread leads to 
the same angular resolution. The energy spread which 
is determined below leads to +0.5° for all reactions. 

These factors yield a resultant spread in scattering 
angle of +0.9° (i.e., 1.8° full width at half maximum). 
As a consequence, fine structure in the angular distri- 
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Fic. 4. Ratio of the differential cross section for elastic scattering to the Coulomb cross section versus the center-of-mass scattering 
angle, for O'* scattered by Au'*’. The laboratory energy before scatter was 164 Mev. The solid curve was calculated by the sharp- 
cutoff method with /’=89. The fine structure for the calculation is reproduced only between 100° and 110 
result of a modified sharp-cutoff. Experimental points beyond 80° are upper limits only 
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Fic. 5. Ratio of the differential cross section for elastic scattering 
to the Coulomb cross section versus the center-of-mass scattering 
angle, for C™ scattered by Au’. Sharp-cutoff calculations are 
shown for cutoff l’ values of 64 and 65 


The dashed curve is the 
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Fic. 6. Ratio of the differential cross section for elastic scattering 
to the Coulomb cross section versus the center-of-mass scattering 
angle, for N™ scattered by Au’. Sharp-cutoff calculations are 
shown for cutoff I’ values of 78 and 79 
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bution with a width of a few degrees or less is expected 
to be strongly distorted. 

The positions of emulsions, target, and collimators 
were measured with respect to scribed lines on the 
chamber base. The error in angle due to these measure- 
ments was +0.7°. This latter uncertainty enters into 
the determination of the uncertainty in the cutoff /’. 
Also, the finite collimator height requires a correction 
to the scattering angle, which implies a cerrection to I’. 

The energy of the heavy ions was determined by 
measuring range spectra at a few angles for each ex- 
posure. Three microns were added to each of the ranges 
to correct for rubbing of emulsions. The correction is 
discussed below. The range-energy curves of Heckman 
el al.,9 were used to determine the ion energies. The 
ranges and laboratory energies for scattering from the 
bismuth and gold targets are given in Table I. 

Recent exposures to fission fragments from the N"* 
+Bi™ and Ne®+Bi® reactions allowed a comparison 
of fragment ranges between plates that were shielded 
from 6 rays by the magnetic suppressor* and plates that 
were not. The latter included those that furnished data 
for the present work. This comparison showed that ap- 
proximately three microns of track length of these 
tracks that entered the emulsions at a laboratory angle 
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Fic. 7. Ratio of the differential cross section for elastic scattering 
to the Coulomb cross section versus the center-of-mass scattering 
angle, for O"* scattered by Au’. A sharp-cutoff calculation for a 
cutoff /’ value of 89 is shown. 


*H. H. Heckman, B. L. Perkins, W. G. Simon, F. M. Smith, 
and W. H. Barkas, Phys. Rev. 117, 544 (1960). 
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FG. 8. Ratio of the differential cross section for elastic scattering 
to the Coulomb cross section versus the center-of-mass scattering 


angle, for Ne® scattered by Au’. Sharp-cutoff calculations are 
shown for cutoff /’ values of 111 and 112 


of 20° were removed by rubbing. Observation of the 
fission-fragment range, rather than that of heavy ions, 
proved to be more convenient as well as more reliable. 
for estimation of the range loss due to rubbing. 

A typical range spectrum is shown in Fig. 1 for C” 
on Au"? at a laboratory scattering angle of 20°. The 
straggling observed in Fig. 1 gives a standard deviation 
of 1.6%, part of which arises from range straggling. The 
range straggling is approximately 1.0%,° leaving 1.3% 
in range which is due to the energy spread of the ana- 
lyzed Hilac beam and energy loss in the target. From 
range-energy curves,, one finds that this range spread 
is equivalent to a 0.8% spread in energy. The target 
does not contribute perceptibly to the spread because 
the total energy loss in the target is practically inde- 
pendent of the depth at which scattering occurred. 
Therefore, the energy spread of the beam entering the 
chamber has a standard deviation of 0.8%. 

For the C"+Au"’ reaction the target was 0.6 Mev 
thick, which gives a spread in interaction energy of 
~+0.3 Mev, or +0.25%. For the Ne®+Au"™ reaction, 
the target thickness was 1.7 Mev, which implies a spread 
of +0.4%. It is clear, therefore, that the spread in 
interaction energy is determined almost completely by 
the spread in beam energy. The resultant standard 
deviation for the C” energy is 1.0 Mev, and that of the 
Ne* beam is 1.6 Mev. Therefore the standard deviation 





REYNOLDS, GOLDBERG, AND KERLEE 





T - range and density to eliminate obvious inelastic events 

@1209 (1212) 1209 and products of fragmentation. The ratio a/a, at 64° 

‘ } EXPERIMENTAL ATA is shown to be at most 9.5 10™, or ¢(64°)< 2.6 10-*8 

— me cm?, At 87°, 106°, and 134° tracks were seen of the 

~_. 24 g5208 9066 correct range, but with a reduction of density of ap- 

proximately 30%: no tracks were seen with the required 

range and density. Hence upper limits to the elastic 

scattering are indicated at these points. At 152° and 

171° within a comparable solid angle no tracks of the 

proper range were seen. The acceptance angle for these 

points was deliberately broadened, as indicated in 

Fig. 4, in order to obtain improved sensitivity. At 171°, 
(171°)<4X10- cm’. 


DISCUSSION 


Sharp-cutoff calculations have been made for each of 
the experimental curves. The methed has been described 
in a previous paper.‘ It is assumed that if the potential 
barrier of the /th wave allows the particles to overlap, 
the outgoing /th wave is destroyed. The largest / value 
to be destroyed is termed the “cutoff /’.” The experi- 
mental data are presented in Figs. 5 through 12, to- 
ew | l = gether with sharp-cutoff calculations for appropriate 1’ 

20 25 30 3 9 « values. Excellent agreement with experiment is obtained 

ee with the calculations for values of o/¢->0.2. The 
heavy-ion scattering exhibits a much stronger absorp- 











l'1G. 9. Ratio of the differential cross section for elastic scattering 
to the Coulomb cross section versus the center-of-mass scattering 
angle, for C™ scattered by Bi®. Sharp-cutoff calculations are 
shown for cutoff /’ values of 64, 65, and 66 





‘ gi 29% (yn '*) B27” 
of the effective angular spread due to the energy spread 


is 0.4° for both reactions. 
Absolute cross sections were not measured. However, 


eee ee 


. A . } EXPERIMENTAL OATA 
at small angles the scattering cross section is due to Ant Bi? pe? 


; ; mo Sia Ragged Paty 
Coulomb scattering. Thus the angular distribution can -N'*+ gi 2°? fs78 
be normalized to the Coulomb cross section at small 
angles. 


RESULTS 


The results of the e xpe riment are given in Figs. 2 and 
3. Laboratory energies of the respective projectiles 
before scatter at the center of the Au and Bi targets are 
listed in Table I. The ratio of the differential cross 
section in the center-of-mass system to the Coulomb 
cross section in the center-of-mass system is plotted 
versus the scattering angle in the center-of-mass system. 
For purposes of normalization, it has been assumed that 
the ratio approaches unity as the angle of scatter de- 
creases. Each point represents 300 tracks, with a re- 
sulting standard deviation of approximately 6%. 

Broadening of the experimental-range spectrum in 
the region ¢/o0.1 due to nonelastic events was cor- 








rected for by using a spectral shape determined at 77 

7 : . ‘ : 20 40 
smaller angles and rejecting tracks outside of the proper a TE 
spectrum. 


° . . 97 7 . > differe l cross se for el ic 
One angular distribution, Au'®’ (O'*, O') Au’, was Fie. 10 oer eet lifferential s section for elastic scatter 
ing to the Coulomb cross section versus the center-of-mass scat 
tering angle, for N"* scattered by Bi” Sharp cutoff calculations 





extended to large angles (Fig. 4). Tracks comprising 
the data at 53° and 64° were individually analyzed for are shown for cutoff /’ values of 77 a1 
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tion than similar alpha-particle scattering.' Conse- 
quently, in the heavy-ion experiments, the oscillations 
preliminary to the major rise, predicted by the sharp- 
cutoff model, may be seen with some detail. These 
oscillations were not seen in our earlier work.‘ 

The experimenta! cross-section ratio decreases more 
rapidly with increasing angle for values of o/¢,<0.2 
than the sharp-cutoff model predicts. In Fig. 4, the 
sharp-cutoff calculation is shown from 20° to 180°. The 
solid curve is calculated for /’=89. Between 100° and 
110°, points were computed every }° to show the rapid 
oscillations which appear. Because of the poor resolution 
of the experimental points beyond 42°, these oscillations 
would not be observed if they did exist. The data show 
no evidence for a rise in the cross-section ratio at back- 
ward angles of scatter. Recently, McIntyre ef al."° have 
shown, contrary to previous results,’ that modified 
sharp-cutoff calculations can reproduce the sharply 
falling cross-section ratio for values of ¢/¢.<0.2. The 
modified sharp cutoff also eliminates the rapid oscilla- 
tions at larger angles. Confirmation is seen in Fig. 4 as 
the modified theoretical curve. The calculation was 
performed by modifying the amplitudes of fifteen 
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Fic. 11. Ratio of the differential cross section for elastic scatter 
ing to the Coulomb cross section versus the center-of-mass scat 
tering angle, for O'* scattered by Bi”. Sharp-cutoff calculations 
are shown for cutoff l’ values of 89 and 90. 

J. A. McIntyre, K. H. Wang, and L. C. Becker, Phys. Rev 
117, 1337 (1960). 

"N.S. Wall, J. R. Rees, and K. W. Ford, Phys. Rev. 97, 726 

1955); R. E. Ellis and L. Shecter, Phys. Rev. 101, 636 (1956 
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Fic. 12. Ratio of the differentia! cross section for elastic scatter 
ing to the Coulomb cross section versus the center-of-mass scat 
tering angle, for Ne® scattered by Bi. Sharp-cutoff calculations 
are shown for cutoff /’ values of 113 and 114 


partial waves, as represented in the Blair expression‘ 
in the following way: 


A,= (1+exp[(/—’)/2.73]}}". 
This is equivalent to the form: 
Aue {1+exp[(r— R), 0.25 }} - 


The sharp-cutoff calculations were fitted to the data 
in the region 0.4 <¢/e,<1.0. As explained in an earlier 
paper,‘ it is expected that in this region the calculation 


Taswe II. Cutoff /’ values and nuclear interaction distances 


inferred from the sharp-cutoff model 


Interaction 
distance, 
R (fermis)” 


Cutoff 
Reaction I's ro (fermis) 
1.45+0.03 
1.4740.03 
1.47+0.03 
1.4740.03 
1.45+0.03 
1.45+4-0.03 
1.49+0.03 
1.45+0.03 


C84 Ay 
V4 Ay? 
O'*+Au™ 

Ne™+Au 
CRs Bi” 
N"“+ Bi 
O'*+ Bi™ 

Ne®+ Bim 


11.740.2 
12.14+0.2 
12.25+0.2 
12.540.2 
12.0+0.2 
12.1+0.2 
12.6+0.2 
12.74+0.2 


64.04+1.5 
78.041.7 
88.0+2.1 
112.0+2.8 
64.5415 
77 041.7 
89.5+2.1 
113.0428 


* The error is the probable error. In addition to the uncertainty in fit to 
theory, the uncertainty in 6 due to chamber geometry is included. 
» The error is the probable error 
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Values of constants in error determination for 
interaction distance 


Taste III 


a b 
Projectile fermis/ Mev) (fermis 
+0.130 
+ 0.108 
+0.092 
+-0.073 


Cc" 0.100 
N" 0.093 
or 0.084 
Ne? 0.059 


should best reproduce the data. After finding the best-fit 
l’ values, nuclear interaction distances, R, were obtained 
from the equation 

hl’ (l'+1) 


ZZ 
+ 
R 2uR? 


where yu is the reduced mass. The results are shown in 
lable II. The value of /,., in the above equation was 
the nonrelativistic energy corresponding to the meas- 
ured (slightly relativistic) energy (/%c.m.x), 
E-o.m.= 0.984 E,.m.r. Also, the reduced mass was de- 
termined from the rest mass of the particles. This action 
was taken because the sharp-cutoff model is nonrela- 
tivistic, and proper comparison of the data to calcu 


where 


lated angular distributions necessitates the use of a 
common frame of reference. Since 8=0.148, the correc- 
tion to the interaction distance for relativistic effects is 
expected to be less than a few percent. Values of ro were 
obtained from the relation R= ro(A;'+A;). 

The error in the radius was determined by the relation 


dR |?= | adE..m.|?+ | bal’ |?. 
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The constants a and b are lable LI. The 
magnitude of dl’ is determined from the uncertainty in 
scattering angle, as well as the uncertainty in /’, from 
fitting the curves to the data. The term involving dE 
includes a small contribution due to the fact that a 
wrong energy choice for the sharp-cutoff fitting will 
give an error in /’. Otherwise, the constants a and 6 were 


snown in 


determined from the above relation between EZ, R, and 
l’. The value of ro is tent with 1.46 for all of the 
reactions. The interaction distance for C” on Au was 
determined previously‘ at approximately 118 Mev to 
be 11.8+0.3 fermis, which is in good agreement with 
the present experiment. 


COnSI 


The presence of the major rises equal to or nearly 
equal to those predicted by the sharp-cutoff model indi- 
cates that no striking distinction can be made regarding 
the surface characteristics of the four projectiles or two 
targets in this experiment. There is a need for further 
study of elements where greater differences might be 
expec ted. 
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Further radiochemical experiments have been carried out to test the theoretical suggestion that in low- 
energy neutron-induced fission, the asymmetric to symmetric fission ratio should depend on the spin of the 
fissioning nucleus. In the present work two kinds of experiments were done. In the first, with both Pu™ 
and Pu™, comparisons were made of the asymmetric/symmetric yield ratios for thermal fission with the 
corresponding ratios for gross resonance fission with epi-Sm neutrons. In the second kind, monoenergetic 
neutrons were employed to study variations of Pu™® fission yields with neutron energy over the 0.297-ev 
resonance. If the assumption is made that spin difference is the principal cause of change in the asymmetric/ 
symmetric ratio in this energy region, the results indicate that this ratio differs by a factor of at least 5.3 
between the two spin states of Pu™. This is the largest effect of this kind observed to date. 


INTRODUCTION 


N previous work,’ an experimental study was made 

of the theoretical suggestion?’ that the ratio of 
asymmetric to symmetric fission should be different for 
the two possible spin states of the compound system 
formed upon the addition of a neutron to the nucleus. 
In that work, radiochemical determinations of the ratio 
of asymmetric to symmetric fission yields were carried 
out for fission of U™ both with thermal neutrons and 
with monoenergetic neutrons of energies corresponding 
to the first several prominent fission resonances. This 
approach was taken because a multilevel analysis‘ of the 
U** cross section had suggested that a large fraction of 
the cross section at thermal is associated with one spin 
state in the compound nucleus, while the first two promi- 
nent resonances are associated with the other possible 
spin state. Comparison of the asymmetric/symmetric 
ratios for thermal and for resonance fission thus was 
expected to provide a suitable test of the existence of 
possible differences between spin states. This work has 
now been extended to Pu™ and to Pu™. In each case 
thermal and resonance fission have been compared. 


EXPERIMENTAL PROCEDURES 


In all thermal] neutron measurements, sample irradia- 
tions were made in the VG-23 facility in the graphite 
zone of the Materials Testing Reactor where the experi- 
mental Cd ratio for In is ~800 and where the thermal 
neutron flux is ~ 2X 10" n/cm? sec. For resonance fission 
measurements, two kinds of experiments were done. In 
the first kind, the Pu samples were enclosed in small 
hollow Sm metal cylinders for irradiation in the VG-7 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. Preliminary results were reported at the 
New York Meeting of the American Physical Society, January, 
1960. See Bull. Am. Phys. Soc. 5, 33 (1960). 

1R. B. Regier, W. H. Burgus, and R. L. Tromp, Phys. Rev 
113, 1589 (1959). 

2 J. A. Wheeler, Physica 22, 1103 (1956) 

* J. A. Wheeler, Proceedings of the Conference on Neutron Physics 
by Time-of-Flight, Gatlinburg, Tennessee, November, 1956 [ Oak 
Ridge National Laboratory Report ORNL-2309 (unpublished) ] 

*M. S. Moore and C. W. Reich, Phys. Rev. 118, 718 (1960). 


facility of the reactor where the thermal flux is ~1.0 
X10" n/cm* sec and where the experimental Cd ratio 
for a 70-ug/cm*? Au detector is ~3. The Sm metal 
cylinders were 0.165 in. o.d., ~1.125-in. long, and had 
wall thicknesses of 0.020 in. These filters served to 
accentuate resonance fission while minimizing thermal 
fission. In these experiments it was calculated that <1% 
of the fissions were attributable to thermal neutrons. 
Sm coverings were chosen instead of the usual Cd since 
the effective “Sm cutoff” is ~0.1-ev lower than the 
“Cd cutoff’, which lies close to the middle of the first 
large fission resonance in both Pu™ and Pu™. By the 
use of Sm filters more neutrons were available for fission 
occurring in the first resonance. Actually, because it was 
not possible to fabricate from Sm metal neutron-tight 
covers for the irradiation cylinders, a small Cd cover had 
to be substituted at the one open end of each cylinder. 
As a result, a small fraction of the neutrons reaching 
the samples during these irradiations were really epi-Cd 
neutrons, although the large majority (calculated as 
>98%) were epi-Sm neutrons. In a few early experi- 
ments with epi-Sm neutrons, the use of pressed Sm 
oxide coverings was attempted. The results were quite 
erratic presumably due to “windows” in the oxide filters 
arising from nonuniform packing. With the use of Sm 
metal this difficulty was corrected. 

In the second and more refined kind of resonance 
fission experiments, monoenergetic neutrons were em- 
ployed. These were provided by the MTR crystal spec- 
trometer’ fitted with a beryllium crystal. The fissionable 
samples were irradiated in the Bragg beam resulting 
from diffraction from the 1011 planes. In the regions in 
which experiments were run, the energy resolution was 
~7.59% with the collimation employed. The mono- 
energetic neutron intensities were quite low. Samples of 
Pu™ which were about one-third “black” at the peak 
of the 0.297-ev resonance and which intercepted the 
entire Bragg beam had fission rates of ~ 1X 10* fissions/ 
sec. Background neutrons accounted for 2.5% of the 


‘J. E. Evans, Atomic Energy Commission Report IDO-16120, 
1953 (unpublished) 
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total fissions occurring during spectrometer irradiations. 
Asa result of the low-neutron intensities and resolutions 
presently available, only irradiations in the vicinity of 


the large 0.297-ev resonance of Pu™ 


were possible, and 
experiments at the higher resonances (7.9 ev and above) 
could not be carried out. In order to test for possible 
interference effects in fission, which sometimes result in 
fairly major changes in measurements made across a 
resonance (e.g., in measurements of eta,* the number of 
neutrons produced per neutron absorbed in fissile ma- 
terial) asymmetric/symmetric ratios at several energies 
across the 0.297 resonance were obtained. These were at 
0.06, 0.22, 0.297 (peak), and 0.36 ev. 

The Pu” samples used throughout this work had the 
following isotopik composition : Pu, 95.40%; Pu™, 
131%; Pu™, 0.28%; Pu, 0.01%. For thermal and 
epi-Sm irradiations carried on inside the reactor, 0.4 
and 0.2 mg samples, respectively, were used. These 
samples were prepared by dissolving Pu metal in HCl 
and evaporating aliquots of the solution to dryness on 
Al foils. For spectrometer irradiations, samples were 
strips of Pu-Al alloy of dimensions } X 2} X 7g in., 
containing about 0.17 g of Pu. 

The Pu™ used in this work had the following isotopic 
composition : Pu, 1.10%; Pu™, 2.18%; Pu™', 96.60% ; 
Pu, 0.12%. Because of the limited amount of Pu**! 
available, spectrometer irradiations were not possible, 


each 


and only thermal and epi-Sm resonance irradiations 
(inside the reactor) could be carried out. Samples each 
consisted of 22 ug of Pu™ in nitrate solution evaporated 
on Al foils. 

After irradiations of Pu samples with neutrons of 
various energies, the asymmetric to symmetric fission 
yield ratios were obtained by radiochemical isolation 
and measurement of the following fission products: 
66-hr Mo” (characteristic of asymmetric fission); and 
53-hr Cd"®, 27-hr Sn' and 10-day Sn™® (characteristic 
of symmetric fission). Similar chemical procedures were 
employed in processing all samples. Each of the irradi- 
ated samples (including Al backing or Al alloy) was 
dissolved in 6M HC} and diluted to volume in a volu- 
metric flask. Duplicate small aliquots (4% of the solu- 
tion) were removed and Mo carrier added prior to 
isolation of the Mo fraction. Sn and Cd carriers were 
then added to the remaining bulk of the solution. After 
treatment to assure radiochemical exchange of Sn and 
Cd, Pu was reduced to Pu(III) with HI and was then 
removed by passing the entire solution through an anion 
exchange column loaded with Dowex-1 anion exchange 
resin in Cl- form. The resin was washed with 1M HCl 
to thoroughly remove Pu, which passes through the 
column while Sn and Cd are retained on the resin. The 
“wet ashed” with hot HNO,;—H.SO, 
mixture and the oxidation was completed with a few 
drops of HCIO,. This radical treatment was necessary 


resin was then 


*E. H. Magleby, J. R. Smith, J. E. Evans, and M. §S 
Moore, Atomic Energy Commission Report IDO-16120, 1956 
(unpublished). 
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to assure maximum recovery of the Cd and Sn fractions 
which had very low counting rates after the spectrom- 
eter irradiations. After separation of the Sn and Cd by 
an ammonium polysulfide procedure, the Mo, Sn, and 
Cd fractions were purified radiochemik ally by the proce- 
dures described by Kleinberg.’ of their rela- 
tively low counting rates, fission product samples iso 
lated from Pu were all 
counted or a low-level beta-counting system having a 


Because 
spectrometer-irradiated 


background of ~ 2 counts/ min. For purposes of compari- 


son, samples from in-pile irradiated Pu™ were also 


counted on this system. The fission product samples iso- 


lated from in-pile irradiated Pu™ had sufficiently high 
counting rates to be counted on an end-window flowing 
methane proportional counter and the low-level system 
was not employed in the Pu™ experiments 

Because only the ratios of mass yi ids of asy mmetric 
to symmetric fission products for thermal and for reso- 
nance fission were required, determinations of absolute 
disintegration rates and absolute fission yields were not 
necessary. It was sufficient to compare saturated ac- 
tivities of the various fission products (which are directly 
proportional to their absolute each 
product being counted in an arbitrary, but standard, 
reproducible manner. The counting rates of all samples 
were corrected for chemical recovery and decay, and 


fission yields ), 


all samples were normalized to an arbitrary standard 
sample thickness by means of self-absorption—self- 
scattering correction curves empirically constructed for 
this purpose. Decay corrections and resolutions of com- 
plex decay curves were based on weighted least squares 
analyses of the counting data, carried out on an IBM- 
650 data processing machine. Irradiation periods ran from 
15 min in the highest flux in-pile irradiations to 120 hr 
in the longest spectrometer irradiations 


EXPERIMENTAL RESULTS 


Comparisons of the asymmetric to symmetric fission 
ratio at thermal and at resonance energie Ss are made in 
terms of a quantity R defined as follows: 


TABLE I. Comparison of thermal and resonance fission 


of Pu® and Pu™ 


R, indicated | 
Mo” /Sn"! 


Pu Neutron 
isotope energy, ev Mo”/Cd Mo*/Sn™ 
239 0.06 

0.22 
0.297 
0.36 
All epi-Sm 
241 All epi-Sm 


1.33+0.06 
2.6€020.15 2.82+0.32 
3.00+0.28 3.28+0.31 
3.244014 3.22+0.25 
? 
| 


26+0.05 1.16 +0.04 
1.85 +0.18 
2.05 +0.07 
1.78 +0.16 
1.79 +0.06 
0.995+0.15 


2.41+0.15 34+0.06 
1.02+0.03 01+0.08 


7 J. Kleinberg, Los Alamos Scientific Laboratory Report LA 
1721 (unpublished) 
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Table II. Comparison of calculated and measured R values for Pu™ 


Thermal 
358 b (48%) 


Energy 0.06 ev 
Contribution to o,,, from 
0.297-ev level 
Contribution to ¢,.¢ from 
other spin state 
Calculated R value 
Observed R value 
Mo” /Cd"™5 
Mo” /Sn™ 


388 b (52%) 


1.00 (normalized) 1.21 


1.00 (normalized ) 
1.00 (normalized ) 


where A is the saturated counting rate for a nuclide, 
subscript ‘“‘asy”’ refers to an asymmetric fission product 
(Mo” in this case), and subscript “sym” refers to a 
symmetric fission product (Cd!"'*, Sn'*', or Sn!**). Primed 
activities refer to resonance fission and unprimed ac- 
tivities to thermal fission. 

In Table I are summarized the values of R computed 
from measurements described above. These values are 
based on the averages of at least three independent 
irradiations at each energy, and the errors expressed in 
the table are the standard error of the mean. 


DISCUSSION 


For each experiment where neutrons of a given dis 
crete energy were employed, and for each where gross 
epi-Sm neutrons were used, the values of R based on 
Cd"* and Sn"! listed in Table I are indistinguishable 
within the errors quoted. The R values based on Sn'**, 
however, are significantly lower than the corresponding 
values based on Cd'* and Sn'*'. This is not unexpected 
inasmuch as the thermal fission yields of Cd"® and Sn! 
are nearly identical and both nuclides are produced by 
fission events which may be described as close-to-com- 
pletely-symmetric fission. On the other hand, Sn is 
several mass numbers removed from completely sym- 
metric fission and therefore might be expected to be a 
less sensitive indicator of change in the symmetric 
asymmetric yield ratio. 

If it is assumed, as the theory’* suggests, that differ- 
ence of spin results in a difference in the ratio of asym- 
metric to symmetric fission, and further if it is assumed 
that that portion of the thermal cross section not at- 
tributable to the 0.297-ev resonance is associated with 
the spin state differing from that of the 0.297-ev level, 
then the measured R values of Table I may be used to 
calculate the ratio of the asymmetric/symmetric ratios 
typical of each spin state. A recent muitilevel analysis 
of the Pu cross section carried out by Vogt" is not in 
disagreement with the above assumption concerning 
spin states. Vogt’s analysis indicates the presence of a 
bound level which is responsible for a large part of the 
thermal cross section, and which may differ in spin from 
(does not interfere with) the 0.297-ev level. The single- 
level Breit-Wigner formula is thus adequate to describe 
this level, and on this basis, calculations have been made 


* E. Vogt, Phys. Rev. 118, 724 (1960). 


303 b (61% 


192 b (39% 


1.334-0.06 
1.26+0.05 


0.36 ev 
1120 b (97.4%) 


0.22 ev 
) 1100 b (97.4%) 


0.297 ev 
3265 b (99% ) 


~30 b (2.6% ~3# b (~1%) ~30 b (2.6%) 


2.97 3.21 (assumed) 2.97 
2.60+0.15 


2.82+0.32 


3.00+0.28 
3.28+0.31 


3.244+0.14 
3.22+0.25 


of the contribution of the 0.297-ev level to the fission 
cross section at the five different energies at which R 
values were measured. The parameters given in the 
BNL “Neutron Cross Sections’’ compilation® have been 
used in these computations. With the respective con- 
tributions to fission cross sections as weighting factors, 
with the asymmetric/symmetric ratio normalized to 
1.00 for fission in the spin state associated with the 
bound level, and with an assumed R value of 3.2 ob- 
tained from Mo”, Sn, and Cd"* data at the peak of 
the 0.297-ev resonance, it is calculated that the asym- 
metric/symmetric ratio characteristic of the spin state 
predominating at the 0.297-ev level is 5.3 times the 
ratio typical of the other spin state. Actually if at nega- 
tive energies there were an additional level or levels of 
the same spin as the 0.297-ev level, and if these were to 
contribute significantly to the thermal cross section, 
then a value even larger than 5.3 would result. Com- 
parisons of experimentally measured R values with 
calculated values are listed in Table IL. 

The self-consistency of the interpretation assumed 
above is shown by comparison of the calculated R value 
of 1.21 for 0.06-ev neutrons with the experimentally 
measured values of 1.33+0.06 and 1.26+0.05. All three 
values are in agreement within the errors of the assump- 
tions and experiments. The R values obtained at 0.22, 
0.297, and 0.36 ev indicate that, as expected, no import- 
ant interference effects operate to change the asym- 
metric/symmetric ratio across the resonance studied. 

Since the ground-state spin and parity” of Pu™ are 
$+, the Pu compound nuclei formed upon neutron 
addition may have spin and parity of either 0+, or 1+. 
The present results, of themselves, do not permit assign- 
ment of spins to each of the two states for which there is 
an apparent characteristic asymmetric/symmetric fis- 
sion ratio. It is interesting to note that Mostovaya"™ has 
compared the mass distribution for thermal neutron- 
induced fission of Pu™ with that for spontaneous fission 
of Pu in its ground state and has found that the “peak- 


* Neutron Cross Sections, compiled by D. J. Hughes and R. 
Schwartz, Bookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1958), 2nd ed 

“T). Strominger, J. M. Hollander, ard G. T. Seaborg, Revs 
Modern Phys. 30, 822 (1958). 

‘4 T. A. Mostovaya, Proceedings of the Second United Nations 
International Conference on Peaceful Uses of Atomic Energy, Geneva, 
1958 (United Nations, Geneva, 1959), Vol. 15, p. 433. 
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to-valley” ratio is much larger for the latter case. How- 
ever it does not appear possible to make definite spin- 
state assignments in the present experiments on the 
basis of Mostovaya’s work, since in the latter work the 
observed effects are doubtless mainly due to large excita- 
tion energy differences, while in the present work the 
effects are presumably due to a different cause (spin 
difference) at the same excitation level. It is well known 
that differences in excitation energy produce marked 
changes in asymmetric/symmetric fission ratios.” 

The recent work of Fraser and Schwartz," coupled 
with the multilevel analysis of Vogt* does, however, 
permit indirect assignment of spins to the 0.297 ev and 
to the bound level. By means of scattering experiments 
lraser and Schwartz were able to assign directly spin 
J=1 to the 7.8, 10.9, and 11.9-ev resonances. Vogt’s 
analysis indicates that the 0.297-ev level does not in- 
volve the same spin as the 7.8-ev level or the bound 
level. Since the 7.8-ev levei has spin J=1, and the 
analysis indicates that the spin of the bound level is the 
same, then the spin of the 0.297-ev level may be deduced 
as J =0. However, this is in contradiction to the deduc- 
tions of Bollinger, Coté, and Thomas," who assigned 
spin J=1 to the 0.297-ev level. 

Finally the data of Table I for fission with epi-Sm 
neutrons indicate that, in contrast to Pu™, Pu gross 
resonance fission is similar to thermal fission. This is 


2 R. B. Leachman, reference 11, Vol. 15, p. 229 

3. § Schwartz, Bull. Am 
294 (1960 

“LL. M. Bollinger, R. E. Coté, and G. E. Thomas, Proceedings 
of the Second United Nations International Conference on Peaceful 
Uses of Atomic Energy, Geneva, 1958 (United Nations, Geneva, 
1959), Vol. 15, p. 127 


Fraser and R. B Phys. Soc. 5 
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ion cTos 


single 


d Pu™ n 
have a 


rather interesting since the Pu” ar 


section curves are quite simil: oth 


strong resonance at ~0 3 1 y an absence of 
strong resonances up to ~6 ev, and both have high 
thermal fission cross sections levels indi 
cated. If spin is indeed a factor in determining the 
asymmetric/symmetric fission ratio at the same excita 
tion energy, then the R values of Table I may be taken 
to indicate that for Pu, thermal fission involves the 


with bound 


same weighting of spin states as that involved in gross 
. for Pu” a con- 
siderably different weighting must be involved. 


As higher intensity monoe 


resonance fission with epi-Sm neutrons 


ergetic neutron sources 


become available, further study of Pu” offers the follow- 


ing advantages over other fissile nuclei: the asymmetric 
to symmetric ratios can undergo large changes from 
resonance to resonance the resonances are well sepa- 
interference effects; direct 
assignments of spins to several resonances have already 
been made; and Pu™ 


possible important comparison point for the 


rated and do not have larg« 


spontaneous fission provides a 
Same 
fissioning nucleus at a different excitation level but with 


a known spin. 
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Nuclear Structure Effects in Cs'**t 
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The 79-kev transition in Cs™, which is known to be /-forbidden (Al=2) magnetic dipole (M1), has been 
analyzed for penetration effects suggested by Church and Weneser. A value of 6.5+2.6 is found for A, the 
ratio of the matrix element due to penetration of the atomic electron into the nucleus and the matrix element 
due to M1 gamma emission. This value of is to be compared with the range 5-10 obtained by Church and 
Weneser for /-forbidden (A4J=2) transitions using empirical gamma matrix elements and single-particle 
wave functions to evaluate the electron matrix element 


HURCH and Weneser' have suggested that the 

internal conversion process should be sensitive to 
nuclear structure through a contribution due to the 
penetration of the atomic electrons into the nucleus. 
The structure effects should be especially large for the 
so-called /-forbidden magnetic dipole (M1) transitions. 
Identification of these effects requires precise knowledge 
of the conversion coefficient. 

We have analyzed recent experimental results on the 
79-kev transition in Cs™ for evidence of a penetration 
contribution to internal conversion. This transition has 
been established? to occur between d5/2 and g7/2 states 
and hence is an /-forbidden (Al=2) magnetic dipole 
transition. The K-conversion coefficient for this transi- 
tion has been measured’ rather accurately to be 
1.51+0.05. The E2/M1 amplitude mixing ratio, 5, has 
been found to be —0.16+0.01 from angular correlation 
studies.‘ The total K-conversion coefficient for a mixed 
M1-E2 transition can be written in the usual notation as 


1 
ax =——[8(M1)+@a(E2) }, (1) 
1+ 


from which we obtain 
B(M1)=ax«(i+6)—®a(E2). (2) 


Substituting for ax and 6, and taking the theoretical 
value® a(£2)=2.1, we get 8(M1)=1.49+0.05. 

The effects on internal conversion due to penetration 

+t This work was supported by the U. S 
commission. 

!E. L. Church and J. Weneser, Phys. Rev. 104, 1382 (1956). 

*F. M. Clikeman and M. G. Stewart, Phys. Rev. 117, 1052 
(1960). 

+7. Bergstrém, Arkiv Fysik 5, 191 (1952). 

‘ E. Bodenstedt, H. J. Kérner, and E. Matthias, Nuclear Phys 
11, 584 (1959). 

°M. E. Rose, in Beta- and Gamma-Ray Spectroscopy (North 
Holland Publishing Company, Amsterdam, 1955). We are as 
suming here that a(E2) is not influenced by nuclear structure 
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depend on the details of the nuclear structure. For M1 
transitions Church and Weneser' write 


h=m,/m,, (3) 


where m, is that part of the matrix element due to the 
penetration of the electron into the nucleus and m, is 
the matrix element for M1 gamma emission. In terms 
of \, the corrected M1 conversion coefficient is given 
approximately by 
B(A)~B(1)f1 (r 


1)C(Z,k) F, (4) 


where \=1 means that the currents are confined to 
the nuclear surface (Sliv’s assumption). C(Z,k) can be 
determined from the corrected table of Church and 
Weneser.® 

For the 79-kev transition in Cs™ the experimental 
value of 8(A) is 1.49, the value of 8(1), according to 
Sliv,’ is 1.66, and for Z=55 and k=0.15, C(Z,k) =7.9 
<10-*. Putting these numbers in Eq. (4), we obtain 
A= +6.542.6. 

This result shows that the penetration matrix element 
is about 7 times as large as the gamma matrix element. 
Church and Weneser' evaluated \ for Al= 2, M1 transi- 
tions for odd-Z nuclei using empirical gamma matrix 
elements and using single-particle wave functions to 
evaluate m,. They found values of falling between 
5 and 10, corresponding to a change of 8(A) [increase 
or decrease depending on the sign of \] up to 20% for 
Z=55. The observed value of 8-12% for this reduction 
in the case of Cs™ (Z=55) is in this region. 
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Nuclear Moments of Iodine-1317 
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The nuclear magnetic dipole and nuclear electric quadrupole interaction constants a and b have been 
measured in 8-day iodine-131 by an atomic beam magnetic resonance experiment. The results are a= 575.903 
+0.007 Mc/sec, b= 578.866+0.075 Mc/sec. The zero-field hyperfine splittings computed from these values 


of a and b are Av(5,4) =3292.9940.09 Mc/sec, Av(4,3) =2138.22+0.05 Mc/sec, Av(3,2 


= 1314.24+0.07 


Mc/sec. The nuclear magnetic dipole moment and nuclear electric quadrupole moment are calculated as 
wisi = 2.738+0.001 nm, Qis1 = —0.41+ 0.01 XK 10™ cm*. The value of u:3; obtained here differs slightly from 
that obtained by other workers, while the value of Q confirms an earlier measurement made by a different 


method. 


INTRODUCTION 


TOMIC-BEAM magnetic-resonance 

are currently being applied to the measurement 
of the nuclear spins and static nuclear moments of 
radioactive halogen nuclei.' This paper reports a 
measurement by the method of atomic beams of the 
hyperfine structure and nuclear moments of 8-day I". 
The value of the nuclear magnetic moment obtained 
differs slightly from that measured by Fletcher and 
Amble using microwave absorption spectroscopy.? The 
values of the nuclear spin and nuclear quadrupole 
moment confirm earlier measurements by Livingston 
et al.* 


techniques 


EXPERIMENTAL METHOD AND THEORY 


The atomic-beam apparatus and the experimental 
techniques used in this experiment have been described 
in detail elsewhere.' Radioactive I is mixed with 
stable iodine carrier and dissociated in a radio-frequency 
discharge tube or a heated platinum dissociation tube.‘ 
The atoms are passed through an atomic-beam appara- 
tus designed to observe “‘flop-in-in”-type transitions in 
the way first proposed by Zacharias.* The theory and 
method of the present experiment are similar to those 
used by Davis et al.® in their study of the stable 
chlorine isotopes and by King and Jaccarino’ on the 
stable bromine isotopes, and is identical with that 

t Work done under the auspices of the U. S. Atomic Energy 
Commission 

* Present address: John Jay Hopkins Laboratory for Pure 
and Applied Science, General Atomic Division of General Dynam 
ics Corporation, San Diego, California 

} Present address: Boeing Aircraft Company, Seattle, Washing 
ton 
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*H. L. Garvin, T. M 
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Benjamin, J. T 
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Phys. 
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described in connection with a recent experiment on 
bromine-82.* For completeness a brief description of 
the method of obtaining the interaction constants is 
given below. 

The interaction Hamiltonian of an atom in a magnetic 
field H can be written® 


K = ha(1-J)+hbO.,,—wo(g7J-H+¢,;1-H), (1) 


where 
I. J=3[F(F+1)-—J(J+1 
3(1-J)?+3(1-J)—7(74+-1)J (J +1) 


27 (27 —1)J(2J—1) 


1(I+1)], 


T is the nuclear spin, J the electronic angular momentum 
and [F(F+1)}! is the total 
units of #; gy and g,; are the electronic and nuclear g 
values ; 
magnetic 
interaction constants 

This Hamiltonian negle 
nucleus and electrons of higher order than electric 


angular momentum in 


po is the Bohr magneton, and a and 6b are the 


dipole and electric quadrupole hyperfine 


ts interactions between the 


quadrupole, and no account has been taken of perturba- 
tions due to possible configuration interaction. The 
constants a and 6 are related to the nuclear moments by 
the expressions”. 


21(1+1) 


ers 
J(J+1) 


3 


r 


OR (2b) 


gr is given by g, m/M)(u/I), where uw is the nuclear 


magnetic dipole moment in nuclear magnetons; Q 


*H. L. Garvin, T. M. Green, E. Lipworth, and W. A. Nieren- 
berg, Phys. Rev. 116, 393 (1959 
®°N. F. Ramsey, Molecular Bean 
New York, 1956), Chap. 9 
%H. B. G. Casimir, On the Interaction Between Atomic Nucleii 
and Electrons (Teylers I Haarlem, 1936). 
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is the nuclear electric quadrupole moment. The 
relativistic correction factors § and ® have the values 
¥=1.062 and GR=1.128 for iodine. Other symbols 
have their usual meanings. 

The nuclear spin of I™ is §,* and the electronic 
ground state is 7P;. The energy levels of I are shown 
plotted versus magnet field in Fig. 1. The levels were 
obtained by solving the Hamiltonian (1) by means of 
an IBM 650 computer and with a and 6 values close to 
those finally obtained for I". In order to determine the 
hyperfine splittings the two transitions labelled (a) 
and (8) in Fig. 1 are observed with increasing magnetic 
field values and at each point the Hamiltonian is solved 


bee 


p*-q, ha 


to yield approximate values of a and b. These values 
of a and 6} are used to predict the frequencies of the 
transitions at still higher fields, and the process is 
continued until a and b are known well enough so that 
a search can be made for the direct (AF = +1) hyperfine 
transitions at low field. As the computational labor 
involved in such a procedure is great, two IBM 
computer programs have been developed to facilitate 
the calculations. These programs have been described 
in detail elsewhere.* The first program calculates 
transition frequencies at any arbitrary magnetic field 
for given’ values of a and b, the second program makes 
a least-squares fit of the Hamiltonian (1) to any 
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TABLE I. Compilation of experimental resonance data observed in 


Calibration 
frequency, »v 
(Mc/sec) 


Resonance 
type 


Frequency, f 
(Mc/sec) 


a 49.600 
B 34.900 
re] 48.175 
a 169 900 
B 133.300 
a 517.000 
B 529.400 
a 355.750 
8 320.950 220.0 
a 805.800 500.0 
(4,0)~(3,0) 2138.230 0.5 
(4.0)—(3,0) 2138.220 3.0 
(4,3)—(3,2) 2170.090 10.0 
(4,3)-(3,3) 2170.880 10.0 
tS 


90.0 

90.0 
137.0 
500.0 
500.0 
320.0 
320.0 
220.0 


3}-(4.~3 3229,090 5.0 
3291.440 2.0 
2138.210 2.0 


(5,—3)-(4,—3 
(4,0)-(3,0) 


* The quantities év and 4f are 4 and 4 of the resonance widths at half height of the calibrating beam and iodine r 


observed resonance data in order to provide best 
values of a and b. The latter program makes its fit 
with both signs of g, and tests the goodness of fit by 
the x’ test of significance in both two cases." It can 
thus be used to determine the sign of g; and hence the 
sign of the nuclear moment if the data allow this. 

The values quoted below for a and 6 are the values 
computed by the second of the two programs from all 
available input data (a, 6 and AF=+1 transitions) 
and the values of Av quoted below are those computed 
from these best values of a and 8. 


RESULTS 


Table I contains all resonances that have been 
observed in I during the course of this experiment. 
The values of a and 6 computed from the 17 resonances 
with g; taken positive are a=575.903+0.007 Mc/sec, 
b=578.866+0.075 Mc/sec. The uncertainties quoted 
are three times those actually resulting from the 
machine computations. The value of x? with g;>0 is 
3.4, but if g; is assumed negative the value of x? is 30. 
Consultation of tables of x? shows that the probability 
that g; is positive is greater than 98%. Indeed, statistical 
arguments would require that if the choice of the 
uncertainties in the resonance centers had been made 
in the best way allowed by the data, the resulting 
value of x? should be equal to the number of observa- 
tions minus the number of degrees of freedom (i.e., 
17—2=15). The small value of x? obtained above for 
gr>O therefore indicates there is justification for 
reducing the assigned uncertainties below the values we 
have chosen by a factor (15/3.4)'~2. This would have 
the result of further increasing the probability that g; 
is positive. In the last column of Table I we have listed 
the residuals, i.e., the differences between the observed 


u R.A. Fisher, Statistical Methods for Research Workers (Olivet 
and Boyd, London, 1948 


employed 


Residual 
Alkali 6,* 6," Mc/sec) 
(Mc/sex Mc/sec) gi>0 


0.024 
0.004 
0.017 
0.025 
0.045 
0.277 
0.006 
0.056 
—0.025 
0.036 
0.005 
—0.003 
0.043 
0.107 
—0.035 
0.024 
0.014 


0.073 
0.063 
0.047 
0.057 
0.080 
0.417 
0.203 
0.250 
0.230 
0.480 
0.030 
0.029 
0.060 
0.070 
0.043 
0.034 
0.029 


0.080 
0.080 
0.100 
0.152 
0.152 
0.050 
0.050 
0.088 
0.088 
0.175 
0.025 
0.025 
0.025 
0.025 
0.025 
0.025 
0.025 


1 ively 


resonance frequencies and those calculated using the 
best values of a and 6, and in Fig. 2 we have plotted 
the results in 
improved fit to the Hamiltonian if g, is taken positive 
rather than negative 

Corrections to a due to the finite size of the nuclear 
charge and magnetic-moment distribution are negligible 
for atoms of moderate Z in pure P; ground states and 
can be neglected, as can corrections arising from the 
mixing in of the P,; state by the applied magnetic field. 

The zero-field hyperfine-structure separation can 
best be obtained by solving the Hamiltonian (1) with 

=f and J=4. We find 


(15/21)b 
4a—(2/7)b 
3a— (15/21)b 


a way which shows very clearly the 


Av(5,4) 3292.99+0.09 
Av(4,3) 


Av(3,2 


5a-+ 
2138.22+0.05 


1314.24+0.07 Mc/sec. 


NUCLEAR MOMENTS OF I 


Following the method first proposed by Davis et al.,® 
(1/r*) may be eliminated from Eq. (2a) by taking 
ratios between isotopes of the same element. 


We have 


where s refers to the comparison isotope 

The magnetic moment of I'*’ has been measured by 
Walchli in a nuclear magnetic resonance experiment 
(u'?7 = 2.8090+ 0.0004, diamagnetically corrected," and 
the a value for I’ has been measured by Jaccarino, 
King, and Stroke atomic-beam experiment 
(a'27 = 827.265.+0.003)." Introducing these results into 


in an 
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13 H. Walchli R. Livingstor rbert. Phys 
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%V. Jaccarino, | 
Phys. Rev. 94, 1798 (1954 
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Fic. 2. Test for the sign of g;. 
Plotted above are the differences 
between the observed resonance 
frequencies, and the frequencies 
calculated with the best values of 
a and 5b, for two signs of g;. The 
dotted lines exhibit the experi 
mental uncertainty. It is seen that 
g:>0 gives a consistent fit to the 
data 
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Eq. (4), we obtain 
p'! = 2.738+0.001 nm. 


This value differs from the value 2.56+0.12 nm 
obtained by Fletcher and Amble.? 


B. Electric Quadrupole Moment 
From Eq. (2) we find 


Ss uo\?fm\us Fb 
(HNO: 
3X\ e M/SIN @/4a 
Using the known values of a yw, and J for the stable 
isotope I’? and the measured value of b for I, we find 


Q= —0.40 barn. 


In order to obtain the true nuclear quadrupole moment 
Q,, a correction factor C, such that Q,=CQ, is intro- 
duced. This factor C, first calctlated by Sternheimer,” 


“R. Sternheimer, Phys 
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Rev. 84, 244 (1951); and 86, 316 
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RUN NUMBER 
C FIELD INCREASING > 
(686 TO 1049 GAUSS) 


allows for the changed interaction of the valence 
electron with the inner core of electrons in the presence 
of the polarizing field due to the nuclear quadrupole 
moment. This constant has been calculated for iodine 
by Sternheimer but with the neglect of certain anti- 
shielding corrections. C is 1.029, but in view of the 
uncertainty in the exact value of C we have chosen to 
assign an uncertainty to Q, equal to the value of the 
correction itself. Thus 


Q.= —0.41+0.01 barn. 


This result is in agreement with an earlier measurement 
made by Livingston, Cox, and Gordy, using microwave 
absorption spectroscopy.* 
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Level Structure of N" 
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Yields and angular distributions of the gamma rays from the first and second levels in C¥ 


following 


excitation by inelastic proton scattering have been measured. Levels are observed at bombarding proton 


energies 3.80 Mev (I'=100 kev), 4.1 Mev (I'=150 kev), 4.14 Mev, and 4.52 Mev 


= 150 kev The first 


three levels result in excitation of the first excited state and the last in excitation mainly of the second 
excited state of C¥. N™ excitation energies corresponding to these levels are 11.07 Mev, 11.3; Mev, 11.39 
Mev, and 11.74 Mev. Possible spin and parity assignments are made on the basis of the y-ray angular 
distribution of the 4.52-Mev level. The C#(p,n)N" neutron yield has been rerun yielding better values of 
the resonant energies. Neutron angular distributions are given for several bombarding proton energies 


I. INTRODUCTION 


HE level structure of the compound nucleus N“ 

between 11- and 12-Mev excitation energy has 
been previously investigated by means of C” plus deu- 
teron reactions and by the reaction C"(p,n)N® with re- 
sults summarized by Ajzenberg-Selove and Lauritsen.’ 
Recently, Kashy, Perry, and Risser® have investigated 
the elastic scattering of protons from C". The present 
work reports an investigation of this region of excitation 
by measurements of the yield and angular distribution 
of the gamma rays from the 3.68- and 3.09-Mev levels 
in C® following excitation by inelastic proton scattering. 
In addition, certain new measurements are presented 
on the C"(p,n)N™ reaction. 


Il. EXPERIMENTAL PROCEDURE 


In general, target and bombarding techniques were 
essentially those described in the C"(p,n) N“ experiment 
previously published.’ However, the proton energy cali- 
bration had been revised‘ since the neutron work so that 
energies given in the present paper are more reliable, 
especially at the higher values where saturation effects 
in the beam analyzing magnet previously caused some 
uncertainty. All data were taken with targets approxi- 
mately 5 kev thick for 1.75-Mev protons. 

Neutron yields were measured with a long counter 
and a suitably biased propane recoil counter. Since the 
energy threshold for inelastic excitation of even the 
lowest level in C"™ is above the threshold for the (,») 
reaction, it is necessary to measure the gamma radiation 
in the presence of this neutron background. In this 
particular case the relative intensities were such that it 
was found possible to suitably reduce the neutron in- 
tensity by means of shielding without seriously effecting 
the spectrum of the (fortunately, relatively high energy) 
gamma rays as measured with a 3-in. diameter by 3-in. 

'F. Ajzenberg-Selove and T 
(1959) 

* E. Kashy, R. R. Perry, and J. R. Risser, Bull. Am. Phys. Soc 
5, 108 (1960). 

+ J. K. Bair, J. D. Kington, and H 
575 (1953). 


‘J. D. Kington, J. K 
Phys. Rev. 99, 1393 (1955 


Lauritsen, Nuclear Phys. 11, 1 
B. Willard, Phys. Rev. 90, 


Bair, H. O. Cohn, and H. B. Willard, 


high NaI(T1) crystal. The shield used to take the data 
presented here consisted of 11 cm of lithiated paraffin, 
34 cm of Boral, 44 cm of lithiated paraffin, and 0.6 cm 
of lead, in that order, with the lead nearest the detector. 


Ill. GAMMA-RAY MEASUREMENTS 


Figure 1 shows the gamma-ray pulse-height spectrum, 
at a proton bombarding energy of 4.75 Mev, as detected 
with the 3-in. by 3-in. NaI (TI) crystal using the neutron 
shield described above. Peak V is the full energy peak 
for the 3.68-Mev radiation, peak IV consists of the full 
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Fic. 1. C#(p,p’7)C™ gamma-ray spectrum as seen by 3-in. X3-in 
NalI(Tl) crystal through the neutron shield. The bombarding 
proton energy was 4.75 Mev. Peaks II through V are due te the 
3.68-Mev and 3.09-Mev inelastic scattering gamma rays, peak I 
is due to annihilation radiation 


2026 





LEVEL 


STRI 


























RELATIVE COUNT RATE (O* YIELD) 

































































“= 





























3.6 3.8 4.0 4.2 





t 44 ; - 4.8 5.0 
PROTON ENERGY (Mev) 


Fic. 2. C4(p,p’y)C™ gamma-ray yield curve taken at 0° to the proton beam. The open points are for the 3.68-Mev gamma ray. 
Below about 4.3-Mev proton energy the solid points represent the yield of the 3.09-Mev gamma ray, above 4.3 Mev the solid points 
must he corrected for the presence of the higher energy gamma ray as described in the text 


energy 3.09-Mev radiation plus a contribution from the 
single escape peak of the 3.68-Mev gamma ray. Peak III 
consists of the two escape peak of the higher energy and 
the single escape peak of the lower energy gamma ray. 
Peak II is the two escape peak for the 3.09-Mev gamma 
ray. Peak I is due to annihilation radiation. 

Figure 2 shows one set of yield curves obtained with 
the detector-neutron shield combination located at 0° 
with respect to the incoming proton beam and subtend- 
ing a half angle of about 34 degrees. Similar curves at 
90° to the proton beam, not shown, exhibit the same 
features. The data plotted are the readings of the highest 
channe) in the full energy peaks. The open points repre- 
sent the yield of the 3.68-Mev radiation. Below about 
4.3-Mev proton energy, the high-energy gamma ray 
makes essentially no contribution to the 3.09-Mev 
gamma-ray data (solid points). Above 4.3 Mev the solid 
points must be corrected for the presence of the single 
escape peak of the 3.68-Mev radiation. By fitting a 
semiempirical curve of a “‘pure” 3.68-Mev gamma ray 
to the experimental spectrum, it can be shown that this 
correction to the yield can be made with reasonable 
accuracy by subtracting from the height of peak IV, 


the height of peak V. Thus, above 4.3-Mev the true 
yield of the 3.09-Mev gamma ray can be represented by 
the difference between the solid and open points. It is 
evident that the maximum in the solid point curve at a 
proton energy of approximately 4.5 Mev is due almost 
entirely to the 3.68-Mev gamma ray and does not indi- 
cate a resonance in the 3.09-Mev gamma ray. There is, 
however, some indication of a broad maximum in the 
yield of the lower energy gamma ray at about 4.6-Mev 
bombarding energy. This maximum appears as a dis- 
tortion on the high-energy side of the solid point curve, 
and is evident in both the 0° and 90° data. Columns 1, 
2, 3, and 4 of Table I list the pertinent properties of 
the levels. 

Angular distributions of the 3.09-Mev gamma ray 
were taken at twelve proton energies between 3.7 and 
4.2-Mev, and of the 3.68-Mev gamma ray at 10 proton 
energies distributed over the 4.5-Mev resonance. The 
shield-detector combination subtended a half angle of 
74° or less at the target for all the angular distribution 
measurements. All of the 3.09-Mev gamma-ray dis- 
tributions were isotropic and are not shown. Figure 3 
shows the distribution of the 3.68-Mev gamma ray at 
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lic. 3. The points are the experimental angular distribution of 
the 3.68-Mev inelastic gamma ray taken at the peak of the 4.5 


Mev resonance. The solid curve is a plot of 1-0.35 cos*@ 


the peak of the 4.5-Mev resonance. The data can be 
fitted with a 1—0.35 cos’@ distribution, which is shown 
as the solid curve. 


IV. NEUTRON MEASUREMENTS 


Since the published® yield curve for the C*(pn)N® 
reaction has its energy scale based, in part, on the older, 
incorrect energy of the F'*(pry)O"* resonances now 
known to be located at 1347 and 1374 kev, and also on 
analyzing magnet current, it was felt worthwhile to 
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TABLE I. Columns 1, 2, and 3 give the resonant proton energies 
for excitation of the 3.09-Mev inelastic scattering gamma ray, the 
3.68-Mev inelastic scattering gamma ray, and an estimate of the 
experimental width, respectively. Column 4 gives the energy of 
excitation in the N“ compound nucleus. Column 5 gives the proton 
energy of the maximum in the forward neutron yield as measured 
in this experiment. Column 6 gives the difference between the 
value in Column 5 and that given in the older work of reference." 
Column 7 gives the proton energy of the maximum in the back 
ward neutron yield, while Column 8 gives an the 
experimental width 


estimate ot 


E, E, 
E, | Mev Mev 
0 . i me 


neutrons kev neutrons kev 


3.79 100 
3.99 15 
4.1 150 
4.13 30 
4.51 150 


* See reference 3 


redetermine the energies of the maxima with the better 
techniques now available. In order to tie these measure- 
ments into the gamma-ray measurements, runs were 
made over the four most prominent maxima in the 
neutron yield curve measuring simultaneously the 90° 
gamma-ray yield, the 0° neutron yield as measured with 
a long counter, and the 170° neutron yield as measured 
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4. Plotted in the center with proton energy running vertically is a section of the C™ 
rhe inserts are the angular distributions taken at the proton energies indicated 


bn)N™ 0° yield curve 
by the arrows 





LEVEL 


with a suitably biased propane recoil counter. Figure 4 
gives the 0° neutron yield. Table I lists these results 
for the levels involved. 

Neutron angular distributions were taken at 10 proton 
energies between 3.5 and 4.6 Mev. These data were 
obtained by means of the 1-in.X4-in. propane (4 atmos- 
phere) recoil counter at a distance of about 3 in. from 
the target to the front face of the counter. Figure 4 
shows a curve of the yield of neutrons in the forward 
direction and the neutron angular distributions (as a 
function of the cosine of the center-of-mass angle ¢). 
The arrows indicate the proton energy at which the 
distribution was measured. The open points on the dis- 
tribution at 3.98-Mev were taken some years ago using 
the long counter as the detector. The open points on 
the distributions at 4.30 and 4.51 Mev were taken using 
the propane recoil counter, but in a somewhat different 
experimental arrangement. The agreement between the 
various data is reasonable. 


V. DISCUSSION 


Since the lower energy inelastic scattering gamma 
rays arise from the known 3.09 Mev, J =4* state in C", 
their angular distributions always should be isotropi: 
and hence cannot assist in spin assignments to the levels 
of the compound nucleus. The fact that all observed 
angular distributions of the 3.09-Mev gamma ray are 
isotropic is, of course, a confirmation of the previously 


assigned J=4 spin for the 3.09-Mev level. 
The 3.68-Mev gamma ray resonance at a proton 
energy of 4.52-Mev can be fit satisfactorily in the j-j 


STRUCTURE 


OF N'* 2029 
coupling scheme by assuming that the level is 1* with 
entrance j= 4 and exit j=}. No fit could be obtained 
for L—S coupling under reasonable assumptions. For 
arbitrary channel spin mixtures a fit could be obtained 
for the following cases: (4) J=1* with 85 to 100% 
entrance s=0, with greater than 99% exit s’=2 and a 
positive, (where a is the ratio of the amplitude of exit 
channel spin 2 to that for exit channel spin 1) ; (B) J=1* 
with 69 to 100% entrance s=0, with greater than 34% 
s’=2, with a negative; (C) /=2- with 8% entrance 
s=0, and 100% exit channel spin s’= 2; (D) J=2* with 
all entrance s=1 and either 8% or 92% s’=1, a nega- 
tive; and (E) J = 3> with either 20% s’= 1 or 93% s’=1, 
a negative. In the case of J = 2, the J = 2> is preferred by 
a penetrability argument which would also tend to re- 
duce the excitation of the 3.09-Mev state in agreement 
with our low yield of the 3.09-Mev gamma ray. An 
unambiguous spin assignment cannot be made from 
these data. 

No analysis of the neutron angular distributions has 
been attempted. The new values of the resonant energies 
bring our data into agreement with those of Gibbons 
and Macklin.® Table I lists, in columns 5 and 6, the 
new energies for these 0° yield maxima and their differ- 
ences from the old values. These new values are, as 
expected, lower than the old energies and the differences 
are of about the expected amount. Column 7 gives the 
energy of the maxima of neutron yield in the backward 
direction. Column 8 gives an estimate of the experi- 
mental width (full width at half height). 


* J. H. Gibbons and R. L. Macklin, Phys. Rev. 114, 571 (1959). 
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Production of Strange Particles by 1.5-Bev = Mesons in C, Fe, and Pb? 


THEODORE Bowen, Jupson Harpy, Jr.,* Grorce T. ReyNoLp R 
Gumpo TAGLIAFERRI,{ AND ALBERT E. WeRBROUCK 
Princeton University, Princeton, New Jersey 


AND 


Wituram H. Moore 
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(Received March 17, 1960 


rhe production of ¥® (A®,°), @, Z~ particles by 1.5-Bev r” mesons has been of 
chamber with one-half inch plates of C, Fe, and Pb. The fraction of the inelastic 
result in strange particle production remains approximately constant from C 
¥°, 1.7+0.4%; @, 14+0.5%; =>, 0.240.1% 
given, along with the distributions obtained from Monte Carlo calculation 


The production angular an 


interactions of the strange particles 
rhe yields of hyperons and @’s are close to those expected on the ba 
p collisions. However, the 2~/} 


at least geometric cross section for => +p — Y°+n 


elementary x ratio is observed to be 


*?)x 10 ™ sec: 6 
statistically significant A° decay asymmetries (up-down, forward-backward, 


The following lifetimes were obtained: A®, (2.72 


found. Four likely and two possible examples of 6,° interactions were observe 
number expected if the interaction cross section were geometric 


, ARLY result 


ticles in Cosmotron beams indicated that the cross 


on the production of strange par- Just prior to this work, the Columbia cloud-chamber 


group studied the production of strange particles by 


section in pion beams were considerably higher than 
those in proton or neutron beams.' On the basis of 
these results, it was suggested that the dependence of 
the production cross sections on the atomic weight, A, 
of the target nuclei would be markedly different in pion 
and proton beams.’ This work was undertaken to study 
the A-dependence of strange-particle production by 
pions and protons, using a multiplate cloud chamber. 
lhe results of production by protons, as well as a de- 
tailed comparison between the yields from pions and 
protons, appear in the following paper,® hereafter re- 
ferred to as II. In this paper, the produc tion cross sec- 
tions and distributions of strange particles produced by 
x in C, Fe, and Pb are discussed. Since most of the 
strange particles observed in this work were produced 
in the pion beam, the results obtained concerning their 


decay lifetimes and asymmetries, and their nuclear 


interactions, will also be presented in this part. 


t Supported by the joint program of the Office of Naval Re 
search and the U. S. Atomic Energy Commission 
*Now at Westinghouse Electric Corporation, 
Pennsylvania 

t Now at the Universita di Milano, Milan, Italy 
'W. B. Fowler, R. P. Shutt, A. M. Thorndike, and W. L 
Whittemore, Phys. Rev. 91, 1287 (1953); 93, 861 (1954); 98, 121 
(1955); M. M. Block, E. M. Harth, W. B. Fowler, R. P. Shutt, 
A. M. Thorndike, and W. L. Whittemore, Phys. Rev. 99, 261 
1955): R. M. Walker, R. S. Preston, E. C. Fowler, and H. L 
Kraybill, Phys. Rev. 97, 1086 (1955); E. R. Mosburg, E. C 
Fowler, and H. L. Kraybill, Phys. Rev. 108, 865 (1957). 

2G. T. Reynolds, Proceedings of the Fourth Annual Rochester 
Conference on High-Fnerey Physics (University of Rochester 
Press, Rochester 1954 k Jastrow Phys Rev 97 181 (1955) 

I. Bowen, |. Hardy, G. T. Reynolds, G. Tagliaferri, and A. E 
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PRODUCTION OF STRANGE PAR 
interpreted in the light of the information now available 


from elementary #-p collisions.” 


A. EXPERIMENTAL ARRANGEMENT 


The x beam had an energy well above the threshold 
for strange-particle production, and the center-of-mass 
kinetic energy of a pion-nucleon collision was compar- 
able to that of 3-Bev proton-nucleon collisions. The 
beam arrangement is shown in Fig. 1. The pion beam 
originated in an Al target inside the Cosmotron vacuum 
chamber, was collimated by a channel in the Cosmotron 
shield wall and deflected 10° by a 36-inch analyzing 
magnet. The pion energy spectrum at the chamber is 
shown by the smooth curve in Fig. 2, calculated for the 
known geometry and magnetic fields of the Cosmotron 
and bending magnets. Since a considerable range of 
particle momenta could pass through the beam-defining 
system, it was necessary to also have some knowledge 
of the pion momentum spectrum at the target. This was 
calculated from the isobar model of pion production in 
proton-nucleon collisions," which agrees well with meas 
urements available at lower momenta. From this spec 
trum, the median pion energy is 1.5 Bev, and the beam 
width is of the order of +0.2 Bev. As a rough check, 
the histogram in Fig. 2 shows the distribution from 
associated hyperon-K meson productions of the total 
visible energy. Since some energy disappears from view 
via low-energy charged secondaries and neutral second- 


aries, the agreement seems satisfactory. At the cloud 
chamber, the muon contamination was computed to be 
20%. This was independently checked by the distribu- 


12 


tion among the plates of nuclear interactions. 

The multiplate cloud chamber was conventional in 
design and operation, filled with argon and water- 
alcohol vapor."* The fiducial volume of the chamber, in 


4 








Fic. 1. Plan view of the arrangement in the 1.5-Bev x 
meson beam. The dotted lines show the arrangement in the 
2.8-Bev proton beam 


” Proceedings of 1958 Annual International Conference on High 
Energy Physics at CERN, edited by B. Ferretti (CERN Scientifix 
Information Service, Geneva, 1958), p. 147 

"S. J. Lindenbaum and R. M. Sternheimer 
1874 (1957) 

2 T. Bowen, G. Tagliaferri, M. Di Corato, and W 
Nuovo cimento 9, 908 (1958) 

“4 For further details, see J. Hardy, Technical Report No. 19 
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Vic. 2. Calculated energy spectrum of #~ mesons entering the 


cloud chamber (smooth curve). The histogram shows the distribu- 
tion of visible energies of 18 associated Y°—@ events and 3 2° —@® 
events. The production nucleus is indicated in the rectangle for 
each event. Rectangles with a diagonal bar indicate events with 
additional charged secondaries 


all interaction and decay points used in the 
analysis were located, was 24 cm deep, 63 cm wide, and 
an average of 71 cm in the beam direction. Tracks were 
2.5 cm outside all sides 
of this fiducial volume. Ali plates were 0.5-inch thick, 
with 0.020-inch Al reflectors on each surface. The vari- 
ous arrangements of C, Fe, and Pb plates used are 
listed chronologically in Table IL. The 11-plate assembly 
was found by experience to represent the closest plate 
spacing which is satisfactory in this type of work. There 
was no magnetic field. j 

Expansion took place before arrival of the beam, 
resulting in sharp, post-expansion tracks. Each ex- 
pansion was photographed on 70-mm film by two 
cameras 386 cm from the center of the chamber and 
separated by 74 cm. Approximately 7000 acceptable 
two-view photographs were obtained in the pion beam, 
with an average of 16 tracks, each. 


which 


B. METHOD OF ANALYSIS 


In a multiplate cloud chamber at Cosmotron energies, 
only the following decays are observed with high 
efficiency : 

A°— p+, (1) 
(2) 


(3) 


0° awt+r J 


. 


“* 


> t-te . 


The A® decays result both from A°’s and 
from the production nuclei. Since the proton decay 
of a =* is generally indistinguishable from a #-u 
decay, we count only events with a pion decay mode 
[ Eq. (3) |. Few K *’s and 6,°’s decay or stop in the cham- 


>"’s emerging 


mode 


No. 22, Elementary Particles Laboratory, Princeton University, 
1959 (unpublished ) 
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TasBLe I. Cloud-chamber plate assemblies 


No. of 


plates Material* 


15 


15 Fe 


7 Pb 
3 C-Pb-C-Pb-C-Pb 


4 C-Pb-C-Pb-C-Pb-C-Pb 


Effective thickness 
(g/ cm?) 


Cc 
Pb :36 
oe 


( 


Average fiducial gap (cm 
Original Modified” 


95 0 (Lifetimes 
(ross sections 


82 
il 


2.1 
48 
48 


1.9 


Pb:44 


* Order of plates in beam direction. 


> All results are based upon the events found in the modified fiducial volumes 


ber. All of the above decays appear as V-type events in 
the gas of the cloud chamber. 

Scanners looked for all V-type events and counted 
beam tracks in each picture. Track counts were ac- 
curate to 5%. Over-all scanning efficiency, found by 
comparison of scan and rescan records, was 0.75 on 
the first scan and 0.90 on the rescan. No significant 
differences in scanning efficiency were found for the 
various plate assemblies, except in the case of Fe, 
where it was lower. The efficiency was essentially the 
same for A® and 6,°, but lower for 2,*+. The latter effect 
was attributed largely to the difficulty of finding small 
angle V* decays, which are events in which the decay 
pion is emitted forward in the c.m, system. In 26 events 
the decay pion was emitted backwards in the c.m. 
system, but in only 12 events was the pion emitted 
forward. Since equal numbers are expected forward 
and backward," the reduction in scanning efficiency is 
estimated to be 0.73+0.08. Pictures of poor quality or 
with 40 or more beam tracks were not used for cross- 
section determinations. In the pictures taken with the 
Fe plates in the pion beam, only pictures with 30 or less 
beam tracks were accepted. 

Geometrical analysis was done analytically on the 
Remington Rand 409-2R punched card digital com- 
puter at Brookhaven.” To obtain the best values of 
angles and their errors, which are used in identifying 
neutral strange particles, a least squares and error 
analysis was applied to each event by the computer. In 
the least squares analysis, an origin point and three 
measured points in the decay plane were fitted to a 
best-fit plane. Because of the small stereo angle, the 
component of the measurement error along the lens 
axis (z-direction) was the most serious one. The error 
analysis was carried out by introducing a known error 
into each s-coordinate measurement, one at a time, and 
then recomputing the final angles. Occasionally, several 
origins appeared possible for one V°. The proper one 
could be selected by consideration of the residual sum 
of squares in the least squares analysis and by the close- 
ness of the fit to an interpretation as a A° or @,°. 


“LL. W. Alvarez, H. Bradner, P. Falk-Vairant, J. D. Gow, 
A. H. Rosenfeld, F. T. Solmitz, and R. D. Tripp, Nuovo cimento 
5, 1026 (1957); F. Eisler et al., International Conference on Mesons 


and Recently Discovered Particles, Padua-Venice, 1957, I-3 


Identification of the unstable partic les seen to dec ay 
depended upon measurements of angles, ranges, ioniza- 
tions, and path lengths. Usually, the most reliable in- 
formation was the laboratory decay angles. In many 
cases, very little information was gained from ranges 
because of particles leaving the chamber or stopping in 
the first plate entered. Ionization estimates were made 
by visually comparing tra 
ionizing tracks. 

Identification of the V°’s was ac omplished by plot- 
ting the laboratory V° opening angle versus one of the 
interior angles with the line of flight 
stant laboratory momentum for the decay secondaries 
appropriate to A° or 6,° decay'® marked permanently on 
the respective graphs allowed momentum estimates 
from range and ionization to be plotted. For most 
events, the available information will define an allowed 
region on only one plot, resulting in a definite identifica- 
tion as A®° or 6,°.. When the momentum of a A° or 6,° is 
greater than about 1.0 Bev/c, a fit is often possible on 
both plots. If the fit of one interpretation is signifi- 
cantly poorer than the other, the identity of the associ- 
ated strange particle is known, or |cosé*| >0.9 (@* is 
the c.m. angle between the V°® line of flight and a decay 
pion), the event is given a probable identity, and re- 
maining completely ambiguous cases are called V°’s. In 
calculating cross sections, one half the weight of V° 
events has been assigned to A° and 6,° categories, each, 
and the error estimates have been increased by the 
same amount. 

A charged V has considered a candidate for further 
analysis if the transverse momentum of the decay 
secondary (considered as a muon 
possible in #-u decay. For these, the available informa- 
tion was plotted on a kinematics graph in which the 
laboratory decay pion momentum is shown as a func- 
tion of laboratory decay angle, with the =,* primary 
momentum as a parameter. Most of the events which 
were thus found to be consistent with X,* decay [ Eq. 
(3)] would also be consistent with the kinematics of 


ks with nearby minimum- 


The loci of con- 


was greater than is 


. 


K 2 or Ky2 decay. The estimate of time of flight before 


decay served to separate st itistica ly between =* and 


%L. B. Leipuner, Brookhaven Nationa 
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K = decays, and all events which lived less than 5X 10-" 
second in their c.m. system were identified as prob 
able =,*’s. 

After the identity, momentum, origin, and direction 
of each observed A°, 6;° or 2,* had been determined, the 
probability, @4, of decaying in the observable region of 
the cloud chamber with the appropriate plate assembly 
was evaluated.'® The over-all observation probability, 
¢, was taken to be the product of three factors: 


o=oh8., (4) 


where @, is the probability of decay into a charged pion 
decay mode," and @, is the scanning efficiency. Each 
event is then assigned a weight, W, which is 


W =1/6=1/bhadn. (5) 


These weights are then summed to compute cross sec- 
tions or plot histograms. The weight, Wy, of V events 
would be 


Wy=DL* Wit(h1* W?)!. (6) 


For 2,* events, there may be ambiguity in assigning 
a weight because, having no magnetic field, the charge 
is unknown. In the case of production by a x, the 
event is assumed to be a =~, since a =* could only be 
produced by a cascade of two interactions, and only 
one-half of any such *’s would be 2,*’s. When the 
~,* was produced by a proton (see II), the weight was 
computed separately assuming it to be a 2~ or a [* and 
averaged, increasing the quoted error appropriately to 
account for the additional uncertainty. 

It is evident from Eq. (6) that, if, in a small sample 
of events, a few have very high weights, the statistical 
uncertainty in the result for Wy is very large. In this 
experiment, strange particles emitted with low momenta 
or angles close to 90° would rarely escape from the plate 
of production. If a few happened to be observed, they 
would be assigned high weights and error estimates 
from Eq. (6) would be greatly increased. The results 
can be made statistically more certain by considering 
a group of events satisfying an additional condition, 
such that high weights cannot be present. The prob- 
ability of escape from the plate will depend upon the 
decay length, A, in the beam direction, which is given 
by: 

= rP cos6/M, (7) 


where + is the mean life, P the laboratory momentum, 
6 the laboratory production angle, and M the mass of 
the particle. For the one-half inch plate thickness of 
this experiment, all events with |A| > 1 cm have weights 
within a range of a factor of two. In many cases, the 
results based upon this group will be presented in addi- 
tion to those based upon all the events. For |A| <1 cm, 


* The following decay lifetimes were assumed (in units of 10~” 
second): A®, 2.77; 6;°, 0.95; Z-, 1.7; Et, 0.75. 

‘7 F. S. Crawford, M. Cresti, R. L. Douglass, M. L. Good, G. R 
Kalbfleisch, M. L. Stevenson, and H. Ticho, Phys. Rev. Letters, 
2, 266 (1959). 
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Fic. 3. The histograms show the observed distribution of » 
(defined in the text) for i40 A® decays (top) and 63 6,° decays 
(bottom). The smooth curves were calculated for the lifetimes 
given, and represent the best fits to the data. The distributions of 
w would be uniform if the true lifetimes were those in reference 16. 


the probability of observation rapidly decreases, re- 
sulting in very high weights for the occasional events 
in this interval. 


C. A® AND 6,° LIFETIMES 


The procedure for obtaining A° and 6,° mean lifetimes 
from the events of this experiment is an indirect one, 
and assumes that the lifetimes are already approxi- 
mately known. For each event, on the basis of this 
assumed lifetime, the probability, @4, that such a V® 
decay within the observable region of the chamber is 
calculated. In addition, the probability, @,, that it 
decay in the observable region before its actual decay 
point is calculated. The ratio: 


w= de da (8) 


is the probability that the V° decay in the observable 
region before its actual decay point, given that it is 
observed. Provided that we have assumed the correct 
value for the mean life, 7, and we have found the events 
in an unbiased manner, there should be equal numbers 
of events in equal intervals of w. If the actual lifetime 
differs from the assumed lifetime, the distribution of w 
will no longer be uniform, and it is possible to calculate 
the expected shape. 

To apply the above procedures, the V® entrance 
boundary planes of the observable volume were chosen 
to be 0.60 cm from the surface of each plate, and the 
exit boundary of each observable region was placed 
2.50 cm from the plate surface because of decreased 
scanning efficiency for decay near a plate. This elimi- 
nated all the events produced in the Fe assembly from 
the lifetime determination. The effects of uncertainty 
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TABLE IJ. Up-down decay asymmetry of A°’s with 
0.7<P<10 Bev/c 


Production 
nucleus 


Up Down Total aP, 
Cc 13 
re } 6 
Pb 5 24 
Fe(MiT)* 53 


+-0.02+0.48 
+-0.03+0.71 
+0.27+0.35 
+0.42+0.24 


* See reference 9 


in the momenta of A°’s and 6,"’s were found to contribute 
negligibly compared to purely statistical uncertainties. 

The distributions of w for 140 A®° events and 63 @,° 
events are shown in Fig. 3. The smooth curves show the 
theoretical distributions which give best fits to the ob- 
served distributions. We find for the A®° mean life, 
(2.72_0.97*°-*) K 10~" sec, and for the 6;°, (1.09_¢ 15*®-18) 
x 10~" sec. These values are in good agreement with 
those originally assumed,'* and with the best values 
currently reported.'* 


’ 


D. A°-DECAY ASYMMETRIES 


An “up-down” asymmetry in A° decay has been ob- 
served with As produced in elementary x~-p colli- 
* In an earlier publication,” we reported no 
significant up-down asymmetries in the A°’s observed 
from C, Fe, and Pb. Since then, the behavior of the A® 
polarization in x~-p collisions has been studied in greater 
detail” as a function of the c.m. production angle. The 
MIT cloud chamber results in Fe also showed no sig- 
nificant polarization when including all A°’s.* However, 
when only those A°’s with laboratory momenta between 
0.7 and 1.0 Bev/c were examined, a significant asym- 
metry was found in the expected direction. 

The observed up-down asymmetry of our A°’s in the 
0.7-1.0 Bev/c momentum range are given in Table II, 
in terms of the pseudoscalar: 


P.*.- (P;X P,) 
P,*||P:xP, 


) 


sions.! 


cosé (9) 


where P,, P,4, and P,* are the momenta of the incident 
pion in the laboratory, the A° in the laboratory, and the 
decay pion in the A° c.m. system, respectively. In 
Table II, the number of events “up” (cos@ positive) 
and “down” are given. The listed values of aP,, where 
a is the decay asymmetry parameter™ and P,, the A° 
polarization along the axis P,XP,, which would give 


‘8 Proceedings of 1958 Annual Conference on High-Energy 


Physics at CERN, edited by B. Ferretti 
formation Service, Geneva, 1958), p. 270. 

” F. S. Crawford, M. Cresti, M. L. Good, K. Gottstein, E. M 
Lyman, F. T. Solmitz, M. L. Stevenson, and H. Ticho, Phys 
Rev: 108, 1102 (1957); F. Eisler et al., Phys. Rev. 108, 1353 
(1957). 

*T. Bowen, J. Hardy, G. T. Reynolds, G. Tagliaferri, A. E 
Werbrouck, and W. H. Moore, Phys. Rev. Letters 1, 11 (1958) 

T. D. Lee and C. N. Yang, Phys. Rev. 108, 1645 (1957) 
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the observed asymmetry are found from the equation: 
(10) 


and Fe are too few to 
The asymmetry ob- 
served from Pb is in the expected direction, and is 
consistent with the MIT res 
significantly smaller polarization of 
than from Fe cannot The fact that the 
remainder of the A°’s (nearly all at lower momenta) 
show no polarization, seems to suppori the view that 
A°’s are depolarized by the subsequent collisions within 
the production nucleus 
The possibility of parity nonconservation in strong 
interactions involving strange particles has been in- 
vestigated by several authors.” Experimentally, any 
component of polarization parallel to the direction of 
motion would be indicative of parity nonconservation. 
Tendencies for protons to be emitted backward in the 
A°® rest system have been observed | 
The forward-backward asymmetry is treated in a 
manner exactly analogous to the up-down asymmetry 
of the preceding paragraphs. Any component of po- 
larization, P,,, along the direction of motion of the A° 
would be revealed by the distribution of cos6*, where 
6* is the angle between the decay pion and the A® line 
of flight in the A°c.m. system. Table ITI lists the results. 
The original method of analysis, utilizing ionization, 
ranges, and angles, was modified to reduce the depend- 
ence on ionization estimates by finding cos@* on the 
basis of angles and ranges only. While the modified 
method affected negligibly the A° momentum distribu- 
tion, it should have significantly reduced the possible 
systematic error in cos@*. To further reduce biases, the 
modified analysis was applied only to those events ob- 
served in plate assemblies with plate separations >7.8 


The number of events from ( 


allow conclusions to be drawn 


ult, but the possibility of a 


the A°*’s from Pb 


be exe luded 


xy others. 


Taste III. Forward-backward decay asymmetry of A°’s 


Pro 
duction For 
nucleus ward 


aP, 


0.14+-0.46 
+0.06+0.20 
+-0.03+0.19 


Group 


All momenta os 8 
Pb 33 
All 41 
P<OSBev/e ( 


Pb 
All 


+-0.16+0 26 


47 +-0.13+0.25 


Rev. 108. 878 (1957). V. G. Soloviev, 
D. Drell, S. C. Frautschi, and 
No. 30, Physics Department, 


iblished); A. Pais, Phys. Rev 
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Paste IV. Numbers of strange particles observed from 1.5-Bev * 


Material “bs 
Number of nuclear interactions” 9060 

Particle \° 6,° 
Weighted numbers of 
strange particles (actual 
numbers in parentheses) 
Strange particles per 1000 
Nuclear interactions 


Definite 141 (32) SO (14) 
Probable 12 (3) 7 (2 16 
Ambiguous 11 (3) 

All events 17.54+3.5 6942.2 
Events with 
A! >1 cm 


17.0+3.5 6942.2 


PAR 


6) : 23 (5 46 (9) 


1.8+0.7 


1.8+0.7 


ricLES BY BE\ 2035 


Poe 


MESONS 


interactions 


Pb 
25 500 
A’ 6,° 
334 (92) 153 (33) 


15 (5) 
23 (6) 


15.942.1 7,041.7 


34 (13) 


11.44+3.0 6942.2 42419 1.3404 


11.4430 6942.2 4241.9 150420 54414 13404 


* Due to the closer place spacing, results for strange particles from Fe are lower limits only 


> Calculated from track counts, fraction of +'s in the beam, and total cre 
cm. The A®”’s with momenta less than 500 Mev/c were 
considered separately because parity nonconservation 


~” 


was suspected” in the reaction 


T+N — AP+N, (11) 


which would yield low-momentum A°’s. As indicated 
in Sec. F, we believe that many of the A°’s emitted from 
complex nuclei result from reaction (11). The A°’s pro- 
duced by 1.5-Bev x~ in this experiment were consistent 
with no polarization along the direction of A® motion 
in the laboratory. 

Efforts to determine the helicity of the proton 
emitted in A° decay from proton polarization’ led to 
the consideration of 117 decay protons that penetrated 
one or more plates. After applying selection criteria 
which eliminated most questionable scatters, 21 scatters 
remained for further analysis.** However, a statistical 
analysis of the information available from these scatters 
revealed that we should only have a 54% chance of 
deducing the correct sign of the proton helicity in 
A® decay. 


E. STRANGE PARTICLE PRODUCTION 


The observed yields of strange particles which could 
be detected with high efficiency are listed in Table I\ 
for C, Fe, and Pb. The number of nuclear interactions 
of pions in each material was calculated from the track 
counts, fraction of pions in the beam, thickness and 
position of the plates, and total absorption and attenua- 
tion cross sections found from a portion of the photo- 
graphs." The weighted number of events in each iden- 
tity category, as described in Sec. B, is given, with the 
actually observed number of events in parentheses. For 
A° and 6,°, it is seen that the number of events with a 
probable identity is only about 9% of the total, and the 
number which are ambiguous is about 4%. Hence, the 
results are not sensitive to uncertainties in identification. 

The fractions of nuclear interactions leading to 
strange particle production are given in Table IV in 
terms of A®’s, 6;°s, and =~’s per 1000 nuclear inter- 
actions. These yields remain almost constant frorn C to 


** M. Schwartz (private communication) 
** For further details see T. Bowen, C. 


R. Sun and A. E 
Technical Report No. 21, Elementary Particles 
Princeton University, 1958 (unpublished). 


Werbrouck, 
Laboratory, 
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Pb as expected for a neutron to proton ratio 1, and 
if the particles observed are determined by the first 
inelastic collision in the nucleus. The yields are also 
given for those events for which the mean longitudinal 
decay length satisfies the condition: || >1 cm, which 
does not greatly affect the yield (see II, Sec. C for 
further discussion). The yields from Fe are regarded as 
lower limits because the plates of the Fe assembly were 
closely spaced, causing excessive scanning inefficiencies. 
In the case of the C and Pb plates, it was possible to 
choose the boundaries of the fiducial volume at greater 
distances from the plates. In addition, the comparison 
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Fic. 4. A® distributions observed from 1.5-Bev #~ interactions. 
At the top, the calculated production distributions, neglecting 
subsequent interactions of hyperons, are shown for C. The ob- 
served distributions appear below for production in C, Fe, and Pb. 
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All figures are mb 


Material Cc Fe* Pb 
Nuclear absorption 
cross section” 240414 705 +37 1600 +95 
Particle y° wr z y° wr z } P z 
All events 4.2408 3341.1 04340.19 81421 9843.2 30414 23.64 3.1 22.54 54 2.1+0.6 
Events with |A| >1 cm 41408 3341.1 04340.19 8.1+2.1 9843.2 3.0414 22.24 30 1744 44 21+0.6 
Other experiments 
Columbia* 3.2413 4842.1 045+0.24 $8.84195 2544105 3.52418 
M.LT.4 20.542.9 20.9%4.1 2.1+0.7 
* Due to the closer place spacing, our results for strange particles from Fe are lower limits only 
» See reference 12 
¢ 1.9-Bev #~ beam in a cloud chamber with 0.5-inch C and 0.25-inch Pb plates, reference 4. The figures in this table iblished 


8 Bev #~ beam in a clo 


information 

41.2 
between C and Pb is made more dependable because 
most of the events were found using plate assemblies 
in which the C and Pb were intermixed. 

In Table V total production cross sections are com- 
pared with the total pion nuclear absorption cross 
sections.” Since we cannot distinguish directly produced 
A’s from those resulting from the production and decay 
of 2°’s, we shall use the symbol Y° for both. Fortunately, 
the laboratory momentum of the decay A° is only 
slightly different from that of the original 2°. 

For comparison, the Columbia‘ and MIT* results at 
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Fic. 5. 6,° distributions observed from 1.5-Bev #~ interactions 
At the top, the calculated production distributions, neglecting 
subsequent interactions of K mesons, are shown for C. The ob 
served distributions appear below for production in C, Fe, and Pb. 


The errors include a +40% uncertainty in estimating the conversion factor for absolute cross se 
ud chamber with 0.S-inch Fe plates, reference 5 


slightly higher pion energies are given. There is an 
estimated +40% error for the 
Columbia data, so the errors of each entry cannot be 
regarded as completely independent. The Y°/# pro- 
duction ratio differs considerably from Y°/# found by 
the Columbia group, perhaps because of production of 
strange particles by secondary 7° and w* mesons at 
1.9 Bev. 

The angular and momentum distribution of A°’s ob- 
served from C, Fe, and Pb are shown in Fig. 4. There 
is a trend from C to Pb toward a wider angular dis- 
tribution and a momentum distribution peaked at a 
lower momentum. Monte Carlo calculations were car- 
ried out, following 100 collisions through each element, 
using diffusion chamber data on elastic®’ and inelastic?*® 
x -p collisions, bubble chamber strange particle pro- 
duction cross sections and angular distributions,” and 
Fermi motion. An electronic computer program has 
since been completed” which carries out a similar pro- 
cedure. Since subsequent interactions of the strange 


absolute calibration 


particles are not taken into account, a comparison of the 
results with the observed distributions provides a means 
of investigating their secondary interactions. At the top 
of Fig. 4, the Monte Carlo results for 100 collisions in C 
are plotted. The corresponding distributions for Fe and 
Pb show only a slight widening of the angular distribu- 
tion and a small enhancement of the lower peak in the 
momentum distribution; hence, only the distributions 
for C are shown. Progressive changes in the distribu- 
tions probabiy result from the effects of subsequent 
interactions of hyperons before escaping from the nu- 
cleus, these effects being most strongly felt in the large 
Pb nucleus where the hyperons must traverse more 
nuclear matter before es« aping. 

The 6,° angular and momentum distributions are 
shown in Fig. 5 for C, Fe, and Pb, along with the dis- 


27M. Chretien, J. Leitner, N. P. Samios, M. Schwartz, and J. 
Steinberger, Phys. Rev. 108, 383 (1957); R. C. Whitten and M. M. 
Block Phys. Rev. 111, 1676 (1958 

% 1. M. Eisberg, W. B. Fowler, R. M. Lea, W. D. Shephard, 
R. P. Shutt, A. M. Thorndike, and W. L. Whittemore, Phys 
Rev. 97, 797 (1955); G. D. Gordon, R. H. Milburn, J. C. Street, 
and L. A. Young, Phys. Rev. 108, 1315 (1957 

* L. Sartori, A. E. Werbrouck, J. K. Wooten, and R. L. Bivens, 
Bull. Am. Phys. Soc. 4, 289 (1959 
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Taste VI. Calculated and observed yields of strange particles. All figures are numbers of 
strange particles per 1900 nuclear interactions 
Cc Fe Pb 
Calculated Calculated Calculated 
One-dimen- Monte One-dimen- Monte One-dimen- Monte 
Particle sional Carlo Observed sional Carlo Observed dional Carlo Observed 
z 5.8 6.5 1.8+0.7 6.3 7.6 4241.9 6.7 8.1 1.3+04 
ye 7.3 8.7 17.543.5 7.5 9.7 11.44+3.0 6.8 9.8 15.9+2.1 
yous 13.1 15.2 19.343.5 13.8 17.3 15.643.5 13.5 17.9 17.242.1 
a 10.1 11.8 13.8+4.4 10.6 13.6 13.8+4.4 10.6 13.6 14.0+3.4 


tribution obtained from the Monte Carlo calculation 
for C, which remains almost unchanged for Fe and Pb. 
It is seen that the angular distributions widen and the 
momentum distributions shift downward as the size of 
the production nucleus is increased. 

The angular and momentum distributions of the ob- 
served ~’s are shown in Fig. 6. The momentum deter- 
minations for the 2~’s were very crude, since they de- 
pend mainly upon ionization estimates. The discussion 
of the next section will show that very few of the 2~’s 
presumably produced in elementary pion-nucleon colli- 
sions are actually observed. However, the distributions 
in Fig. 6 seem to indicate that the few which are ob- 
served have escaped without appreciable change in 
direction or momentum loss, even when produced in Pb. 


F. STRANGE PARTICLE INTERACTIONS 
x Interactions 


The most striking difference between observation and 
expectation in this experiment was in the 2~/Y° ratios. 
The first comparison is with a one-dimensional model, 
which is useful because analytic solutions can easily be 
obtained, even when a succession of two or three re- 
actions is involved. Pion-nucleon elastic and charge ex- 
change scattering is neglected; the x-nucleon inelastic 
cross section is 23 mb; the nuclear density is uniform 
with nuclear radius, R, given by: 


R=1.06A!+1.11 fermi; (12) 


all strange particles emerge; and only in the first in- 
elastic w-nucleon interaction are strange particles pro- 
duced. The constants of Eq. (12) were chosen to fit the 
total cross sections determined from our data™ and 
with the total r-nucleon cross section equal to 33 mb.” 
The one dimensional model seems reasonable geo- 
metrically because most of the hyperons are emitted 
at small forward angles. The following [Eqs. (13)-(16) ] 
production processes and trial cross sections are 
assumed : 


x +p—A°+: 0.24 mb, (13) 

>°+: 0.18 mb, (14) 

~-+Kt: 0.18 mb, (15) 

x +n-—->-+@: 0.15 mb. (16) 

*R. Cool, O. Piccioni, and D. Clark, Phys. Rev. 103, 1082 


1956). 


The cross section assumed for reaction 16 is taken as 
that observed by the Michigan group.” 

The second comparison is with a Monte Carlo calcu- 
lation® assuming constant nuclear density and a Fermi 
gas, which follows all pion-nucleon interactions in three 
dimensions until all the pions have been degraded below 
the strange particle production threshold utilizing em- 
pirical cross sections. Likewise, this calculation does not 
follow the strange particles after production. 

Table VI presents the comparisons between the ob- 
servations, the one-dimensional model and the Monte 
Carlo calculations. 

The one-dimensional model results are slightly low, 
perhaps because of choosing trial cross sections subse- 
quently seen to be low and neglecting strange-particle 
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Fic. 6. Z~ distributions observed from 1.5-Bev #~ interactions. 
At the top, the calculated production distributions, neglecting 
subsequent interactions of hyperons, are shown for C. ob 
served distributions appear below for production in C, Fe, and 
Pb. Each rectangle represents one event. 

* J. L. Brown, D. A. Glaser, D. 1. Meyer, M. L. Perl, J. Vander 
Velde, and J. W. Cronin, Phys. Rev. 107, 906 (1957) 
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Paste VII. Calculated and observed 2 /¥Y°® ratios 
Source ( Fe Pb 
Calculated 
One-dimensional! 0.79 0.84 0.98 
Monte Carlo 0.76 0.79 0.82 
Observed 
Princeton 0.104004 0.274014 0.08+40.03 
Columbia* 0.14+0.06 0.08+0.03 


M.1.T.» 0.10+0.04 


* See reference 4 
» See reference 5 


production by pions emitted from #-nucleon inelastx 
collisions. The Monte Carlo calculation indicates that 
both of these effects are comparable. Using observed 
production of #@ and Y°+ > to carry out a least squares 
determination of the parameter which must multiply 
the Monte Carlo resu!ts to fit the experimental data, 
we find 1.15+0.1. The sum of the trial #~+ / cross se 

tions is 0.60 mb. Multiplying by the scale factor yields 
0.69+0.06 mb as our best estimate of the total r —p 
strange-particle production cross section. This is to be 
compared with the results of the Columbia group™ at 
1.3 Bev (0.79+0.09 mb); Fowler et al. at 1.37 Bev 
(~0.9 mb); and Slaughter e/ al.“ at 1.9 Bev (~1 mb). 
Effects of possible # — A* charge exchange and some 
hyperon captures do not give effects outside the errors 
Therefore, the total yields of hyperons and @’s from 
complex nuclei appear to agree well with what is ex- 
pected from our knowledge of elementary m — p and 

p interactions. 

In spite of this agreement, it is evident from Table VI 
that >~’s and more ¥°’s than expected are ob 
served. This effect is summarized in Table VII, where 
the 


x 
fewer 
>-/¥Y° ratios calculated by the two models, and 
ebserved by us and others, are listed. The observed 


. 


>~/Y° ratios are lower by a factor of 5 to 10 than ex- 
pected if production proceeds as in elementary pion 
free nucleon collisions, and if charge exchange inter 
actions of the hyperons are neglected. 

The low ~/ Y° ratio might be attributed to the pres 
ence of other nucleons which significantly affect the 
VII. =-+p— ¥ 


TABLE +n charge exchanges 


Cc Fe 


Fraction of =~’s which 
charge-exchanges before 
escaping from the nucleus* 


0.794+0.08 0.52.6,.°°" 084+0.06 


Total cross section in mb 
7 


for =~ charge exchange‘ 176 39_,;*# 73_13°* 

* Lower limits calculated from Z~/ ¥® ratios expected (Monte Carlo) and 
observed (Princeton), neglecting the reverse of Eq. (18 

> Lower limits, neglecting the reverse of Eq. (18), found from Fig 

2 FF. Eisler ef al., Nuovo cimento 10, 468 (1958) 

*W. B. Fowler, R. P. Shutt, A. M. Thorndike, and W.L 
Whittemore, Phys. Rev. 98, 121 (1955 

* G. G. Slaughter, E. M. Harth, and M. M. Block, Phys. Rev 


109, 2111 (1958 
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mechanism for production of str or to the 


inge parth ies, 


presence of charge-exchange interactions of hyperons. 
Evidence for the former explanation is the 


almost con- 


stant ~/Y° ratio independent of nuclear size. However, 
it would be very surprising if the presence of other 
nucleons would drastically alter the 2~/ Y° production 


ratio, yet not affect the absolute yi lds of hyperons or 


@’s. An explanation in terms of hyperon charge ex- 


changes seems more plausible 














If we assume that the observed = VY” ratio has been 
altered from the expected ratio only by charge ex 
change of =~ to Y 

=~ +p— Y°--n, (17) 
and we neglect Y° to =~ charge exchanges, then we can 
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FRACTION OF STRANGE PARTICLES WHICH INTERACT 

Fic. 7. Strange particle interaction cross section per nucleon 
as a function of the fraction which interacts before escaping fror 
C, Fe, and Pb production nuck 
obtain the lower limits on the fraction of S~’s which 
must unde rgo charge exe hange Eq 17 before es« ap 
ing from the nucleus, listed in Table VIII. The fraction 
which undergoes.charge exchange can be interpreted in 
terms of a cross section for reaction 17 if we assume that 
the protons and neutrons are randomly distributed 
within the production nucleus. The relation between 
the fraction interacting and the interaction cross se 
tion per nucleon computed from the uniform one 
dimensional model is shown in Fig. 7 for C, Fe, and Pb 
To illustrate its use, Table VIII lists the fraction of 


=~’s which charge exch 


Referring to Fig. 7, 
section of 


inge in Pb, for example, as 0.84 


this indicates an interaction cross 


18 


econ 


29 mb per nu 


However, reaction 
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requires a proton, so the cross section per nucleon must 
be multiplied by A/Z, which gives 73 mb. 

From Table VIII, if the low 2~/Y° ratio is to be ex 
plained by the charge exchange of 2~’s [Eq. (17) ], then 
the cross section must be of the order of geometric, 
although no one value gives a simultaneous good fit to 
the observations from C, Fe, and Pb. It might be con 
jectured that the large fraction which charge exchange 
in C is due to correlation between the position of 
nucleons within the C nucleus, so that at the point of 
production of a =~ by a w-nucleon collision there is also 
an appreciable amplitude of a proton wave function 


present. 
6° Interactions 


Figure 7 can also be employed to interpret the second 
ary interactions of other strange particles within the 
production nucleus. For example, the histograms of 
Fig. 5 give the evidence that many @’s scatter before 
leaving the production nucleus. The total #@—p and 
# —n cross sections can be estimated from the measured 
charge symmetric A*—n and K*+—p cross sections® to 
be about 17 mb in our energy region. Referring to Fig. 7, 
we find that the fraction of #’s which would be expected 
to interact before escaping is 0.26 in C, 0.50 in Fe, and 
0.72 in Pb. The observed distributions which appear in 
Fig. 5 seem in accord with these predictions. 


6° Interactions 


After the prompt decay of the 6,°’s in this experiment 
there remained an equal number of 6,°’s of effectively 
infinite lifetime, some of which interacted in traversing 
the cloud-chamber plates. Of particular interest were 
the interactions of the # component of 62"’s producing 
easily recognized A°® and =* decays. 

V events, for which no beam origin could be dis- 
covered, were examined closely for origins produced by 
neutral particles. Definite neutral origins were found in 
four cases. In three cases a A® was observed, and in the 
other, a 2,*. Two other probable 6,° interactions in 
which the origin of the strange particle was less certain 
were also found, one a A®°, and the other a 2,*. In each 
case, there were one or more possible origins for the 6,", 
but only in one of the probable events was an associated 
hyperon seen (from six events, we would expect to see, 
on the average, two hyperons). 

In order to compute the number of 6,° interactions 
expected, the total amount of material traversed by all 
observed 6,°’s, had they not decayed, was computed 
The range in the production plate was not included 
If the # absorption cross section is taken as geometric,” 
then there should have been 15 # inelastic interactions 
in the cloud chamber. If most of these interactions lead 


* H.C. Burrowes, D. O. Caldwell, D. H. Frisch, D. A. Hill, 
D. M. Ritson, and R. A. Schluter, Phys. Rev. Letters 2, 117 
1959) 

%*W.K. H. Panofsky, V. L. Fitch, R. M. Motley, and W. G 


109, 1353 (1958) 


Chestnut, Phys. Rev 
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Paste IX. Associated strange particle events 


Number of 


Hyperon identity K-meson identity events 
A® (definite) 6,° (definite) 12 
A® (probable) 6,° (definite) 2 
A® (definite) 6,° (probable) 2 
V® (ambiguous) 6,° (definite) 2 
Total 18 
=~ (probable) 6,° (definite) 3 
A® (definite) K* (definite) 2 


to Y° or Z,* production, then we would expect to see 
6.3 ® interactions, which is in agreement with the actual 
observation of four good events and two possible events. 

There were two events with coplanar beam origins 
which were identified as 6,;°’s, but with extremely long 
lifetimes of 23.5X10~" and 11.9K10~" sec, respec- 
tively. These are possible examples of 6,°’s regenerating 
into 6;"’s with practically no scatter. 


G. ASSOCIATED PRODUCTION 


In all the events in the pion beam in which two 
strange particles originated in the same interaction, the 
two could either be definitely identified as a hyperon 
and K meson produced in association, or were consistent 
with such an interpretation. A tabulation of the various 
combinations and identification ratings observed is 
given in Table LX. Since the detection efficiency for 
A°+K* is hard to estimate, these events are not con- 
sidered further. The two events in which the identity 
of the V° is ambiguous could be examples of ®+ 
production. However, this seems unlikely, since no 
certain case was observed, and to balance energy this 
interpretation would require pions of 2.1- and 2.3-Bev 
kinetic energy, respectively, which would be unlikely 
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Y*+K TRANSVERSE MOMENTUM (Bev/c) 


Fic. 8. The histogram shows the transverse momentum dis 
tribution of 18 Y°—@ events and 3 E —@ events. The production 
nucleus is indicated in the rectangle for each event. Rectangles 
with a diagonal bar indicate events with additional charged 
secondaries. The curve shows the distribution which would be 
due to a Gaussian distribution of Fermi momentum. 
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according to the beam spectrum of Fig. 2. Therefore, 
we estimate that #—# production at 1.5-Bev pion 
kinetic energy is less than 10% of Y°—@ production. 

The numbers of associated events observed agree 
with expectations based upon the elementary cross sec- 
tions of Eqs. (13)-(16), if the observation efficiencies 
(Sec. B) and 2~—» Y° conversions (Sec. F) are taken 
into account. A histogram showing the visible energy 
for each associated production is plotted in Fig. 2. As 
might be expected, in Pb collisions neutral particles 
more frequently carry away several hundred Mev of the 
available energy. Also, it appears that in those cases 
where a 2~ escapes from the production nucleus, very 
little energy is lost to invisible secondaries, in agree- 
ment with our conclusions from the production angular 
and momentum distributions of 2~’s (Sec. E) that those 
which escape do so without appreciable scattering or 
momentum loss. 

The transverse momentum of each hyperon-@,’ pair 
is plotted in Fig. 8. If the pion interacted with only one 
nucleon to produce the strange particles, and these 
escaped without further interactions, then the trans- 
verse momentum unbalance would be due to the Fermi 
momentum of the struck nucleon. The curve shows the 
expected shape of the transverse component of the 
Fermi momentum of a nucleon, assuming a Gaussian 
distribution.” It is apparent that at least half of the 
associated production events involve more complicated 
processes. The corresponding rectangles of the energy 
balance and momentum balance histograms have been 
assigned numbers. Little or no correlation appears be- 
tween events with low visible energy and high mo- 
mentum unbalance, indicating that neither type of un- 
balance by itself is sufficient to distinguish which events 
involve secondary interactions. 

The events with an additional charged secondary 
able to escape from the plate of production are indicated 
in Figs. 2 and 8. In most cases it is impossible to dis- 
tinguish whether the secondary is a proton or pion, but, 
if they are protons, they range from 40 to 300 Mev in 
energy. Throughout our analysis we have neglected any 
elementary pion-nucleon reactions which lead to an 
associated pair and a pion in the final state. The experi- 
mental justification for this is that of nine Y° or # 
production events at 1.4 Bev,® and 2 events at 1.9 
Bev™ observed in a hydrogen diffusion chamber, all 
except one event at 1.9 Bev could be interpreted as 
A°—@® or 2°—@ productions, with no additional meson. 
The presence of additional secondaries does not seem 
strongly correlated with either energy or momentum 
unbalance. If we count the events which appear to be 
“simple” events involving only a single pion-nucleon 
interaction, we have from C two or possibly three °—@ 
events of the five observed, from Pb, two ¥°—@ events 
of the 12 observed, and two >~—@ of the three observed. 
These observations accord with what might be pre- 


#7 J. M. Wilcox and B. J. Moyer, Phys. Rev. 99, 875 (1955) 
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dicted, with the help of Fig. 7, if the @-nucleon total 
cross section is 17 mb, and the =~-proton charge 
exchange cross section is ~60 mb. The predictions are 
not sensitive to any assumed values of the =~-nucleon 
and Y°-nucleon scattering cross sections because of the 
already large effects due to charge exchange reactions. 


H. CONCLUSIONS 


The mean lifetimes found in this work for A® and @,° 
decays are in good agreement with the results of others. 
Since the procedure for correcting for events missed 
and the procedure for determining these lifetimes were 
closely interrelated, the agreement increases our con- 
fidence that no large biases were introduced because of 
the necessity of these corrections. No statistically sig- 
nificant forward-backward A° decay asymmetries were 
observed. Although, in the case of Pb, the number of 
events is sufficient to conclude that the up-down asym- 
metry is significantly less than in elementary collisions, 
the data suggests that there might be a large up-down 
asymmetry for A®’s with laboratory momenta from 0.7 
to 1.0 Bev/c, in agreement with the results of the MIT 
group for Fe. 

The fraction of inelastic pion-nucleus collisions which 
lead to strange particle production was found to remain 
approximately constant in C, Fe, and Pb for each type 
of strange particle investigated (¥°,>-,@). This is ex- 
pected if most strange particles are produced in the 
first inelastic pion-nucleon collision within the nucleus, 
and if most of the strange particles produced succeed in 
escaping from the nucleus. The numbers of hyperons 
(¥°+2-) and #’s produced are in good agreement with 
the predictions from the known elementary pion- 
nucleon production cross sections. This would seem to 
indicate that the production process is not greatly 
affected by neighboring nucleons, and that the net loss 
of #’s due to charge exchange into K*’s is not great. 

The effects of strange particles interacting before 
escaping from the production nucleus can be clearly 
seen by comparing the angular and momentum dis- 
tributions for strange particles from C, Fe, and Pb with 
the results of Monte Carlo calculations which use the 
known elementary pion-nucleon cross sections, but 
neglect subsequent interactions of the strange particles. 
In the case of @ production, the observed changes in 
the distributions are in good qualitative agreement 
with ~17 mb total A-nucleon scattering cross section. 

Although the total number of hyperons observed 
agrees well with expectations, the observed >~/Y° ratio 
is much lower. This indicates that most =~’s charge ex- 
change into neutral hyperons. In order to account for 
observed =~/Y° ratio, the 


the charge- 


exchange cross section must be at least geometric. 


>~-proton 


Evidence for interactions of the # component of 6,°’s 
was found in four likely and two possible cases where 
hyperons were produced by a neutral primary. This 
number is in good agreement with the number expected 
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if the total cross section were geometric. In addition, 
two possible 6,° regenerations were found. 

All 23 events in which two strange particles originated 
in the same pion interaction were certain or probable 
hyperon-K meson associated productions. Only a few 
of these events are “simple” events; that is, are con- 
sistent with production by a single pion-nucleon colli- 
sion. The fractions of the events which are simple agree 
well with those expected based upon our estimates of 
the #-nucleon scattering and >~-proton charge exchange 
cross sections. 
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Production of Strange Particles by 2.8-Bev Protons in C, Fe, and Pbf 


THEODORE BowEN, Jupson Harpy, Jr.,* Georce T. Reynoips, Guipo TaGuiarerri,t anp ALBpert E. Werprovuck 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 


AND 


Wittiam H. Moore 
Brookhaven National Laboratory, Upton, New York 


(Received March 17, 1960) 


Observations of A®, 6;°, and 2 ,* particles from 2.8-Bev proton interactions have been made in a multiplate 
cloud chamber with one-half inch plates of C, Fe, and Pb. The Y¥°(A®°, 2°) and @ cross sections, when com 
pared with those observed for production by 1.5-Bev x~ mesons with the identical arrangement, are lower 
by at least a factor of four for C and a factor of two for Pb. Production of 2,*’s by protons and pions seem 
to be of comparable magnitude in either C or Pb. Since protons are less effective than pions of similar kinetic 
energy (in the center-of-mass system) in producing strange particles, it is estimated in the case of incident 
protons that indirect production of strange particles by intermediate pions accounts for (40_,,*)% of the 
observed particles in C and (64_,,*")% in Pb. The different A dependence of the proton and pion cross 
sections for producing observable strange particles (A°, 6,°, ,* 
nucleon direct production cross section of 0.09+0.06 mb 

The proton-produced strange particle events were used to compute what would be expected when decay 
y Trays emitted at 90° to the beam direction are observed in the geometry used by Berley and Collins. The 
predicted decay curve is in excellent agreement with their observations, and the absolute and relative yields 
agree within the estimated experimental uncertainties 


+x*-+n) may be fitted by a total proton- 


N the earliest observations of A”s, @’s, and >#’s 
produced in Cosmotron beams, there was evidence 
that although the production cross section was ~ 1 mb 
for 1.4-Bev x~-p collisions,’ it was appreciably lower 
in 2.7-Bev p-p and p-nucleus’ collisions and in 1-2 Bev 
neutron-nucleus collisions.‘ The numbers of strange 


+ Supported by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

*Now at Westinghouse Electric Corporation, 
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t Now at the Universita di Milano, Milan, Italy. 

1W. B. Fowler, R. P. Shutt, A. M. Thorndike, and W. L. Whit 
temore, Phys. Rev. 91, 1287 (1953); 93, 861 (1954); 98, 121 (1955) 

2M. M. Block, E. M. Harth, W. B. Fowler, R. P. Shutt, A.M 
Thorndike, and W. L. Whittemore, Phys. Rev. 99, 261 (1955) 

+E. R. Mosburg, E. C. Fowler, and H. L. Kraybill, Phys. Rev 
108, 865 (1957) 


Pittsburgh, 


particles observed from protons and neutrons** on Pb 
were such as to be entirely attributable to indirect pro- 
duction by intermediate real pions in a two-stage 
process : 
N+N— N+N-+nz, (1) 
r+N—Y+K. (2) 
A direct strange particle production would be simply 
N+N—N+Y+K. (3) 
It was pointed out®* that the indirect production 


*R. M. Walker, R. S. Preston, E. ¢ 
Phys. Rev. 97, 1086 (1955) 

*G. T. Reynolds, Proceedings of the Fourth Annual Rochester 
Conference on High-Energy Nuclear Physics (University of 
Rochester Press, Rochester, New York, 1954) 

*R. Jastrow, Phys. Rev. 97, 181 (1955) 
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rasre I 


Material 


Number of 
nuclear 


nteractions 13 800 


Particle 


Rating 


Weighted numbers 
Definite 


strange particles 
actual numbers 
in parentheses) 


Probable 
Ambiguous 
All 


Strange particles events 
per 1000 nuclear , 
interactions Events with 


1! >1 en 


* Due to the closer plate spacing. results for strange particles fron 
Calculated from track counts and total cros 
ez, »>a*+n decay mode only 


section 


would increase more rapidly with nuclear size than the 
direct because of the increasing average number of 
secondary pion interactions; however, this is modified 
by the interactions of the strange particles themselves 
within the production nucleus. 

To learn the A dependence of strange-particle pro- 
duction, the yields from a 1.5-Bev # beam on C, Fe, 
Pb are compared with those from a nearly identical 
2.8-Bev proton beam. The results from the r~ beam are 
discussed in the preceding paper,’ hereafter referred to 
as I. 

While the work several 
other groups also investigated strange-particle produc- 
tion by 3-Bev protons. The Princeton cloud chamber 
shared the same pion and proton beams with the MIT 


Princeton was in progress, 


multiplate cloud chamber with Fe plates,® also one-half 
inch thick, facilitating direct comparisons of results. A 
search for strange-particle production’ in a hydrogen 
diffusion chamber using 2- and 3-Bev pencil beams pro- 
duced one good example of A°+ K*+ p at 2 Bev and one 
doubtful charged V at 3 Bev, further indicating a low 
0.1 mb). 

K* differential cross sections have been observed at 


cross section ( 


zero degrees for several target elements," including 
hydrogen. Total A 
from assuming a matrix element which is constant or 
proportional to P cos#@ gave values comparable to the 
corresponding -nucleus production for AK*, that is, 
substantially higher than the cloud chamber results for 
strange particle production by protons. 

Observing 7 rays emitted at 90° to the proton beam 


production cross sections resulting 


’ T. Bowen, J. Hardy, G. T. Reynolds, C. R. Sun, G. Tagliaferri, 
A. E. Werbrouck, and W. H. Moore, preceding paper (Phys. Rev 
119, 2030 (1960 ] (hereafter referred to as I) 

‘E. Boldt, H. S. Bridge,;D. O. Caldwell, and Y. Pal, Inter 
national Conference on Mesons and Recently Discovered Par 
ticles, Padua-Venice, 1957, I-47; Phys’ Rev. 112, 1746 (1958); 
and private communication 

*R. Lea, E. C. Fowler, and H. L 
(1958) 

”R. L. Cool, T 
W. L. Whittemore 

" P. Baumel, G 
108, 1322 (1957) 

” J. Hornbostel, E. O 
1311 (1958) 


Kray bill, Phys. Rev. 110, 748 
W. Morris 
Phys. Rev 
Harris, ] 


R. R. Rau, A. M 
108, 1048 (1957) 
Orear, and S. Taylor, Phys 


Thorndike, and 
Rev. 
Zorn, Phys. Rev. 112, 


Salant, and G. T 
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Numbers of strange particles observed from 2.8-Bev proton int 


,2+1.0 


1.4+0.6 


a few centimeters downstream from Cosmotron targets, 
Ridgway, Berley, and Collins'*- 
decay modes of A°, @,°, and =* particles. Relative yields 
from targets (hydrogen to lead 
knowledge of the lifetimes 
particles, make a detailed comparison with 
cloud-chamber results (see Sec. D). 

Results from 7100 acceptable cloud-chamber expan- 


attribute them to z' 


, when coupled with a 
and branching ratios of these 


possible 


sions are presented in the following sections. The 
number of events is small because of the smaller produc- 
tion of strange particles by protons compared to pions 
and because of a premature termination of the experi- 


ments due to an extended Cosmotron shutdown 
A. EXPERIMENTAL ARRANGEMENT 


Except for substituting a proton beam of 2.8+0.1 
kinetic 
energy in a collision with a nucleon as a 1.5-Bev pion, 
the experimental set up was identical to that in I. To 
avoid events due to sec ondary pions, the in oming track 
of the 
average incoming beam direction. This criterion neces- 


Bev, giving about the same center-of-mass 


of an interaction was required to be within 7° 


sitated the exclusion of only two events. We believe 
that the contribution due to high-energy secondary 
pions in the beam was negligible. Identification pro- 
cedures, event weights, and treatment of errors are de- 


scribed in I. 
B. EXPERIMENTAL RESULTS 


Table I lists the yields of proton-produced strange 
particles in C, Fe, and Pb. The total number of nuclear 
interactions produced in each material was calculated 
from the total number of beam tracks entering the 
chamber and from the attenuation and absorption cross 
sections determined from a portion of the pictures." 
The symbol >,* 
the charged pion decay mode can be identified. The 


, with the subscript x is used as only 


weighted number of events in each identity category, 


’S. L. Ridgway, D. Berley, and G. B. Collins, Phys 
513 (1956) 

“TD. Berley and G. B. Collins 

% T. Bowen, G. Tagliaferri, M 
Nuovo cimento 9, 908 (1958 


Rev. 104, 


Phys. Rev. 112, 614 (1958 
Di Corato, and W. H. Moore, 
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A’ ANGULAR DISTRIBUTIONS 


Fic. 1. A® production distribu 
tions by 2.8-Bev protons. Each 
rectangle represents one observed 
event 
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as described in I, is given, with the actually observed 
number of events in parenthesis.’* The yields are also 
given including only those events with a mean longi- 
tudinal decay length, A, greater than 1 cm, since statis- 
tics of greater reliability result because of the high- 
detection efficiency for all such events. 

Table I clearly shows that the number of strange 
particles per nuclear interaction increases by a factor 
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of two from C to Pb which is consistent with the im- 
portant role of indirect production.** The yield from Fe 
should be intermediate between C and Pb, but, as 
stated in I, the closeness of the Fe plates greatly reduced 
the scanning efficiency. The comparison between C and 
Pb is much more reliable because the greater spacing 
of the plates permitted a fiducial volume at greater 
distances from the plates and most of the events were 


TABLE II. Strange-particle production cross sections by 2.8-Bev protons. (All figures are mb 


ts 


Nuclear 
absorption 
cross section” 230+ 12 
we Z.** 
0.3740.23 0.4140.33 
0.3740.23 0.14+0.14 


y° 
0.44+0.20 
0.44+0.20 


Particle 
All events 
Events with 

Al 21cm 


* Due to the closer plate spacing, results for strange particles from Fe are lower limite 


> See reference 15. 


©l,* —- e*+n decay mode only 


2.3+1.1 


1.3+0.5 


Fe* 


690+ 28 
ye # z,t 


0.14+0.14 
0.14+0.14 


1630+75 

ca Z,** 
7.2434 62444 
44419 24+14 


y° 
74+2.3 


0.5+0.5 
0.5+0.5 


only 


‘6 The following decay lifetimes were assumed (in units of 10°” second): A®, 2.7 
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found in plate assemblies in which C and Pb were 


intermixed 
In Table II the 
»,* production are compared with total nuclear ab- 


total cross sections for Y°, #, and 


sorption cross sections for protons on the target ele- 
ments. (¥° refers to the combined A°® and ¥° production 
inferred from the observed A® decays.) A comparison is 
given in Table III with other results from 3-Bev p-Fe 
collisions. An inte rpolation between our more reliable 
C and Pb cross sections is also given. The BNL values, 
although substantially higher, appear to be consistent, 
since the errors are large. 

Figures 1, 2, and 3 are the histograms of the observed 


Paste IIL. Comparison of strange-particle production cross 
; by 2.8-Bev protons in Fe. (Cross sections in mb. ) 


sectior 


source : , +n 


14 +0.7 
21+0.8 19 +10 


MIT (Fey 

Princeton (interpolatior 
between C and Pb 

Princeton (Fe, lower 2.32 0.5+0.5 
limit only 

BNI 


beam 


0.14+0.14 


6.0+2.0 09 +05 


I ein pen 
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| 2. 6° production distribu 
tions by 2.8-Bev protons Each 
rectangle observed 
event 


represents one 





IN BEV © 


QV ONE HALF WEIGHT) 


| for 


where the heights are pro- 


laboratory angular and momentum distributions 
A®, 6,°, and >,* production 
portional to the assigned weight and ambiguous events 
(Vs) are plotted equally on the A° and 6,° histograms 
with half weight. Since few C events were found within 
the fiducial 


events found outside 


section determinations, 


are also indicated. 


for cToOs 
this 


volume 
volume 

Figures 1 and 2 show evidence of sec ondary processes 
within the production nucleus such as nuclear scattering 
and S — A® conversions. For both the A® and 6,°, the 
angular distribution is broadened with increasing 
nuclear complexity and the momentum of the particles 
emerging from complex nuclei appears to be lowered. 
The charged Y,*’s do not show a change from C to Pb, 
charge 
Secondary processes are 


which is reasonable if, as discussed in I, the = 
exe hange cross section Is large. 
two out of the three events are 
incompatible in a single p-nuclfon 
collision and the angular distribution from Pb indicates 


that secondary interactions were involved in most cases. 


in evidence in C where 


with production 


C. A-DEPENDENCE OF STRANGE 
PARTICLE PRODUCTION 


Table I indicates that there is an increase im strange- 


particle production per nuclear interaction from C to 





PRODUCTION OF STRANGE 


PARTICLES 


=* ANGULAR DISTRIBUTIONS 


BY 2.8-BEV PROTONS 


32 MOMENTUM DISTRIBUTIONS 





Fic. 3. ,* — r*+n production 
distributions by 2.8-Bev protons. 
Each rectangle represents one ob- 
served event. 
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Pb, but the statistical uncertainties are large, especially 
if the events are divided into A°’s, 6;"’s, and =,*’s. For 
example, because of ambiguity in identification, the 
A-dependence of the 6,°’s could be compietely altered 
by changing the interpretation of a few C events. A 
better measure of the A-dependence of strange particle 
production is obtained if the A° and 6,° events are 
grouped together, since the assigned weight of each V° 
event is about the same whether interpreted as a A° 
or 6,°. We obtain a still better measure of strange 
particle production by grouping A°, 6,°, and %,*, 
which minimizes the sensitivity of the observed A 
dependence upon 2-to-A® conversions. The A depend- 
ence of (A°4-0,°+2,*) will not be greatly influenced 
by charge exchange of 6,°’s because even their total in- 
teraction cross section is small." 

All strange particle yields discussed in this section 
will refer to the numbers of A°+6,°+2,* with |A| 21 
cm per 1000 inelastic nuclear interactions, which will 
give a measure of the probabilities for associated 
hyperon-K production in nuclear collisions with complex 
nuclei with a minimum of statistical fluctuation. These 
yields from both pions and protons are listed in 
Table IV. Whereas the yield from pion collisions is in- 
dependent of A, the yield from the proton collisions, 
though appreciably less, increases significantly from C 
to Pb. 


17M. N. Whitehead, R. W. Birge, W. B. Fowler, R. E. Lanou, 


and W. M. Powell, Bull. Am. Phys. Soc. 3, 24 (1958); H. ¢ 
Burrowes, D. O. Caldwell, D. H. Frisch, D. A. Hill, D. M. Ritson, 
and R. A. Schluter, Phys. Rev. Letters 2, 117 (1959). 
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It is of interest to interpret these yields in terms of 
elementary collision processes which occur within the 
nucleus, particularly the magnitude of direct proton- 
nucleon production for strange particles and the relative 
amount of direct and indirect production in C and Pb. 
To do this, the nuclear cascades were studied in a simple 
one dimensional model representing the nucleus by a 
sphere of uniform density. Radii were so chosen that, 
together with the pion or proton cross sections listed in 
Table V, the total cross sections agree with the measured 
values.'*'* The estimates of Fowler, Taft, and Mosburg” 
were used for the production of high-energy pions by 
protons, and for the production of strange particles by 
pions. Collisions of x~-p* and #~-nitrogen” at 1.4 Bev, in 

TaBLe IV. Yields of A°+@,"+(=,* 


proton interactions. (Number observed per 
interactions. ) 


»x*+n) from pion and 
1000 nuclear 


Material 1.5-Bev x 


Cc 25.743.6 
Fe 22.5+4.1 2.46+0.85 
Pb 21.7418 6.68+1.61 


2.8-Bev protons 
3.3341.18 


* Due to the closer plate spacing, results for Fe are lower limits only. 
* J. W. Cronin, R. Cool, and A. Abashian, Phys. Rev. 107, 
1121 (1957). 

” E. C. Fowler, H. D and E. 
106, 829 (1957) 

L. M. Eisberg, W. B. Fowler, R. M. Lea, W. D. Shephard, 

R. P. Shutt, A. M. Thorndike, and W. L. Whittemore, Phys. Rev. 
97, 797 (1955). 

% G. D. Gordon, R. H. Milburn, J. C. Street, and L. A. Young, 
Phys. Rev. 108, 1315 (1957). 


Taft, R. Mosburg, Phys. Rev. 
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TABLE V. Parameters in one-dimensional nuclear cascade 


1.5-Bev 2.8-Bev protons 


38 
5 


combination with the isobar model, have been used to esti- 
mate the produc tion by pions of pions above the strange 
particle threshold. It was estimated that about one-half 
of the inelastic x~-nucleon collisions at 1.5 Bev lead to 
another pion with sufficient energy to produce strange 
The effect of the different neutron- 
proton ratios was included. 

enable us to predict pion yields 


particles. small 
These assumption 
and indirect yields from proton collisions. Before com 
paring with observations, however, complications du 
to the finite plate thickness must be taken into account. 
The kinematics of strange particle production are such 
that all hyperons and most @’s have |A| 21 cm in the 
laboratory and that particles with |A| <1 cm, which 
are not included in the observations, result from the 
interaction of strange particles before escaping from the 
production nucleus. This suggests that scattering or 
charge exchange of strange particles within the produc 
tion nucleus might be the most important cause for 
removal of particles from observation. To allow for 
this, a phenomenological strange particle-nucleon re- 
section, o,, is introduced. There is no 


moy il cTOSS 


a priori reason that a, should have the same value for 


30x10°* 
24 
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Oo*20mb 
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ATOMIC WEIGHT 

Fic. 4. The number of observable strange particles (A°, @,°, 

=,* —+ x*+n) produced by 1.5-Bev x” predicted by a one-dimen 

sional model of the nuclear cascade for several values of the re 
defined in the text (Sec. C). The points 

served in I 
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moval cross section, ¢, 
represent the vields ob 
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of the data where Ca s thes atest effect and where 
there are the best statistics, on Pb, 
over —1<A<+1 shows tha 7, of the 
of the 6;"’s fall into the A 
A® and 6;' particies are of t ime 


, and = we examine a portion 
interpolation 
A"’s and 22% 
m group, 1.€., losses of 
magnitude. From 
> 2.3+1.6 mb, has been 
irye ex¢ har ye an | 


tl 


lower lim! 


estimated, since ch 


these figures, a 
nuclear capture 
ower limits on a, 


have been ignored. Other upper and 


from pion and proton data have been obtained which 
still allow a reasonable agreement between the observed 
and calculated A dependence of strange particle yields 


(see I ig. 7 
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Fic. 5. The number of indirectly produced observable strange 
particles (A°, 6,°, =,*— t from 2.8-Bev proton collisions 
predicted by a on mensionz del of the nuclear cascade for 

- j 


several values of ¢,. The points represent the al 
in this experiment 


1¢ldas observed 


the strange particle yield from 
observation. Without ad- 


Figure } compares 
pions as a function of A with 
justment of the absolute strange particle production 
Fig. 4 that 1: Ga 
reasonable agreement with observation, and, if only the 
C to Pb yield ratio is considered, ¢,=6+3 mb. The 
pion yl¢ lds encourages the 
indirect 


shows 5 mb gives 


cross section, 


‘ 


satisfactory agreement with 


use of the one-dimensional model to estimate 
production by proto 

Figure 5 compares the yields of indirectly produced 
strange particles in 2.8-Bev proton collisions as a func- 
tion of A Even in C 


one-half of the yield could be from indirect production. 


with the observed total yields. 





PRODUCTION OF STRANGI 
Since direct production should be nearly independent 
of A, the equal displacement of the observed C and Pb 
yields above ¢,~5 mb could be interpreted as resulting 
from direct production. It must be emphasized that in 
addition to the assumptions which entered into the 
comparison of the pion results (Fig. 4), the proton 
indirect yield depends directly on the assumed fraction 
(0.38) of the inelastic proton collisions which lead to a 
pion with energy above strange particle production 
threshold. 

Yield curves for direct and indirect production by 
protons for various ¢,’s are shown in Fig. 6. For direct 
production, the ordinate gives the number of strange 
particles per interaction if each inelastic p-nucleon col 
lision produces exactly one strange particle. For indirect 
production, the ordinate is the same if each inelastic 
p-nucleon collision yields one pion of production energy 
and if each r-nucleon collision yields one strange particle 
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Fic. 6. Curves of the direct and indirect production of strange 
particles predicted by a one-dimensional model of the nuclear 
cascade for several values of o,. For the units of the ordinate, see 
the text (Sec. C) 


To estimate the direct production from Fig. 5 for any 
oq, the corresponding curve from Fig. 6 must be multi 
plied by a factor such that when added to the indirect 
production curve in Fig. 5, the sum will best fit the ob 
served points. In estimating errors, an error of +30% 
was assigned to the normalizing factor (0.38) for in- 
direct production. The results are shown in Fig. 7. The 
vertical lines give the limits on o,. For example if 
ga>7.5 mb (Limit C), the proton-produced yields vary 
in a manner contrary to observed yields. Since o, 
accounts for a loss of events caused by the presence of 
our chamber plates, it is not of general interest. The 
cross section, é,, gives the total production of A°, 6,°, 
and >,* particles by 2.8-Bev protons on nucleons, i.e., 
for an averaged nuclear mixture of 45% protons. Any 
combination of ¢, and ¢, in the shaded region gives 
satisfactory agreement with the observed yields. We find 


6, (p-N =(0.09+0.06 mb. 
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Fic. 7. The proton-nucleon direct cross section, é,, for strange 
particle (A°, 6,°, ,*) production obtained from the A dependance 
of the yields, as a function of the assumed value of o,. A: Lower 
limit on o, from a direct estimate of unseen events in x~ on Pb 
B: Lower limit on o, for internal consistency of x data. C: Upper 
limit on #4 for interna! consistency of proton data. D: Upper limit 
on @, for internal consistency of «~ data 


The results of other experiments on p-p collisions are 


given in Table V1, and, for comparison, the correspond- 


ing yields from #-nucleon collisions, which appear to be 
significantly greater 

By a similar analysis, an estimate can be made for 
the fraction of the yields from C and Pb due to indirect 
production. The results are shown in Fig. 8, and again 
depend upon the assumed value of o,. Using the region 
bounded by the limits on o,, we find that (40_,,°**)% 
of the strange particles from C are indirectly produced, 
which increases to (64.,4°")% for Pb. In agreement 
with earlier work,’ indirect production of strange par- 
ticles is always important in complex nuclei bombarded 
by 2.8-Bev protons. 


TasLe VI. Comparison of proton-nucleon and pion-nucleon 
production of A°+6,;°+ 2 ,*. 


Colliding 
particles 


Total strange particle 


Source cross section,* ¢, (mb) 


Princeton (C and Pb 

BNL | H, r 

Bubble chamber 
results and chargé P 
independence* 


p-N® 0.09+0.06 
p-p 0.04 ® oo? ' 
+N 0.36 

0.57 

049 


* Note that these are not total associated production cross sections in 
the usual sense, but refer to the combined number of A®s, @:%s, and 
Le* + w* +n; hence, o-(2* —N) #4 4e(e* N) +@-(e~ —N)1L 

V =Average nucieo about 45% protons, 55° neutrons). 
See reference 10 


“ee reference 19 


n a nucleus 
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10 
Ja(mb) 


Fic. 8. The fraction of observable strange partic les A°, 6,°, 
-_ 


as »>x*+mn) due to indirect production as a function of the 
assumed value of o,. The limits, A, B, C, D are the same as in 
Fig. 7. The solid curves are for production in C, the dashed for 
production in Pb 


D. COMPARISON WITH THE OBSERVATION 
OF DECAY y RAYS 


Since there is still very little information available on 
the production of strange particles by ~3-Bev protons, 
it is of interest to make a detailed comparison between 
the cloud chamber observations and the observations 
initiated by Ridgway, Berley, and Collins and ex- 
tended to cover most of the periodic table by Berley 
and Collins" of y rays emitted at 90° from points down- 
stream from internal Cosmotron targets. They have 
interpreted these y rays as due to the decay of strange 
particles (A°, 6,°, =*) into x modes, the w°’s then de- 
caying into y rays. However, there was no evidence 
from their work as to the relative contributions from 
A°, 6,°, and =* decays. Even the evidence that the y’s 
are indeed due to strange particle decays was of an 
indirect nature, relying upon an analysis of the excita- 
tion curve as a function of proton energy. In addition 
to the 26 A®’s, 12 @,°’s, and 13 =,*’s from C, Fe, and Pb 
in the Princeton data, 9 A°’s, 8 6,°’s, and 8 Y,* from Fe 
found by the MIT group’ included in 


have been 


making the comparisons of this section. 


2 EF. Boldt (private communication 


TAGLIAFERRI, 


WERBROUCK, AND MOORE 


The method of comparison” relied upon the fact that 
the y rays were counted in a known geometry and that 
the threshold of the y counter was low enough (~10 
Mev) so that the detection efficiency was essentially 
constant independent of y-ray energy. For each of the 
35 As, 20 6,"s, and 21 ’s observed in the cloud 
chambers, the probability of counting a y ray was cal- 
culated for several target-to-occulter distances. Using 
the weights assigned to particular events, 2 weighted 
average was computed to give the number of 7 counts 
per observed A°, 6,°, or >,* (assumed to be 2*) to be 
expected. Using the total path length of C, Fe, or Pb 
traversed by protons, the number of y counts per 
proton-g/cm? can be predicted 

Comparisons between target elements were calculated 
for the standard distance adopted by Berley and Collins 
of 1.6 cm from target from the 
downstream edge of the target to the upstream edge of 
the region viewed by the y counter. The decay branch- 
ing ratios are based upon 
the cloud 
rt —> p+2" 
rr — pt+p used all 
. . 


+,+— wt-+n decays and, assuming they are ’s, we 


to occulter; that is, 


the Berkeley results.” Since 
had no most 


from 


chambers magnetic fields, 
indistinguishable 


There fore , we 


decays are 
decay Ss. have 
have computed the y yields to be expected. The total 
yield of A°, @,°, and =* includes only one-half the com- 
puted >,* the other half being added to 
the quoted error, since we do not know the composition 


; The excess of positive charge in the 


contibution, 


of the 
primary collision might lead us to expect mainly =*’s. 
Also, in the observations of Cool ef al 


sample. 


° of strange par- 
0 
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Fic. 9. The number of y counts per g/cm? of target traversed 
by a proton observed by Berley and Collins, and the predicted 
counts based upon the events observed in the Princeton and MIT 
cloud chambers and the presently accepted decay lifetimes and 
branching ratios of strange particies 


%T. Bowen, Technical 
Laboratory, Princeton University, 
report outlines the method of con more detail 

*F. S. Crawford, M. Cresti, R. L. Douglass, M. L 
G. R. Kalbfleisch, M. L. Stevensor and H 


Letters 2, 266 (1959 


Report No. 24 


1959 


Elementary Particles 
unpublished). This 
parison in 
Good, 


Ticho, Phys. Rev 





PRODUCTION OF STRANGE 


ticles produced in an Fe foil in a diffusion cloud chamber 
in a 3-Bev pencil beam of protons, 5 =*’s and 1 > 
were seen. The error in the final result from ambiguous 
V° events is small compared with the statistical error. 

The total predicted and observed y yields are plotted 
in Fig. 9 for comparison. It is seen that the dependence 
upon atomic weight is in good agreement, but the pre- 
dicted yields are lower by a factor of about two. A dis- 
crepancy of this magnitude is not surprising, since 
Berley and Collins estimated that their absolute yields 
were accurate to within a factor of two, while the rela- 
tive yields were limited in accuracy mainly by the 
counting statistics. The known factors contributing to 
errors in the absolute yields are: slit widths, counter 
efficiency, proton beam monitor calibration, and multi- 
ple traversals of the target. A correspondingly high 
absolute error in the cloud chamber results seems un- 
likely, although the direction of the discrepancy is the 
same as would be caused by scanning inefficiency. Due 
to the closer plate spacing we regard the Princeton Fe 
results only as a lower limit. However, since all the film 
was scanned twice, since the MIT and Princeton data 
appear to agree satisfactorily, and since the production 
cross sections in the x~ beam appear to agree well with 
those expected from bubble chamber results, a large 
absolute error in the cloud-chamber findings is unlikely 
(see Sec. C). 

From Fig. 9 we see that the yield of + rays per g/cm* 
of target remains roughly constant from carbon to lead. 
Since Berley and Collins observed that the y count vs 
target-to-occulter distance distribution was independent 
of the target material, corresponding to a decay length 
of about 4 cm in each case, and we find that the relative 
A®, @,°, and =* contributions remain similar from C to 
Pb, it seems justifiable to combine the events from all 
materials (C, Fe, Pb) to predict the decay distribution. 

In Fig. 10, the decay curves of the A°, 6,°, and >, 
components predicted from the cloud-chamber events 
are shown, each normalized to its respective number of 
observed cloud-chamber events. It is at once noticed 
that the A®- and 6,°-dacay curves are almost indistin- 
guishable in shape. Hence, at ~ 3 Bev, we cannot expect 
the arrangement of Berley and Collins to yield informa- 
tion about the relative numbers of A°’s and 6,°’s from the 
downstream distribution of y rays. In a similar experi- 
ment to observe y rays from strange-particle decays at 
the Bevatron, Osher ef al.*® distinguish the A° and 6,° 
components by using a y counter with a threshold at 
much higher energy, which strongly favors the y rays 
from 6,° decay. 

Also in Fig. 10, the sums A°+6,° and A°+6,°+2,+ 
computed from the cloud-chamber events are shown, 
along with y-ray yields actually observed by Berley and 
Collins from Cu and Pb. Since the 2*’s constitute some 
fraction of the >,* sample, we might expect the correct 


2 J. E. Osher, B. J. Moyer, and S. 1. Parker, Phys. Rev. 114, 
612 (1959). 
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Fic. 10. The yield of y rays which would be counted in the 
geometry of Berley and Collins as a function of distance down 
stream from the target due to the A®, 6,°, and 2,* components 

The combined curves, A°+6,° and A®+6,°+2,*, are compared 

with the observed variation in yields from Cu and Pb targets 
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decay curve to lie somewhere between the A°+6,° and 
A°+6)°+2,* curves. The data of Berley and Collins 
for Cu and Pb have been normalized for a best fit to 
the expected decay curve, since we expect only order of 
magnitude agreement in the predicted and observed 
absolute yields. The agreement in the shape of the decay 
curve appears to be excellent. The observed decay dis- 
tributions appear to be consistent with any assumed 
fraction of >*’s in the >,* sample. A larger =* com- 
ponent than indicated by the cloud-chamber data would 
bring disagreement with the decay curve. Figure 10 
indicates that even at the standard distance of 1.6 cm 
chosen by Berley and Collins for comparisons, the A® 
component accounts for at least half the y counts, and 
up to three-quarters at larger distances. It should be 
emphasized that no particular significance should be 
attached to the exact slope and shape of the curve, as 
it depends not only upon the characteristics of the pro- 
duction and decay processes, but also upon the geome- 
try in which the y’s are observed. 


E. CONCLUSIONS 


The production of A®’s and 6,"s from C, Fe, and Pb 
is significantly less in the 2.8-Bev proton beam than in 
the 1.5-Bev x” beam. The observed yields are in good 
agreement with the cloud chamber observations of 
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others. The total cross section for production of ob- 
servable strange particles by protons increases more 
rapidly with A, from C to Pb, than in the case of produc- 
tion by pions. The lower cross section and more rapid 
variation with A indicate that indirect production of 
strange particles by intermediate pions accounts for a 
significant fraction of all strange particles produced by 
protons, even in carbon. An estimate of the total proton- 
nucleon direct production of observable strange particles 
(A° 6,° 3.4 giving a reasonable fit 
observed cross sections is 0.09+0.06 mb. 


>mri+ton to the 

A comparison of the cloud chamber results with the 
y-ray yields observed at 90° from points downstream 
from Cosmotron targets indicates satisfactory agree- 
ment between the results of the two entirely different 
techniques of observing strange particle production. 
This strengthens the evidence that the y rays are indeed 
the result of strange particle decays. The observed A 
dependence is in good agreement, giving greater weight 
to the cloud-chamber evidence that strange-particle 
production increases more rapidly with A than the total 
inelastic cross section from C to Pb. 

It is hoped that the angular and momentum distri- 
butions will serve as a guide to those who contemplate 
experiments making use of strange particles produced 
by ~3-Bev protons. Preliminary results from a Monte 
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Carlo calculation carried out the Los Alamos 


Maniac II** indicate that the present results on complex 
nuclei can be understood in terms of a cascade of in- 


on 


dividual particle-nucleon collisions with nucleons within 
the The 
predict strange particle production from a _proton- 


nucleus reliability of such a calculation to 
nucleus collision should improve as more observations 
are made of p-p and p-d collisions, and as more is known 
about strange-particle interactions. Proton- 
3 Bev are not as suitable as pion- 
nucleus collisions for gaining information about strange- 


nucleon 
nucleus collisions at 


particle nucleon interactions, since the production cross 
sections are smaller, and the cascade of nuclear collisions 


involved is more complicated 
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Branching Ratio of the Electronic Mode of Positive Pion Decay* 


H. L. Anperson, T. Fuyu, R. H. Mivier,t anp L 
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\ new measurement of the branching ratio (x 


focussing magnetic spectrometer was used to observe the spectra of electrons ¢ 


mw decay 


oscilloscope. Timing and pulse-height measurements were used to distinguish good events fr 
rhe total number of x-e events recorded in this experiment was 1346, of which 6% were ac 

were r-y-e contamination. The branching ratio obtained from an analysis of the data over the 
distributions and corrected to include all decay electrons was (1.21+0.07)10™ 


The scintillation pulses from the pion and its decay electron were recorded on a 


+ 


Tavt 
Cmca 


1960) 


\ aoubie 


yr decay and in 


+-y)/ (9 has beer 


>ut+y npleted 
muittec 
traveling-wave 
from accidentals 
ientais and 5% 
r-e and y-e 


This is close to the result 


expected for a universal V-A interaction. Kinoshita’s calculation, taking into account radiative effects, gave 
1.23X10~*. Our data also gave for the mean life of x decay r,= (25.6+0.8) X 10™* second 


INTRODUCTION 


HE charged pion normally decays into a muon 
and a light neutral particle, presumed to be a 
neutrino. The alternative decay mode, into an electron 
instead of a muon, was shown by earlier measurements 
to have a small branching ratio. Friedman and Rain- 
water’ examining pion endings in photographic emul- 
* Research performed under the joint sponsorship of the Office 
of Naval Research and the U. S. Atomic Energy Commission 
t Now at Yerkes Observatory, the University of Chicago, 
Chicago, Illinois 
t Now at Institute of 


Italy 
1H. L 


Physics, University of Rome, Rome, 


Friedman and J. Rainwater, Phys. Rev. 84, 684 (1949 


sion could report zero or one such decay in 1419 muoni 
decays. Subsequently, Lokanathan and Steinberger,’ 
using a counter telescope arrangement, sensitive to the 
higher energy and shorter lifetime of the # decay to 
discriminate 
reported a branching ratio / 


against the electrons from M decay, 
3+9)x10~-°, In this 
laboratory, Anderson and Lattes* using a magnetic 
spectrometer to single out the electrons of # decay also 


failed to find the electronic mode. They reported a 


M. G. Lattes, Nuovo cimento 6, 1356 
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Fic. 1. Sectional view of double 


focussing spectrometer with three 
momentum channels. Extreme tra 
jectories in one of the channels are 
indicated by dotted lines 
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branching ratio f= (0.4+9.0)X10~*. This result was 
placed in doubt when Feynman and Gell-Mann‘ and 
Sudarshan and Marshak® found it to be inconsistent 
with an estimate of the branching ratio based on a 
universal A-V beta interaction, otherwise highly suc- 
cessful in accounting for a wide range of related 
phenomena. The A-V theory predicts a value close to 
1.2X10~* for the branching ratio, the exact value 
depending on the extent to which the observations 
include the effects of radiative processes.*’ New 
attempts to observe the electronic mode proved 
successful. Positive evidence for the existence of the 
x-e mode with the expected frequency was first an- 
nounced by the CERN group* who used an improved 
counter telescope in their experiment. At the same time 
the Columbia group’ was able to publish photographs 
of x-e events taken in their hydrogen bubble chamber, 
in confirmation of the CERN announcement. A pre- 
liminary measurement by the present authors,” using 


‘R. P Rev. 109, 193 
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MODE OI DECAY 


a magnetic spectrometer, gave for the branching ratio 
the value f= (1.03+0.20)10~. Comparable obser- 
vations by Crowe et al."' and by DeStaebler, Richter, 
and Panofsky” have been reported but not yet pub- 
lished. The earlier report from this laboratory* that the 
branching ratio was less than 10~* turned out to be 
incorrect. The difficulty with this experiment is dis- 
cussed below. 

We report here a new experiment undertaken to 
obtain as accurate a measure of the branching ratio as 
our present equipment and facilities would allow. The 
duty cycle of the cyclotron was increased five-fold and 
at the same time the intensity, focussing, and energy 
homogeneity of the pion beam were improved to such 
an extent that we were able to record 10 #-e events per 
hour at the optimum current setting of the spec- 
trometer, one in every 2X 10° of the pions reaching the 
target in the spectrometer. The electronic circuitry was 
rebuilt, using new high speed diodes and transistors. 
The coincidence circuits were faster than those used 
previously and operated more reliably. The amplitude 
and shape of the pulses were improved so that each 
event which was recorded on a travelling wave oscil- 
loscope could be measured with higher accuracy. The 
total number of x-e events recorded in this experiment 
was 1346, ten times that obtained previously. Of these, 
only 6% were accidental coincidences and 5% were 

“ K. M. Crowe (private communication 


“H. C. DeStaebler, Jr., B. Richter, and W. K. H. Panofsky 


private communication ) 
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hic. 2. Radial behavior of the magnetic field at 450, 760, and 
1200 amperes. The plots give the radial variations of the quantity 
/1R*, All points are shown only where differences were apparent 
In the region between the extreme trajectories, indicated by the 
vertical dotted lines, no difference between the 450 and 760 
ampere data was found effect of saturation is evident at 
1200 amperes 


Some 


r-u-€ contamination. There were very few ambiguous 
events. 


SPECTROMETER 


We used the same double focussing magnetic spec- 
trometer as in the earlier work® to select the electrons 
from w decay, energy E,=69.8 Mev, and distinguish 
them from those from yw decay which have a maximum 
Ey max=52.9 Mev. This spectrometer has a 
central orbit radius of 12 inches, and is capable of 
focussing electrons of momentum up to 110 Mev/c. 
The spectrometer was modified as shown in Fig. 1. The 
baffling was altered to accommodate the trajectories 


energy 


for three detectors, covering three adjacent momentum 
channels. The limiting aperture was set by the central 
baffle which had a square opening, 9 inches in the radial 
and 9 the direction. The 
scintillators 4a, b, c were made sensitive to @ particles 
by overlaying the front surfaces of these with clear 
cesium iodide single crystals 4 mm thick. 


direction inches in axial 


Measurements of the radial behavior of the magnetic 
field are given in Fig. 2, which shows a dependence 
quite close to r~4, at least over the region actually used. 
The characteristics of a spectrometer with such a 
magnetic field behavior may be calculated using the 
formulas derived by Siegbahn and Svartholm.” In 
general, the behavior of the spectrometer was in good 
accord with what could be expected on the basis of 
these formulas 

The spectrometer was calibrated using a Pu® a- 
particle source kindly prepared for us by Mr. Ray 
Brown of the Argonne National Laboratory. This 
source emitted @ particles almost uniformly over the 


4% N. Svartholm and K. Siegbahn, Arkiv 
33A 21 (1947); N. Svartholm, Arkiv. Mat 
(1947); P. H. Stoker, O. Ping Hok, E. F. de Haan, and G. J 
Sizoo, Physica 20, 337 (1954); E. Arbman and N. Svartholm, 
Arkiv. Fysik 10, 1 (1955). For a review and other references, see 
E. Persico and B. Geoffrion, Rev. Sci. Instr. 21, 945 (1950) 
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of the 


resi Thi 
inches azi 


region in which most pions came to 
region extended 1} inches radially and 2 
muthally in the spectrometer. Because the 
inclined at 45° to the axis of the spectrometer to permit 


the use of thinner pion targets, it 


source Was 


ilso extended 2 inches 


in the axial direction. The response of the spectrometer 


1 


to these @ particles in the various channels is shown in 


Fig. 3. The source was measured and found to emit 
1.02 10° a’s per minute 


of the spectrometer was obtained. It 


From this the transmission 
was close to 1.2% 
for channel a, 1.5% for 6, and 1.6% for c. 
are somewhat maximum, 2.2% accepted 
by the baffles because of 

and the finite extensions of source and detector." 

The largely limited by the 
radial extension of the detector. The full width at half 
maximum turned out to be 3.4% with the 1.5-inch wide 
source. This result be obtained from Fig 


These values 
than the 


iéss 


aberrations in the focussing 


resolution width was 


may 3 once 


the magnetic field calibration is applied to the values 
of magnet current given there. It is only slightly more 
than can be accounted for by the widths of the source 
Measurements a smaller 
source (4 in.X1 in.) emitting 1.06 10° a’s per minute 
gave higher transmissions 1.6%, 1.8%, and 1.9% for 
not much reduction 


Chere was 


and the detector alone with 


a, b, and c, respectively 


a-Source Colibration 


IV 1" 0,259 ai. fan 239 
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Fic. 3. Response of the spectrometer to a particles from Pu™ 
in the three channels a, 6 and c. Solid curves refer to a source 
1.5 in. X 2.83 in., the same size as the target, emitting 1.02 10* 
a’s per minute. The dotted curves refer to a smaller source 
0.5 in. X1 in. emitting 1.06 10* a’s per minute 
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in the resolution width, showing that the resolution 
function of the spectrometer will not be much affected 
by nonuniformities in the distribution of stopping pions 
in the spectrometer. 

The a-particle curves were used in the interpretation 
of the observed response of the spectrometer to the 
electrons in the experiment. For this purpose the useful 
function G() with = (p— po)/po was derived from the 
a-particle data. It was assumed to be independent of 
the momentum fo at which the spectrometer was set. 
There is such a function for each channel. These func- 
tions, tabulated in Table I, were based on the obser- 
vations with the larger source. 

The relation between the spectrometer current in 
amperes and the magnetic field at the central orbit of 
12-in. radius was established by flip coil measurements 
and is shown in Fig. 4. These data were verified using 
a Hall probe which in turn was calibrated in a uniform 
magnetic field standardized using proton resonance. 
The deviation from linearity was negligible up to about 
80 Mev/c. The a particles used have a magnetic rigidity 
equal to that of an electron of 97.9 Mev/c momentum. 


TABLE [. Spectrometer resolution function for 
channels a, b, and c. 


G(t) G(é) 
E a b E a b ti 


—0.064 0.000 0.000 +0.002 
—0.062 0.001 0.000 0.004 
—0.060 0.002 0.000 0.006 

+-0.008 


0.996 
0.982 
0.949 
0.905 


0.995 
0.978 
0.938 
0.890 


0.994 
0.979 
0.943 
0.900 
—0.058 
—0.056 
—0.054 

-0.052 
—0.050 


0.002 
0.004 
0.005 
0.006 
0.007 


0.000 
0.000 
0.000 
6.000 
0.001 


+0.010 
9.012 
0.014 
0.016 
+0.018 


0.841 
0.79%) 
0.740 
0.689 
0.634 


0.853 
0.797 
0.739 
0.678 
0.610 


0.853 
0.794 
0.719 
0.644 
0.568 


0.000 


—0.048 
— 0.046: 
—0.044 
—0.042 
—0.040 


0.008 
0.010 
0.011 
0.013 
0.014 


0.002 
0.004 
0.006 
0.008 
0.012 


0.000 
0.000 
0.001 
0.002 
0.005 


+0.020 
0.022 
0.024 
0.026 
+0.028 


+0.030 
0.032 
0.034 
0.036 
+0.038 


0.579 
0.518 
0.454 
0.390 
0.342 


0.541 
0.472 
0.404 
0.336 
0.276 


0.493 
0.423 
0.358 
0.296 
0.238 
—0.038 
—f).036 
—0.034 
—0.032 
—0.030 


0.015 
0.017 
0.028 
0.057 
0.097 


0.016 
0.025 
0.042 
0.066 
0.100 


0.012 
0.031 
0.065 
0.104 
0.149 


0.304 
0.269 
0.235 
0.207 
0.180 


0.229 
0.189 
0.162 
0.140 
0.121 


0.187 
0.147 
0.114 
0.082 
0.061 
—0.028 

~0.026 

~0.024 
—0.022 
—0.020 


0.142 
0.193 
0.253 
0.320 
0.391 


0.146 
0.199 
0.256 
0.316 
0.378 


0.201 
0.257 
0.313 
0.371 
0.434 


0.155 
0.133 
0.119 
0.106 
0.094 


+0.040 
0.042 
0.044 
0.046 
+0.048 


0.102 
0.084 
0.068 
0.056 
0.045 


0.048 
0.036 
0.026 
0.018 
0.011 
—0.018 
—0.016 

-0.014 
—0.012 
—0.010 


0.467 
0.547 
0.638 
0.721 
0.811 


0.442 
0.509 
0.580 
0.656 
0.739 


0.501 
0.572 
0.633 
0.696 
0.764 


+0.050 
0.052 
0.054 
0.056 
+0.058 


0.082 
0.071 
0.060 
0.050 
0.040 


0.036 
0.029 
0.022 
0.016 
0.012 


0.006 
0.002 
0.000 


— 0.008 
—0.006 
—0.004 
0.002 
0.000 


0.911 
0.970 
0.991 
0.999 
1.000 


0.816 
0.888 
0.953 
0.992 
1.000 


0.836 
0.920 
0.975 
0.993 
1.000 


+0.060 
0.062 
0.064 
+0.066 
+-0.068 


0.030 
0.020 
0.010 
0.000 


0.009 
0.006 
0.004 
0.003 
0.002 


ELECTRONIC MODE OF s* 


DECAY 





a2 T T 

9.0 p*o(I +186) 
68 
66 
84 


62 








60 1 A 1 
Oo 400 800 


I in Amperes 





1200 


Fic. 4. Magnetic field calibration of spectrometer at 12-in. ra 
dius. Ordinates are given in units of momentum in Mev/c divided 
by current in amperes 


We used this as a fixed point for the momentum 
calibration of the spectrometer. However, saturation 
effects are noticeable at this setting so that there is 
some uncertainty in the absolute value of this point in 
the calibration. 


ARRANGEMENT 


The positive pions from this experiment were ob- 
tained from the Chicago Synchrocyclotron. By ex- 
tracting the pions from an internal target through an 
evacuated pipe connected directly to the cyclotron 
vacuum chamber it was possible to obtain improved 
focussing and energy homogeneity in the beam. The 
beam used had an energy of 62.9 Mev as determined 
by range measurements in polyethylene. The manner 
of introducing the pions into the spectrometer is shown 
in Fig. 5. Pions were focussed by a wedge magnet (not 
shown) and enter the spectrometer by traversing 
counters 1 and 2. They were moderated in polyethylene 
so that, for the most part, they came to rest in the source 
counter 3. Electrons emerging from counter 3 with the 
proper energy and direction were focussed to traverse 
one of the counters 4a, 45, or 4c, and counter 5. Counter 
1 was a reduced area counter used to check on the 
counting losses in counter 2. Counter 3 was a block of 
plastic scintillator (Pilot B) 1.5 in.X2.83 in.X<0.5 in. 
set at 45° with respect to the pion beam. The scintillator 
block was supported by a hollow square tube aluminized 
on the inside for light piping. Transition to a Lucite 
light pipe was made 54 in. behind the scintillator. This 
arrangement minimized the amount of material in the 
vicinity of the scintillator in which pions could stop 
and yet give a measurable electron pulse. Details of 
the arrangement are given in Fig. 6. 

The electronic circuits were designed so that events 
which had a time dependence appropriate to the w-e 
decay process would be recorded with a travelling wave 


oscilloscope. For each selected event the pulses ap- 


pearing on counters 3 and 5 were displayed on the 
oscilloscope screen and photographed. Thus, each event 
could be studied at leisure, the significant time re- 
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lationships and pulse heights accurately measured, and 
spurious events identified 
A block diagram of the electronics is given in Fig. 7. 
2 and reaching counter 3 
(23). An electron emerging 
from counter 3 and reaching counter 5 produced a 
( one idence (35) T he coin idenc e (23) (35) 4a, identi 
fying an electron in channel a, produced a pulse of 200 
musec duration. The use of an anticoincidence (23) 
here ruled out accidentals between pions triggering (23) 
and spurious count in 4a, 5. The final coincidence was 
) pion pulse and the 


Pions traversing counter 
produced a coincidence 


formed between the delayed (23 

200 myusec output pulse of (23) (35) 4a. When an 
electron appeared in the 200 mysec interval starting 
17 musec after the arrival of the pion in counter 3, this 
bi-stable flip-flop which triggered the 
travelling wave oscilloscope. The same circuit stopped 
the count, indicating by a signal light that it had done 


operated a 


so. Triplicate circuitry was provided so that obser- 
vations in the 3 adjacent channels, a, 6, and c, could be 
recorded The used newly 
available high speed diodes and transistors and were 
designed along lines described by one of us (RHM)." 


simultaneously. circuits 


\ more detailed description of the circuits used here 
will be given elsewhere 


Each triggered event was photographed on 35 mm 


Agfa Isopan Record film by means of an F/0.7 camera 


R. H. Miller, Rev. Sci. Instr. 30, 395 (1959 
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5 Perspect ve spec 
The counters are indicated 


view ol 
trometer 


er 


Film was advanced and the circuit reset by hand after 
each event. Timing diagrams in 


time sequence of pulses in a x-e event for two different 


Fig. 7 illustrate the 
time delays in the emission of the electron. The pulses 

7264 14 stage photomultiplier 
tubes which viewed the scintillation counters through 
The pulses were clipped by 14 feet 
and delivered 
able directly 


were produced in RCA 


Luc ite light pipes 
of RG 62 | 
through 350 feet of Styrofle x 100-ohm « 


terminated in 39 ohms 
to the deflection plates of the os illoscope tube. The 
clipping line was carefully designed to make the counter 
pulse as short as possible without excessive loss of pulse 
height, and to avoid overshoot on the trailing edge of 
the pulse. Using a light puls 
produc e two light 12 
that this clipping arrangement 
electron pulse to be clearly seen at short 


was modified to 


' 
er whicn 


muse verified 


apart, we 


pulses 


would permit the small 
times after 


Che output of counter 3 


the pion pulse was connected 


to the upper helix of the oscilloscope to give positive 


deflections on the film while that from counter 5, 


delaved by an additional 25 feet was connec ted to the 


lower helix to give negative deflections. No ampli- 


fication was used and carefu ittention was given to 


the matching of impedat 


The pi 


repro- 


duc tion of the pulses Lipiler tubes were 


carefully shielded against stra fields and it 


was demonstrated that the | recorded was 


not affected by the current settiz spectrometer. 





BRANCHING RATIO OF ELEC 


OBSERVATIONS 


The signature of a x-e event appeared on the film as 
a large positive pulse due to a stopping pion in counter 
3, a smaller second pulse due to an electron leaving 
counter 3, followed by a small negative pulse due to the 
electron arriving at counter 5. The delays fixed the 
timing between the final (+, —) pair to be 34 musec. 
The time between the two positive pulses was the time 
for which that particular pion lived. Typical photo- 
graphs of the r-e events recorded with the spectrometer 
set at 760 amperes are shown in Fig. 8. Calibration of 
the oscilloscope sweep and correction for its nonlinearity 
were established by a 100-megacycle signal at frequent 
intervals throughout the run. 

Lower current settings of the spectrometer were 
used to record w-u-e events. The muon causes an addi 























Fic. 6. Detail of counter 3, showing the composite construction 
of the light pipe. Light conduction is by aluminized reflector fol 
lowed by a Lucite light pipe. 
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tional positive pulse to appear between the pion and 
the final (+, —) pair. However, when the r-u timing 
was less than 14 musec the two pulses were not always 
clearly resolved. Such events occurred about as often 
as those in which the w pulse was clearly resolved. 
Examples of w-y-e events taken at 450 amperes (40 
Mev/c) are shown in Fig. 9. Only a small fraction (5%) 
of the uw electrons which reached the detector were 
early enough to trigger the oscilloscope. This was 
because the coincidence circuits accepted only those 
arriving less than 220 mysec after the pion pulse. 
Accidental coincidences between an electron and an 
unrelated pion were appreciable at full beam intensity. 
For this reason the photographs of the w-u-e events 
were made at lowered beam intensity. An estimate of 
the accidental rate was made by removing the delay 
in the output of (2,3) and photographing the triggered 
events so obtained for various beam intensities. In this 
case the triggers were accidental coincidence caused 
by electrons in (3,4,5) which came earlier than the 
pions in (2,3). Figure 10 shows how the rate of these 
accidentals varies with beam intensity. At the intensity 
used for photographing the r-y-e events at 450 amperes, 
3X, of the events were accidentals. 


SPURIOUS EVENTS 


Among the traces which appeared to have the correct 
r-¢ signature were some which were caused by spurious 
processes. We relied on the timing (35 between the 
electron pulses in counters 3 and 5 to help distinguish 
one kind of false w-e event. Figure 11 shows the tgs 
timing as observed for 729 w-y-e events taken at 450 
amperes. In all but 3 events the fs timing lies within 
the interval! 31 to 37 so that this interval was 
taken to identify an electron in the spectrometer. Most 
of the dispersion in the timing was due to differences 
in the flight path of the electrons in traversing different 
trajectories in the spectrometer. In the same figure the 
ls, timing for x-e events obtained at the high current 
settings of the spectrometer is plotted. Out of 1488 
events 1346 had the correct /s5 timing. The remaining 
142 events were considered to be spurious and were not 
included in the final tally. 

A study of the pulse-height distribution of these 
rejected events indicated that many of them may have 
been produced by muons in counter 3 in accidental 
coincidence with a pair of pulses in counters 4 and 5 
such as might have been produced by a stray electron 
or other cause. The correct timing between a pion 
produced coincidence in (2,3) and the succeeding 
positive pulse from counter 3 is provided by the ordi- 


mysec 


nary w-~ decay, while the remaining negative pulse 
from counter 5 could appear with approximately the 
In Fig. 12 the counter 3 
“electron” pulses for the rejected events are compared 


correct timing by accident 


with those from the accepted events. Many of the 


rejected events have the 1.3-mm_ pulse-height char- 
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Block diagram of the elec- 
rypical timing sequences are 
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acteristic of muons (see Fig. 17). The second positive 
pulse from counter 3 might also have been caused by 
another pion or by an electron not genetically related 


> 


to the pion responsible for the (2,3) coincidence. The 
smaller and larger pulses which appear among the 
rejected events of Fig. 12 are presumably due to such 
causes. False events of this type with timing fs inside 
the 6 mysec wide acceptance interval, should occur as 
frequently as those outside in an interval equally wide. 
Accordingly, we adopted the rule that whenever a false 
m-e event was found ina given channel at a given current 
with timing /;, in the interval 28-31 mysec or 37-40 
myusec, we subtracted one event from the tally of 
accepted events for that current and channel. Thus, 
we wrote 


Lae |net LTE Jaccepted -[ we Jrejected- 


In all, we subtracted 80 events by this procedure. 

The number of events [2e |nee obtained in this way 
still includes another type of spurious event. Events 
of this type could be obtained by 2x-u-e processes in 
which the yw electron, by scattering, produces correctly 
timed pulses in counters 3, 4, and 5, and in which the 
bb pulse comes too early to be clearly distinguishable 
from the # pulse. The measurements at 450 amperes 
showed, however, that when actual #-u-e processes are 
the w appearing later than 14 
myusec occur as often as those with an earlier u. These 


observed, events witl 


events without a distinguishable ~ pulse would be 
classified as r-e events at the higher currents. To remove 
such events from the tally we used the rule that when- 
ever a m-u-e event was found at a given current in a 
given channel, with the uw pulse later than 14 musec, we 
subtracted one from the number [ ze ]ne for that current 
type w\+)e 
a w-p-e process 


and channel. However, all events of the 


sce rig S(b might not be due to 


lhese could be true x-e events with an extra positive 


pulse superimposed by accident. But if such events 


could be caused accidentally, the same cause would 
also produce events with an extra positive pulse ap- 
pearing after the e; pulse These are denoted we(+) 
[see Fig. &(: 
that the probability of finding a (+ )e event was 0.7 
times that for a re(4 Thus, we obtained the 


number of rye events using the 


From the timing relations we deduced 


event. 


rule 


has Sasdch Ye —0.7f 
[ ape | lw € la ted — U./Lwe( +) 


jJaccepteds 


and the true number of x-e events was obtained using 
the rule 
mye 


L 


PION LIFETIME 


To verify that the observed events had the time 
behavior pion decay we prepared a tally of the times 
t,. between pion and electron pulse in counter 3. We 
used only clear x-e events and did not include those in 
which an extra positive pulse appeared, such as r(+) 
and re(+-). No correction was made for spurious events 
of the type mu + lental (4,5) 


accidental as discussed above 
because the time between the first two positive pulses 


*1) 


would in this case still 
time. On the other hand, spurious events due to scat- 
} 


be characterized by the  life- 


tered uw electrons would have the wrong time behavior 


and for this reason a correction for the fraction of these 
to be expected in each time interval was made. The 


mean life was calculated from the tally of times using 


the following formula 


Here, N is the total number of event 7 8 


1€ to scattered bu 


| FE laccepted IS the fraction of events d 
electrons; 72 150 must he upper limit of the 


time /,, of accepted events; 7, is the lower limit. The 
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coincidence circuits permit different cutoff times 7; 
for each channel. This time was determined from the 
data to be 20, 28, and 24 muysec for channels a, 6, and 


(b) 


Fic. 8. Photographs of r-e events taken at 760 amperes, Traces 
b, c, d, h, and i are normal re events; an event of type re(+) is 
shown in a and of type r(+-)e in g. The 100 megacycle timing 
wave is shown in ¢ and f. 
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Fic. 9. Photographs of x-u-e events taken at 450 amperes. 
The 100-megacycle timing wave is shown in a. 


c, respectively. No significant effect on the results was 


The first term is 
the sum of all times divided by the number of x-e 
events; the second term corrects for the pw-e events 
present; the third term corrects for the events which 
came earlier than 7; the last term corrects for the 
events coming after 7». We obtained 7r,=25.340.9 
The data are plotted as a differential decay 
curve in Fig. 13 and shows a good agreement with this 


found upon increasing 7; by 3 musec. 


mysec. 
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Fic. 10. Accidentals in recording x-y-¢ events at 450 amperes. 
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Fic. 11. Timing ty5 between electron pulses in counters 3 and 5 
for r-u-e events at 450 amperes and for x-e events in the range 
between 630 and 847 amperes. The ordinates specify number of 
events per mysec 


value of the mean life. The points earlier than 30 myusec 
fall lower than the curve because of the action of the 
anticoincidence circuit. This result may be compared 
with the lifetime as determined from the timing /,, in 
the w-u-e events obtained at 450 amperes. The data are 
plotted in Fig. 14 and compared with the curve ob- 
tained as the best fit by a least squares criterion. This 
26.3+1.4 mysec. The curva- 
ture shown in the figure appears because only those 


gave for the lifetime r, 


w-u decays were recorded in which the electron appeared 
less than 150 mysec after the w. Late appearing y’s have 
a reduced chance of decaying within the smaller time 
interval remaining 

The values of the pion lifetime obtained from these 


two sets of observations are in good agreement with 


' 
rt 
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Electron Puse Height wie 


Fic. 12. Pulse-height distribution of accepted and 
rejected x-¢ events 
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one another. The weighted average of the two measure 
ments gives r,= 25.6+0.8 mysec. This has comparable 
accuracy and is in 
measurement 

The time 
expected to differ markedly from that of w-e events. 
15 taken from the 


\ comparison with the calculated 


igreement with other 


good 


distribution /,, ol w-u-e events can be 
rhis is evident in the plot of Fig 
450 ampere data 
curve is shown. Again, the points earlier than 30 muse: 
fall below the curve because of the action of the anti- 
coincidence (23 

The over-all conformity of the timing measurements 
with the known characteristics of the w and yu decay 
gives us confidence in the validity of the analysis 





| 000r — oT 


oo + EE 


—— + 4—_—— » ——EE 
Differentio! Decay Curve For w-e Events 4 
— a 


| 
4 


— 


| 


1 





8 


aT fy — 
~ $+-—$_—$____—_}-—_____+-_—-4 














Number Of Events Per (Omus 


5 











80 
tw3 in mus 


13. Differential decay curve for x-e events. The first two 


because of the action of the 


Fic 
points fall below the cal ulated ‘ 
anticoincidence 


urve 


ANALYSIS 


A compilation of the z-e events found in each channel 
at each of the current settings used, together with the 
corresponding total number of monitor counts, is given 
in Table II. The contribution of the 
which registered in more than one channel was divided 


occasional event 


equally among them. The spectrum of yu electrons was 
obtained by counting (23) (35) (4) coincidences with 
the (23) delayed coincidence condition removed. With 
this arrangement all yw electrons were counted except 
those which came so early that the anticoincidence 
action excluded them 
Table ‘III. In Fig. 16 both the x-e 
appear plotted together. In this plot 
channels a and c have been normalized to give 


These lata are collected in 
and the u-e data 
the data from 


the same 
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total number of electrons as channel 6. The same 
normalization factors were applied to the x-e data 
which are, however, exhibited on an expanded scale. 
Moreover, a correction for decay was made to take 
into account the events missed because they fell outside 
the interval of acceptance of the circuit. Thus, all the 
r-e and all the w-e data were placed on a comparable 
basis. The two distributions appear nicely separated, 
and the branching ratio can be determined from a 
comparison of the number of electrons in each of them. 

In view of the limited statistics at each point, there 
was some question how best to determine the area under 
the w-e distribution. This was especially difficult because 
of the long tail produced below the w-e peak by the 
effect of radiative processes. The problem was solved 
by taking into account the known properties of the 
spectrometer and the known causes of spectrum dis 
tortion to infer the expected shape of the curve and 
then fitting the data by a least squares procedure. This 
verified the consistency of the data with what could be 
expected and provided a basis for estimating the errors. 

The x-e spectrum is a delta function, modified by 
internal radiative effects. To the extent that they can 





influence the observations, these effects can be ac- 
counted for by adding a small second term to the 
distribution writing, 

QO(n)dn=«ad(n)dn+B8(dn/n), (1) 
where n= /,—E measure the difference between the 
we 1 SRNR See eee eases 5 
ee, ere Tt ee on ee 
} + Differential! Decay Curve For w-u Events | 
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Fic. 14. Differential decay curve for r-4 events. The calculated 
curve departs from a straight line because of the action of the 
gate 
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Fic. 15. Electron time distribution in r-~-e events 


at 450 amperes 


electron energy’® & and its maximum possible value, 
E,=4m,=69.8 Mev. The second term is limited to 
apply only within the range between a lower bound 
m, chosen small compared to the resolution width of 
the spectrometer, and an upper bound m2 chosen large 
compared to the same quantity, but small compared to 
E,. With these restrictions the constants a and £ are 
chosen such that /Q()dn=1. This neglects radiative 
effects for which »< by lumping such electrons in the 
delta function part. Electrons with 97>» are not in- 
cluded in the reduction of the data but are accounted 
for in the final value of the branching ratio. It is not 
possible to distinguish the radiative part from that not 
so affected in the present experiment. Accordingly, we 
have relied on Berman’s calculations® in determining 
the relative importance of the two terms. These show 
that if we choose 7;=0.3 Mev and n= 10.0 Mev, as is 
appropriate in the present case, then 7.7% of the 
electrons are accounted for by the second term and the 
remainder, 92.3%, by the first term. 


IONIZATION LOSS 


The ionization loss in the source broadens the original 
distribution primarily because the electrons originate 
in different depths within the source. The fluctuations 


‘6 The electron energies referred to in this paper are always 
total energies (including rest mass). These have numerical values 
differing inappreciably from the corresponding momenta over the 
range covered in this experiment. Thus, invariant functions of the 
momentum may be taken to be invariant functions of the total 
energy as well 
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in the ionization loss (Landau effect) produce a further 
broadening. A useful measure of the combined effect 
may be obtained from the heights of the pulses produced 
by the electrons in counter 3. We used the pulse-height 
distribution obtained with yw electrons at 450 amperes 
(40 Mev/c in channel 5). This made it possible to record 
up to about 13 Mev, the maximum allowed 
because of the cutoff in the w-e spectrum. It served our 
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energy is virtually the same as for other energies within 
the range encompassed in this experiment. To the 
extent that the energy spectrum is flat the spectrometer 
will sample uniformly the distribution in the pulse 
heights which is present. As a matter of fact, the energy 
spectrum has a positive slope at this setting and a small 
correction was applied to account for the bias by the 
spectrometer in favor of electrons with a somewhat 


purpose because the ionization loss for electrons at this higher energy loss 


TABLE II Compilation of r-e events. 
Monitor 


DaX107 


6.193 


[we] 
accept. 


2.0 


ro 
[we] 
re). 


1.0 
0.0 
1.0 
0.0 
0.0 
2.0 
3.0 
1.0 
3.0 
1.0 
2.0 
2.0 
5.0 
3.0 


[we] 
net 


[w(+)e] [re(+)] | re] 


acce} Da 10 7 


1.0 
1.0 
7.0 
1.0 
1.0 
2.0 


Channel Mey 


a 56.87 
b 55.17 
ri 53.88 
61.25 
59.42 
57.49 
64.88 
62.94 
60.90 
66.09 
64.11 
62.04 
67.23 
65.23 
63.11 
68.37 
66.32 
64.18 
69.69 
67.60 
65.41 
71.00 
68.87 
66.63 
72.04 
69.88 
67.72 
75.91 
73.64 
71.24 


0.00+-0.32 
0.00+0.23 
0.65+0.56 
0.31+0.18 
0.03+0.11 
0.:4+0.22 
1.61+0.28 
0.29+0.14 
0.10+0.14 
2.59+0.26 
0.69+0.15 
0.27+0.11 
2.16+0.25 
1.53+0.21 
0.50+0.13 
1 16+0 14 
2.57+0.21 
0.81+0.14 
0.00+0.08 
1.7340.22 
2.46+0.27 
0.05+0.09 
0.32+0.11 
3.03+0.30 
0.07+0.11 
0.00+0.13 
2.01+0.30 
0.10+0.17 
0.06+0.12 
0.18+0.16 
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The calibration of the pulse height in Mev was 
obtained with pions. The CH: moderator was removed 
and the full energy pions (63 Mev) were allowed to 
traverse the scintillator of counter 3. The mean pulse 
height was found to be 1.85 mm; the actual distribution 
being given in Fig. 17. We used the fact that 63-Mev 
pions traversing 1.89 g/cm? of polystyrene lose 5.51 
Mev, to conclude that the mean ionization loss must be 
3.0 Mev/mm. The muons associated with the 2-y-e 
events observed here also give a pulse-height distri- 
bution which was used as a check on the calibration 
This distribution is also shown in Fig. 17. The mean 
pulse height is 1.32 mm and is due to an energy loss of 
4.12 Mev by the muons. Saturation effects in the 
scintillator affect this calibration, but it is, nevertheless, 
in good agreement with the result obtained with the 
pions. 

Some broadening in the observed distribution is due 
to the fluctuations in the response of the photomultiplier 
because of the finite number of light quanta collected. 
This was the principal cause of the width observed in 
the muon pulse-height data, from which it could be 
shown that this effect could have only a minor influence 
on the observed distribution with electrons. Neverthe 
less, it was corrected for by carrying out an unfolding 
procedure which gave the function £(¢) tabulated in 
Table IV. This gives the energy loss by ionization of the 


TABLE III. Measured yw-e spectrum: The errors are based on 


counting statistics only. No background count has beer 

subtracted. 

Current 
in Counts per 10* D.,; 
amp Channel a Channel 6 Channel ¢ 

0 0.34 0.3 03+ 0.3 00+ 0.3 
50 4.7+ 1.1 5.64 1.2 64+ 1.3 

100 25.9% 2.7 26.1% 2.7 25.04 2.6 
150 61.4+ 4.1 570+ 4.0 64.74 4.2 
200 103.14 5.3 104.84 5.3 108.0+ 5.4 
250 169.54 6.8 164.34 6.7 173.94 6.9 
300 223.14 7.8 242.94 8.1 262.24 8.4 
350 323.82 9.4 308.04 9.1 355.74 9.8 
400 402.2+10.4 394.3410.3 454.9411.1 
410 417.5412.3 443.7412.7 468.7+13.0 
420 406.54 12.1 446.8+12.7 494.0+13.4 
430 427.3412.5 482.6413.2 §29.8+13.8 
440 470.74+13.0 498.9+13.4 550.7414.1 
450 477.7411.3 495.2+11.5 552.4412.2 
460 482.2+11.4 516.4411.8 572.0412.4 
470 495.3411.5 §22.2411.9 590.8+ 12.6 
480 500.1+11.6 536.9412.0 598.9+ 12.7 
490 517.8+11.8 542.8+12.1 627.5+13.0 
500 524.6+11.8 558.6+12.2 647.1413.2 
510 522.8+11.8 566.2412.3 635.8+ 13.0 
520 511.4411.7 572.9412.4 684.84 13.6 
530 466.1411.1 580.04-12.5 674.0+13.4 
540 396.54 10.3 547.3412.1 663.6+13.3 
550 268.24 8.5 501.2411.5 678.54+13.4 
500 118.14 5.6 399.0+ 10.3 648.1+13.1 
570 28.34 2.8 245.54 8.1 594.74+12.6 
580 5.34% 1.2 9A+ 4.9 467.9411.2 
590 32+ 09 18.9% 2.2 3094+ 9.1 
600 3.54 1.0 4.54 1.1 1284+ 5.8 
610 19+ 0.7 24+ 08 298+ 2.8 
620 11+ 0.5 3.54 10 4.24 1.1 
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Fic. 17. Calibration of ionization loss. Upper figure gives the 
pulse-height distribution of 63-Mev pions and also of the muons 
from stopped pions. Lower figure gives the pulse-height distri- 
bution of the yw electrons at 450 amperes. 


electrons in the source. It is normalized so that 


> L(e)Ac=1. 


BREMSSTRAHLUNG LOSS 


To correct for the effect of external bremsstrahlung 
on the shape of the observed distribution, we used the 
function £(€) as a measure of the thickness of source 
traversed. Thus, an electron losing an amount of energy 
« by ionization, would lose an additional amount pro- 
portional to ¢« with a probability calculable by means 
of the Bethe-Heitler formula."* For scintillator material 
(polystyrene) the average ionization loss was taken to 
be!? 2.00 Mev/g/cm*. For our case (complete screening 
approximation) the formula reduces to 


K K*\dkK 
. ~+0.7 7 516) 
F?7 K 


=F (E,K)dK, 


B(E,K)dK = 1.514 10" (1-- 


(2) 


where £ is the initial energy of the electron, K its loss 
by bremsstrahlung, and ¢ its loss by ionization in Mev. 

To simplify the calculation, we supposed that all the 
‘jonization loss occurs after the bremsstrahlung takes 
place. Thus, an electron may leave the source with a 
total energy loss ¢ by losing an energy « by ionization 
and the remainder {—e by bremsstrahlung. Electrons 


* E. Segre, Experimental Nuclear Physics (John Wiley & Sons, 
Inc., New York, 1953), Vol. I, Part II, p. 200. 

‘7 We used the results given in the paper of R. M. Sternheimer, 
Phys. Rev. 103, 511 (1956) and took into account the fact that 
our electrons are positive and therefore ionize less. See B. Rossi, 
High-Energy Particles (Prentice-Hall, Inc., New York, 1952), 
Chap. 2, p. 27. It would have been more correct to take an even 
smaller value because the large energy losses (above 10 Mev) are 
included in the average but not in our ionization loss function 
L£(e). The adjustment this calls for in the final result will be 


discussed later. 
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rasve IV. Energy loss function (normalized to 2L(e)Ae=1) 


Energy loss «€ 


(Mev) L(«) 
0 -1.5 0.000 
1.5-1.8 0.042 
1.8-2.1 0.238 
2.1-2.4 0.316 
2.4-2.7 0.417 
2.7-3.0 0.451 
3.0-3.3 0.436 
3.3-3.6 0.402 
3.6-3.9 0.304 
3.9-4.2 0.213 
4.2-4.5 0.212 
4.5-4.8 0.094 
4.8-5.1 0.080 
5.1-5.4 0.075 
5.4-5.7 0.027 
5.7-6.0 0.013 
6.0-6.3 0.004 
6.3-6.6 0.004 
6.6-6.9 0.004 
6.9-« 0.000 


with an initial energy F will have a total energy loss 
distribution given by'® 


M (Et) fers ejde (3) 


Using this the modified energy distribution of the x 
electrons is obtained from (1) to be 


S(E’) farce, F!— E)O(E)dE. (4) 


iY 


The numerical work was carried out with desk 
calculators and was somewhat simplified to reduce the 
labor without much loss in the accuracy. Thus, the 
correction for external bremsstrahlung was applied 
only to the delta function part of the initial spectrum. 
That is, radiative effects, whether internal or external, 
were taken to operate only once; multiple radiative 
effects were neglected. To the extent that it is per- 
missible to neglect such processes as annihilation in 
flight, Bhabha scattering and pair production, which 
do not conserve the number of electrons, it follows from 
the normalizations adopted that 


SS(E)dE'>1 


already also 


BRANCHING RATIO 


The expected response of the spectrometer when it 
is set at energy / will be proportional to the overlap 


function, 
E'— Ey 
O(E») fsere( - jaz. ( 
Ey 


Here, G((/’ 


wn 


Eo)/ Eo) is the resolution function of the 


18 Where limits are not explicitly given, integrals are intended 
to be taken over the whole range where the integrand is nonzero 
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spectrometer. It is very nearly independent of Eo over 


the range of energies of importance here and is taken 
to be the same function G(£) determined by 
particle calibration 
of this function may be introduced 
and baffles 
but can have only a minor influence on the final result. 


the a- 
Small deviations in the behavior 
by the effect of 
scattering at the slit of the spectrometer, 


The counting rate for the x electrons may be written 


fe. (C,0,(1 (6) 


where f is the branching ratio to be determined and 
C, is the factor of proportionality which summarizes 
the purely experimental fa: 

vation of the w electrons 
rate ‘ 


tors entering into the obser- 
lhe corresponding counting 
> the pw electrons is writte 


N (f C,.0,.(f 7) 


The branching ratio which is obtained by integrating 
over the | 


cbserved di sensitive to a 
detailed knowledge of any of the fur 


tributions 1s 
ictions that enter 


into the overlap integral O(/ Consider the integral, 


~ Vii 1] 
/ P 
. ij 
and note that 
dl dé / / 
I -e / 
Then, 
J. _ * fc g . 9g 
. ] 
and 
1,=C, | GE na 10 
« 1+: 
so that the branching ratio ven by 
ae 
11 
Je 


We obtained /, from a data 
in the region well above 


formula 


least s juares fit to the 
the w-e end point using the 


V.(Es)=Js— (12 


For the yw electrons the observati were extended 


over the whole spectrum so that was sufficient to 
integrate the experimental points obtain 
J,. Since energy is very nearly proportional to current 
in the spectrometer over the rangs 


directly to 


covered by the p-« 


spectrum we simply calculated the integral 
| phy 
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fase V. Summary of branching ratio calculations. Case (A): The -¢ spectrum is taken as a delta function and only the ionization 
loss is taken into account. Case (B): The same as (A) but external bremsstrahlung taken into account. Case (C): The same as (B) but 
including the extra data obtained when the earlier cut off time 7, is extended 3 myséc earlier. Case (D): The same as (C) but including 
internal radiative effect. The expectation value x? should be near 6 for the individual channels and near 22 for the over-all fit. 


Branching ratio fx 10* 


Normalized to 


Normalized to 


Case Channel Js k a u-e pictures u-e integral 
(A) a 0.1291 +0.0084 0.9850 4 33 1.012 +0.082 0.884 +0.058 
b 0.1125+0.0071 0.9871 4.52 0.974 +0.083 0.982 +0.062 
c 0.1357+0.0089 0.9890 7.36 0.839 +0.066 0.858 +0.057 
B) a 0.1552+0.0098 0.9848 2.76 1.216 +0.097 1.062 +0.067 
b 0.1327+0.0083 0.9852 6.38 1.150 +0.089 1.158 +0.073 
c 0.1615+0.0104 0.9855 3.81 0.998 +0.077 1.022 +0.067 
Weighted mean f 1.107 +0.050 1.079 +0.040 
Weighted mean k 0.9849 +-0.0009 0.9852+-0.0009 
Total x? 16.4 14.9 
C) a 0.1779+0.0106 0.9853 4.38 1.232 +0.094 1.082 +0.065 
b 0.1497 +0.0087 0.9861 §.15 1.162 +0.085 1.161 +0.068 
( 0.1886+0.0111 0.9854 5.02 1.029 +0.075 1.060 +0.063 
Weighted mean f 1.126 +0.048 1.099 +0.038 
Weighted mean k 0.9854+0.0008 0.9857 + 0.0008 
Total x? 18.0 16.1 
D) a 0.1879+0.0113 0.9854 4.27 1.301 +0.100 1.142 +0.068 
b 0.1569+0.0091 0.9859 5.89 1.217 +0.090 1.217 +0.071 
¢ 0.1972+0.0116 0.9851 5.68 1.076 +0.078 1.109 +0.066 
Weighted mean f 1.178 +0.051 1.152 +0.039 
Weighted mean k 0.9852+-0.0009 0.9856+40.0009 
Total x? 19.6 17.3 


where .V,(/) is the count given in Table III for 107 
monitor counts. 


CALCULATIONS 


The setting of the spectrometer is known only ap- 
proximately from the a-particle calibration and the 
magnetic field measurements. We denote by W the 
nominal energy at which the spectrometer is set. This 
differs from the correct energy E» by a factor & near 
unity such that Eo=kW. Accordingly, two parameters 
J, and k were adjusted to obtain the best fit to the 
observations according to the x? minimum criterion. 

It appeared useful to obtain the best fit values of J, 
and & under a series of assumptions of increasing com- 
pleteness. In every case the calculations were carried 
out separately for channels a, 6, and c. The following 
cases were considered with results as summarized in 
Table V: 

(A) The x-e spectrum is a delta function and only 
the ionization loss is taken into account. The data 
taken for this analysis were those for which 7; was 
taken to be 23, 31, and 27 musec for channels a, 6, and 
c, respectively (Data I). 

(B) The same as (A) but external bremsstrahlung 
taken into account. 

(C) The same as (B) but including the extra data 
obtained when the early cutoff in time is extended 3 
muysec earlier (Data II). 

(D) The same as (C) but including internal radiative 


effects. 


The fit to the experimental data is given in detail 
only for the last case (D) and may be seen in Fig. 18. 
The fit is very good, as can be judged from the figure 
and also from the values of x? listed in Table V. Good 
fits were also obtained in all the other cases as well, 
showing that the shape is determined principally by 
the ionization loss and the response characteristics of 
spectrometer. The observations are evidently incapable 
of detecting the presence of the radiative effects from 
the shape alone. The different values of the integral J, 
obtained in the cases studied reflect the contribution 
of the tail region below the main #-e peak. The effect 
is appreciable, about 20%, because of the high resolving 
power of the spectrometer. 

Except for minor corrections the detection efficiency 
was the same for the w electrons as for the wr electrons 
so that in the ratio C,/C, we need only take into account 
the different decay factors due to the different lifetimes 
of w and yw decay. The details of the calculation are 
summarized in Table VI. 

As Table V shows the branching ratio was calculated 
using two different normalizations of the w-e data. 
This was because the #-e count required a delayed 
coincidence (23) which was switched off in the p-e 
count. Any threshold difference in forming this co- 
incidence would affect the x-e count but not the y-e 
count. Accordingly, the experiment was designed to 
normalize the u-e count to a count of w-e events taken 
under precisely the same circuit conditions as were 
used in obtaining the r-e count. This was the case for 
the w-y-e pictures. These were taken at the 450 ampere 
setting of the spectrometer at regular intervals between 
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lic. 18. Fits to the observed x-e events in three channels 


the w-e observations. The disadvantage here was that 
the small number of pictures which could be accumu- 
lated in the time available contributed to the statistical 
uncertainty of the final result 

The normalizations are summarized in the factors A 
and K’ of Table VI 
of channels 6 and c, but marginal in the case of channel 
a. The values of the 
r-u-€ pictures normalization seems anomalously high 


The agreement is good in the case 
branching ratio for @ using the 


Taking all the data together the agree- 
between the 


for this reason 


ment m-u-e pictures and the u-e count 


normalizations is quite good. The weighted mean R 
differs from PR’ by only 2%, well within the statistical 
expectation 

Possible los t othe lency due to the action of the 


anticoincidence circuit was tested by comparing the 
results in (B) with that obtained when the lower cutoff 
Phe 


In fact, these 


I’; was extended 3 myusec giving the results in (( 


agreement is well within the statistics 
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lor R, 


action 1s 


data give a slightly higher value supporting the 


view that the anticoincidencs yet de- 
pressing the result 


The fitting of the calculated curve 


not 


to the experi 
mental points was very sensitive to the j 

bration factor Rk to be 0.9852+0.0009 ; 
it would have been unity if the calibrations were correct. 


energy cali- 
This turned out 


The 1.5% discrepancy is somewhat higher than we had 
expected, since the magnetic field measurements were 
good to better than 0.5%. However, other factors could 


have contributed to the discrepancy, among them 
saturation effects in the iron which became noticeable 
at the a-particle setting. Also, the centering of the 
stopping pions at the target might have been off and 
there might have been a systematic error in the ioni 
zation loss calibration. The en rgy calibration does not 


of the bran 


isONnS ¥YIVeEl 


enter into the evaluation hing ratio directly 


However, if one of the re ibove were active, 


there would be some questio1 as to the reliability of 
the overlap functions used in fitting the data 

To test the goodness of our overlap functions we took 
the view that the genera pe was correct but that 

TABLE VI Detail o tne ning i Aiculatio The 
branching ratio normalize: u-e picture given by 

= s \ D 
Pons : -KJ 
JC. N,?—A, 
The branching ratio normalized to y-« egral is giver 
J. ¢ 
4 F 
J ¢ ‘ 

J. =x-¢ integral per 10’ D taine the least squares fit 
J,,=p-e integral {N,d//I per 107 D 
C,=nr-e time factor 1/te) fp, exp t i. C,=pe time 
factor for picture l r ia Sr, ex t/t exp t 
r,) dt. C,’=y-e time factor for counting=[1/(r,—r-) L/vmelt 
< Lexp(t/r,)—exp(—t/r,) dt, where e(#) is an efficiency factor 
due to anticoincidence cutoff. V,(450)=,-e counts per 10® D2: at 


450 amperes. V,?=number of tures taker 


at 450 amperes 
1,”=number of accidentals in V,”. D number of monitor D, 


in 10* required to obtain A 


Channe b ( 
s 3605.7 3870.8 4558.0 
V,(450 477+11 496+ 12 522412 
vee 4255 136.5 $65.0 
lh) 434 491.5 577.0 
I 7 
1,? 14.5 14 17.0 
ri 
Dey? 19.69 19.69 19.69 
I 0.4044 0.2951 0.3454 
“ola 0.4550 0.3321 0.3888 
I 0.0500 0.0478 0.0490 
“TT 0.0508 0.0487 0.0498 
e. 0.9977 0.9966 0.9967 
I 7.8359 8 6584 6.1731 
4 Re 4 nt 4 »O7 
1K 4 - ri t4.5 c +4 en 
6.9242 7.7567 5.4540 
Il + 4.8° +4 5° $4.29, 
6.842 8 7247 6.2209 
10*K anes , 7894 4? 
il 6.0813 7523 5.6242 
* Data I refer to the events { which the earlier cutoff e T: is 23.0 
mysec in channel 4, 31.0 myse n 6, and 0 myusex Data II refers to 
7 4 + 


the events for which 7) is reduce yy 3 asec in eac 
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Fic. 19. Fits to the w-e data. 


the width might be in error. This would be the case, 
for example, if there were an error in the ionization loss 
calibration. We replac ed Ey in Eq. (12) by Ey =E, 
—m(E,—E9)=k'W and looked for improved fits to 
the data according to the x? minimum criterion by 
varying the two parameters m and k’. This reduces to 
the previous case, when m=1. Improved fits were 
obtained with m=0.95, k’=0.987 and gave x?=11.5 
(instead of 19.6). However, since there was no appre- 
ciable change in the value of the branching ratio, we 
reverted to the results already obtained but incor- 
porated in the error the uncertainty implied by this 
analysis. 

Another check on the validity of our procedures was 
provided by the fits we were able to obtain with the 
u-e data. The calculation followed the lines already 
discussed for the fitting of the -e data except that the 
Michel formula used for the initial spectrum. 
Ionization loss, bremsstrahlung loss, and the response 
function of the spectrometer were folded in as before, 
but the fit was made by varying the Michel parameter 
as well as the energy calibration factor. As has been 
shown by Kinoshita and Sirlin"” an adequate description 
of the distortion in the spectrum produced by internal 
radiative effects could be obtained with the Michel 
formula by modifying p; e.g., by taking p=0.944py 
Since the statistical accuracy of the experimental points 
was considerably greater than for the #-e data a critical 
test could be expected. In this case the problem was 
coded, and the calculations carried out by means of an 


was 


electronic computer. Good fits were obtained as can be 
judged from the plots of Fig. 19 with values of x? quite 


” T. Kinoshita and A. Sirlin, Phys. Rev. 113, 1652 (1959). Our 
analysis here has not dealt adequately with the radiative cor 
rections for the purpose of deriving a reliable value of py from 
these data. 
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c)} 


close the accepted value. The results are tabulated in 
Table VII and show values of x? well within the range 
expected from the number of experimental points 
fitted. The end point of the w-e spectrum is given under 
the assumption that the energy varies linearly with the 
current and that E,=69.8 Mev. The values obtained 
are in agreement with those accepted. The 
sensitivity of the fit to the width of the resolution 
function was explored by varying this by 10% in either 
direction. An increase in the width such as would be 


{ lose 


the case if scattering at the slits and baffles were 
appreciable, actually worsened the fit; instead, as in 


the case of the w-e data, the fit improved somewhat 
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it 


Taste VIL. Parameters of w-e spectrum determined by the x? 
minimum method. The uncertainties shown are those derived 
from the fitting procedure and do not include other sources of 
error. The values of py are not to be taken as final measurements; 
they have not been adjusted for possible small systematic effects 


xpectatior | 
value pu 


Channel Measured Mev) 
53.00+0.32 
52.99+0.32 


§3.02+0.32 


25 18 0.76+0.01 
19 22 0.77+0.01 
20 25 0.77+0.01 


when the width was reduced. Additional details will 
be given in a subsequent paper which will deal with the 
problem of determining a reliable value of p from this 
and additional For the 
conclude that scattering effects are unimportant and 


data. present purposes we 
that the uncertainty in the knowledge of the response 
functions and ionization loss may amount to about 
10% in the width. The uncertainty which this reflects 
in the branching ratio is less than 3%. 


EARLIER FAILURE 


In a previous communication from this laboratory* 
we reported our failure to observe the x-e decay mode. 
We have studied the previous experiment to determine 
the cause of the error. The old experimental result was 
based entirely on counter data. Delayed coincidences 
were used to count the number of z electrons in time 
intervals extending roughly from 25-45, 50-70, and 
75-95 musec after a pion stopped in the target counter. 
The counter data were analyzed in two steps. First, a 
crude analysis which utilized the counting rate in the 
first time interval alone indicated that the branching 
ratio was 5X10 Second, to get more detailed in- 
formation, the counts in the three time intervals were 
analyzed for the presence of a component decaying 
with the 25.6 musec pion lifetime superimposed on the 
background. 

As in the present experiment, both the stopping pion 
and the emerging electron produced pulses in the target 
counter. Normally, the pion pulse was much larger 
than the electron pulse. The logical arrangement of the 
circuits required that the electron pulse be clearly 
distinguishable from the pion pulse. To see the electron 
at short times after the pion required correct design 
and adjustment of the clipping lines together with 
careful setting of the photomultiplier voltages and 

saturation 
effects and pulse lengthening with large pulses. In the 
monitoring and 
the possibility of having a visual check of each event 


associated circuitry to avoid overshoot, 


absence of continuous photographic 


such as was used in the present experiment, a mal- 
adjustment could go by for some time unnoticed. We 
now believe that our coincidence circuits missed a large 
fraction of the electron pulses which should have 
activated the first channel. 

We have verified that this was the principal cause of 


MILLER 


our failure to observe x-e events by re-analyzing the 
data in the second and third channels alone, rejecting 
completely the data of the first channel. This gave a 
positive 
evidence 


result not inconsistent with our present 


RESULTS 


ould be considered 
before giving the final results. The annihilation in flight 


A number of small corrections sl} 


consideration 
in some experiments which deal with these particles, is 
inconsequential here because of the small amount of 
matter which they have to to be detected. 
Moreover, the losses occur almost equally for the yu 


of the positive electrons, an important 


travers¢ 


electrons and for the x electrons and so cannot influence 
the branching ratio in this case. Such a cancellation 
does not occur in the case of the Bhabha scattering. 
This removes electrons from the x-e peak, but in the 
u-electron distribution the losses only reappear at some 
lower energy and are not missed in the integral. In this 
sense the behavior is similar to the bremsstrahlung. 
This effect may be included in the constant of formula 
(2) which gives the bremsstrahlung loss. This depends 
on the average ionization loss for positive electrons in 
scintillator material and we have already remarked that 
our choice of 2.00 Mev for this might have 
been too high showed that a reduc- 
tion in this constant by about 10% would account for 
the effects alluded to. This 
branching ratio by about 


g/cm? 
\ rough estimate 


an increase in the 

There is another 
This is the 
the target before 


implie 
2+1)% 
oppo ite 


in escape from 


correction which acts in the sense 
loss of muons which ¢ 
they dec ay. The loss depends on where pions stop in 
the target. Because the range of the muons is only 1.4 
mm, the magnitude of the effect is 


estimate places it at (242)% 


. 1 | yt 
mail and a rougn 


The branching ratio may be obtained from the 
weighted mean value, (1.178-+0.051)10~* of Table V, 
which resulted minimum fit both 
internal and external radiative effects had been taken 
into account and the normalization to the w-e pictures 
data made. This does not take into account those r 
electrons whose energy differs from E, by more than 
10 Mev. Kinoshita’ has shown that 
2.45% so that the value above should be increased by 
this amount if the total 
The value of the ) is not altered by the 
correct’ons discussed above; these ly the un- 
certainty in the result 0.051 for the uncer- 
tainty just given resulted from the x? minimum analysis ; 


} 


it is entirely due to the statistical 


from the x once 


these amount to 


branching ratio is to be given. 
branching rati« 
affect only 


The Value 


limitations of the 
data. It is reassuring to notice that the spread of the 
values obtained from the different channels, considering 
these as yielding three separate independent measure- 
ments reflects almost the same uncertainty. Our final 
value for the branching ratio must include the un- 
certainty in the knowledge of the ionization loss and of 


the resolution width of the spectrometer. As discussed 
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above this amounts to about 3% in the branching ratio. 
Combining all these effects we give as our final value for 
the branching ratio of the electronic mode in the decay 


of the positive pion, (1.21+0.07) x 10~. 


DISCUSSION 


According to Kinoshita’ the branching ratio should 

1.2310 once radiative effects are taken into 
account and all decay electrons counted. This is quite 
close to our result. Berman® has given the following 


be 


formula for the branching ratio if only electrons with 


energies differing from FE, by less than AF are 


considered, 


-( 


AE corresponds to n:=10 Mev in our analysis so that 
Berman’s formula gives f= 1.20 10~, to be compared 
with our experimental value (1.18+0.07)10~* for 
this case. This experiment, which compares directly 
the muon with the electron couplings insofar as they 
enter in pion decay, provides a strong confirmation of 


2AE 
11.00+0.27 n—) x 10 
mM, 


the hypothesis of a universal V-A interaction of Fermi 


couplings. From the point of view of the five possible 
Fermi couplings only two, the axial vector and the 
pseudoscalar, can enter in the nonradiative pion decay 
because of the pseudoscalar character of this particle. 
The observed branching ratio is fully accounted for by 


the axial vector part of the interaction; it is 2K 10~° as 


EC 


RONIC MODE Ot! DECAY 2067 
large as it would be if the decay of the pion were gov- 
emed by the pseudescalar interaction. Thus, the experi- 
ment provides the strongest evidence known at present 
against the existence of a direct pseudoscalar component 
in the universal Fermi interaction 

With respect to the validity of the radiative cor- 
rections, the experiment would have given (1.1320.08) 
X10~ for the branching ratio if these corrections were 
not included. This would have to be compared with a 
ratio of 1.2810~* on the basis of a universal Fermi 
interaction theory with electromagnetic corrections 
neglected. Thus, the experiment supports the existence 
of these effects, albeit not in a very decisive way. 
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The interaction of 1.0-, 1.25-, 


and 2.0-Bey antiprotons with protons has been studie 


ith the aid of a 


4x solid-angle scintillation-counter detector system. The measured total cross sections at the above energies 


ire 100, 89, and 80 mb, respectively 


At each energy, the charge-exchange cross section is approximately 5 
mb. The total elastic cross sections are 33, 28, and 25 mb, respectively, at the three energie 


The angular 


distribution of elastic scattering has been fitted with a simple optical-model calculation 


INTRODUCTION 


T antiproton energies of 1 Bev and lower, the 
total, 
are considerably larger than 


antiproton-proton inelastic, and elastic- 


scattering cross sections 
the corresponding nucleon-nucleon cross sections.'~* It 
is of interest to discover to what extent this difference 
The 


was designed to carry the measurements of the p-p 


persists at higher energies present experiment 


cross sections to the highest energy at which an ap- 
preciable yield of antiprotons is expected from the 


Bevatron. Measurements of the elastic, inelastic, total, 


and charge-exchange cross sections were made at anti 


proton energies of 1.0, 1.25, and 2.0 Bev. The method 


involved the use of scintillation counters arranged to 


form a 4m solid-angle detector similar to that used in 


two previous antiproton experiments.* © 


I. ANTIPROTON BEAM 


The beam channel (Fig. 1) which carried the anti- 


protons from the Bevatron to the liquid-hydrogen 
target was similar in design to that described by 


Coombes ef al. Negative particles from an internal 


beryllium target in the Bevatron were focused by an 


8-in. quadrupole lens, Y;. A horizontal image of the 


target was formed at the entrance to Q2, which defined 
the momentum width of the beam. A vertical image of 
the target was formed at the entrance to deflecting 
magnet M. At this point a partial separation of anti- 


protons and fast particles was achieved at the two 
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lower energies by means of a 40-ft parallel plate velocity 


selector made from two ol 


scribed by Coombes ef 


20-ft separators de- 
Besides removing the dis- 
persion of the Bevatron, deflecting magnet M defined 
the momentum of the beam. Steering magnet C; was 


the 
internal targets. 


l 


adjusted to direct into the channel particles of 


ot three 


desired momentum from one 


These targets were located so that for any momentum 
in the particles near the 
| 


forward direction could be selected. The 4-in. quadru- 


range of interest, emitted 


pole system Q Q;, conveyed the beam through a 


system of defining counters the liquid-hydrogen 


target. Deflecting magnet C, removed positive par- 


ticles and off-momentum negative particles formed by 
interactions earlier in the The beam emerging 
isured 15 ft beyond 


vertically and hori 


system 
from Q; was well collimated. M¢ 


0, the width of the beam, bot! 


zontally, was about 2 


if 
til. 


Antiprotons in the beam were identified primarily 


by time of flight. The pulses from six 4- by 4-in. scin- 


| 
Target in 


¥ 
Concrete bes -- A Bevatron 


shielding SHAG, ~% 


Velocity 
spectrometer 


SS ed 
© © 6200«(630~«(C40 =O 80 
Scale (feet) 


Hydrogen 
torget 


Fic. 1. Experimental arrangement. Here ( ( and M are 
deflecting magnets. Quadrupole sets Q; and Q» have 8-inch 
apertures; Q;-Q; have 4-in Counters A through F are 
4 by 4 by }j-in. plastic scintillators usex f-flight mea 


surement. Counters G and H are 4- by 8- by }-in. counters, and 


apertures 


tor time-o 


Cisa gas Cerenkov counter seri t rele pions 
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tillation counters (A through F of Fig. 1), mixed in two 
fast threefold coincidence circuits, were used at the 
two lower momenta. At 2.0 Bev, two other counters 
(G and H in Fig. 1) were added. These were inserted 
early in the beam channel, and the time-of-flight dis 
tance used was increased from 90 to 120 ft. An addi- 
tional fast coincidence circuit including signals from G 
and H increased the discrimination against unwanted 
partic les. 

In addition to the time-of-flight system, the pulse 
from a gas Cerenkov counter (Fig. 2) connected in 
anticoincidence into each of the fast coincidence circuits 
was used to reject pions, muons, and electrons. Operated 
at 180 psi of methane, this counter did not respond to 
K~ mesons and antiprotons in the beam. Methane was 
selected as the Cerenkov radiator because of its rela 
tively large product of index of refraction times radia 
tion length. The loss of particles from absorption and 
scattering in the 6-ft gas counter was very small. 

Separation of antiprotons from background particles 
was most difficult at the highest energy (7 = 2.0 Bev). 
Figure 3 shows the yield at this energy of detected 
particles in the beam as the tuning of the time-of-flight 
system was varied. The point marked r~ was obtained 
without the pulse from the gas counter. It gives the 
relative number of pions, muons, and electrons in the 
beam. With the signal from the gas counter in anti 
coincidence, the detected yield was reduced by a factor 
of about 10‘. From the symmetry of the delay curve 


about the time of flight of the A~ meson, it is probable . 


that most of these particles detected with the tuning 
set for fast particles are K mesons. Therefore an upper 
limit of 10~* can be set on the inefficiency of the gas 
counter as a detector of fast particles. 

From the solid delay curve of Fig. 3 it is not obvious 
that the K mesons and antiprotons are cleanly sepa- 
rated. The dashed curves indicate the expected shape 
of the yield curves for K mesons and antiprotons, re- 
spectively. These curves were determined from the 
delay curve for fast particles, as measured without the 
gas Cerenkov counter. A characteristic of this curve is 
that on a semilog plot, it is convex downward in the 
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Fic. 2. Diagram of construction of the gas Cerenkov counter 
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Fic. 3. Delay curve for time-of-flight counters at 2.8 Bev/c 
The curves labeled C;, Cs, and Cy are outputs of threefold co 
incidence circuits. The bottom curve is threefold coincidence 
between C;, Cs, and C,. The ordinate is normalized to the number 
of pions in the beam. The abscissa is the cable delay between 
counters G and F at 2.8 Bev/c. The point marked #~ indicates the 
fraction of the pions that were counted when the cable delay was 


set for pions and the anticoincidence Cerenkov counter input was 
removed. 


absence of background from accidental coincidences. 
The background due to accidentals is negligible as a 
result of the high efficiency of the gas counter for 
rejection of the fast particles in the beam. Therefore, 
using the dashed curves as a basis, we believe that 
there is less than 1% contamination of the selected 
antiprotons. The beam characteristics are given in 
Table I for each momentum. 


Il. EXPERIMENTAL PROCEDURE 


The experimental procedure was similar to that de- 
scribed by Coombes ef al.* The liquid-hydrogen target 
(Fig. 4) was completely surrounded by a sufficient 
number of scintillation counters to distinguish inter- 
actions according to whether they were elastic scatter- 
ings, charge exchanges, or inelastic processes. The mul- 


' Taste I. Beam characteristics. The momentum bandwidth 
was +6%. All quantities were measured at the exit of the magnet 
channel andjcorrespond to operation with the velocity separator 
off. Operation of the separator at 360 kv reduces the flux of fast 
particles by the factor shown. The measured K~ yield was cor 
rected for decay in flight, and the values given correspond to 
production yields at the Bevatron target. The #” flux was not 
corrected for decay in flight or for electron contamination. 


\verage 
momentum Solid o/p 
Bev/c) angle 10°" K-/« 
+3%) 10°? ar) + 40%, ‘ +40%) 


Separator 
rejection 
factor 
(+30%) 


0.40 o 
0.33 60 
0.50 is 


9.028 3 
0.018 2 
0.009 . 
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tiplicity of counters was increased considerably over 
that of the previous experiment to permit measure- 
ments at high energies of the elastic-scattering cross 
section at small angles. The signal from each counter 
was fed into a multichannel coincidence circuit where 
a 20 gate formed when an 
Che 
signals were added along a 125-ohm transmission line, 
displayed on the trace of a Tektronix-517 oscilloscope, 
In this the 


signal from each of 40 counters was recorded for each 


it was mixed with myser 


antiproton entered the hydrogen target gated 


and photographed on 35-mm film way 
antiproton detected. Preliminary classification of events 


was made as follows 


A count in the 
cated no interaction 

(b) A count in the 
an inelastic 


(a) good geome try ” counter, /, indi 


backward counters, a, indicated 
interaction 

(c) An event in which three or more particles were 
detected was inelastic 

(d) If two particles were detected, the event was 
inelastic or elastic depending upon whether or not the 
kinematics for an elastic event were satisfied. Use of the 
g and s counters together permitted accurate angular 
definition at large angles in spite of the length of the 
hydrogen target 

(e) of 


indicated a charge exchange 


No count in any the a, ,. 5 ae counters 


Paste Il 


Antiproton-proton cross sections 
the optical theorem 


Observed 
Total elastic 
cross 
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energy 
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counted with the number of inelastic events in which 
only the forward counters counted, we can determine 
how often the lead converter is required for the detec- 
tion of an inelastic event. From this we can estimate 
the probability that an inelastic event was not detected 
and was classified as a charge exchange. Contamination 
from this effect amounts to at most a 1-mb error in the 
cross section. This has been included in the errors given 
in Table IT. 


Ill. OPTICAL MODEL 


An optical model was used to fit the experimental! 
cross sections of Table II and Figs. 5, 6, and 7.’ The 
ray model, in which the summation over angular- 
momentum states is done in integral form, was used. 
A purely absorptive interaction was assumed. In this 
case, the elastic and total cross sections, respectively, 
may be written 


O. -2r f [1—a(p) Ppdp, 


o.> nf [1—a(p) |pdp, 


where p is the projected distance from the center of the 
interaction measured on a plane perpendicular to the 
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Fic. 5. Angular distribution of elastic scattcrings at 1.0 Bev 
The zero-degree point was obtained from the measured total 
cross section with the help of the optical theorem. It is a minimum 
value, as is predicted for a — absorptive interaction. The 
curves are from optical-model calculations described in the text. 
Indicated uncertainties are statistical only 

7S. Fernbach, R. Serber, and C. J. Taylor, Jr., Phys. Rev. 75 
1352 (1949) 
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Fic. 6. Angular distribution of elastic scatterings at 1.25 Bev 


direction of initial motion, and a(p) is the amplitude 
of the antinucleon wave after transmission of the 
region of interaction. The amplitude for elastic scatter- 
ing through angle 6 is given by 


© 


fe)= ef [1—a(p) |J o(2kp sin(0/2))pdp, (3) 


where & is the wave number of the nucleon in the 
center of mass, and J» is the Bessel function of zeroth 
order. The form of the argument of Jo is that recom- 
mended by Glauber.* 

Two different models were tried: 

(1) Gray disk. For this model we have a(p)=d¢ for 
p<R and a(p)=1 for p>R. The results for the gray 
disk are similar to those for a gray sphere, and calcu- 
lations are easier. 

2) Short-range black disk with outside region of de- 
creasing absorption. For this model we have a(p)=0 for 
p<Ro, and a(p)=1—expl—(e?—R¢e)/pe?] for p> Ro. 
For each model two parameters are determined from 
Eqs. (1) and (2). At each energy, values found for ay 
and R in Model 1 and Rp» and po in Model 2 are given 
in Table III. With these values and Eq. (3), angular 
distributions were calculated. The solid curves of Figs. 
5, 6, and 7 are for Model 1; the dashed curves are for 
Model! 2. The experimental results appear to favor the 
interaction that falls off slowly with the radius over the 
one in which a sharp boundary exists. At lower ener- 
gies,’ on the other hand, it has been shown earlier that 
the black-sphere approximation gives a good fit to the 
data. The significance of these results is limited to some 

‘RJ 


Glauber, Lectures in Theoretical Physics (Interscience 
Publishers Inc 


, New York, 1959), p. 345 
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Fic. 7. Angular distribution of elastic scatterings at 2.0 Bev 


extent by approximations and assumptions made in 
applying the optical model. At low energies, for example, 
the number of partial waves required to describe the 
interaction is small.’ 

For the present analysis we have neglected potential 
scattering. While this probably has little effect on the 
large forward scattering, it may contribute a significant 
part of the large-angle scattering. It should be noted 
that in this experiment we have 


(< 
dQ 
for 30 deg <@8<150 deg. This follows from the kinematic 
symmetry of the interaction in the center-of-mass sys- 


tem and the fact that the energy is high enough that 
antiprotons scattered at angles as large as 150 deg may 


da(6) da(x—8@) 
+ -—— (4) 
measured dQ dQ 


escape from the target. 


IV. DISCUSSION 


In Fig. 8, the experimental p-p total, elastic, and 
charge-exchange cross sections are plotted, together 
with the results of other experiments in which the 
energy dependences of the cross sections were measured. 
The total pp and mp cross sections at corresponding 
energies are shown for comparison. The results of the 
present experiment are in good agreement with those 
of Elioff et al. for antiproton energies near 1 Bev.*® 

As with the measured nucleon-nucleon interactions, 
it is expected that the character of the antinucleon- 
nucleon interaction will change at energies above 


* J. S. Ball and G. F. Chew, Phys. Rev. 109, 1395 (1958). 
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threshold for pion production. For this reason, optical 
Model 2 is somewhat more appealing than Model 1 
because it provides for an interaction region of low 
opacity and large radius comparable with the Compton 
wavelength of the pion. It has been shown that such an 
interaction can account for the observed proton-proton 
cross sections at high energies," provided that it is 
supplemented by a strong short-range potential inter- 
action whose effect falls off with energy. If Model 2 is 
used to describe the present experiment, the short- 
range, strongly absorbing region is presumably to be 
associated with the annihilation interaction. However, 
the values of Ro and po in Table III should not be 
interpreted too literally. The indicated errors are re- 
lated only to the errors in o, and ¢,, and some addi 
tional variations can be made without causing serious 
disagreement with the angular distributions of Figs. 5, 
6, and 7. 

The inelastic p-p cross section includes annihilation, 
pion production, and possibly other processes. In this 
experiment these are not distinguished directly. How- 
ever, there are kinematical differences that under cer- 
tain assumptions would allow us to distinguish the 
annihilation events from other inelastic events. For 
example, it may be possible to separate to some extent 
annihilation from inelastic pion production by means of 
multiplicity. For annihilation, the multiplicity is known 
to be high. Insofar as only the exterior pion cloud is 
involved, we might expect that inelastic pion produc- 
tion is similar for the nucleon-nucleon and antinucleon- 
nucleon interactions. however, differences 
between the pp and pn interactions. For the pp inter- 


action, which occurs in a pure T 


There are, 
1 state, the cross sec- 
tion for single-pion production rises rapidly above 
threshold, presumably due to the formation of the 
T =3/2 isobaric state. For the pn interaction which oc- 
curs half the time in T 1, the 
pion-production cross section rises more slowly with en- 
ergy just above threshold. At 1 Bev, on the other hand, 
the inelastic pm cross section is about 21 mb, only slightly 


0 and half the time in 7 


less than the inelastic p-p cross section at the same 


TABLE III. Optical-model parameters a» and R are the trans 
mission parameter and radius characteristic of a “black disk’’ 
interaction used in the first model described in the text; Ro and 
po are the radii characteristic of the second model discussed in the 
text. This consists of an opaque core and a longer range tail of 
decreasing opacity. The radius at which the opacity (= 1—a*) of 
Model 2 falls to one-half is s. The indicated errors are derived 
only from the errors in the cross-section measurements 


T R e p 
(Bev) ao 10°" on 10° com 10-4 10-8 cm) 
1.0 0.34 +0.03 1.55 +0.02 0.73 +0.06 1.03 +0.03 1.42 +0.04 
1.25 0.37 +0.03 1.50 +0.02 0.61 +0.08 1.02 +0.03 1.36 +0.04 
2.00 0.38 +0.07 1.43 +0.04 0.57 +0.17 0.98 +0.07 1.33 +0.09 

” Bruce Cork, W. A. Wenzel, and C. W. Caus« Phys. Rev 
107, 859 (1957) 

“! Gerald E. Brown, Phys. Rev. 111, 1178 (1958 
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energy.” Since the pp interaction also occurs in a half- 
and-half mixture of 7=0 and T=1, we might expect 
that inelastic pion production is more nearly like pa 
than pp. At 2 Bev, two-pion production predominates 
strongly in the inelastic pm interaction. Because of the 
possibility that two-pion production is important, it is 
doubtful that an effective separation of annihilation 
and inelastic pion production can be made in the 1- 
to 2-Bev energy range on the basis of multiplicity. 

In the 400- to 700-Mev range there is disagreement 
between the results of Cork ef al.’ and Elioff ef al.® 
Taken together with the results of Coombes et al.’ for 
energies below 400 Mev, the results of reference 6 
imply a relatively large cross section for pion produc- 
tion, while the lower total cross section found in refer- 
ence 1 would indicate very little pion production just 
above threshold. 


Vv. CONCLUSIONS 


The inelastic, elastic, total, and charge-exchange 
cross sections fall slowly with energy for antiproton 
energies up to 2 Bev. At 2 Bev the elastic, inelastic, 
and total cross sections are still considerably larger 
than the corresponding nucleon-nucleon cross sections. 
If it is assumed that the pion-production cross section 
is the same as for the corresponding nucleon-nucieon 
interaction at the same energy, then the pp annihilation 
cross section at 2 Bev is about 25 mb. 

At energies below threshold for pion production, the 
experimental results have been fit very well by the 
semiphenomenological model of Ball and Chew.’ Rela- 
tivistic limitations of the potential formalism restrict 
the use of the Ball-Chew model to low energies. For 
the present experiment, the inelastic cross section and 
the differential elastic-scattering cross section have 
been fit by an optical-model calculation. A good fit can 
be obtained by assuming a purely absorptive interac- 
tion of range about equal to the pion Compton wave- 
length and consisting of a totally opaque core of range 
0.6 to 0.7X10-" cm surrounded by a region of lower 
opacity. 

A theorem due to Pomeranchuk predicts with a few 
plausible assumptions that the difference between par- 


#2 A. P. Batson, B. B. Culwick, J. G. Klepp, and L. Riddiford, 
1958 International Conference on High-Energy Physics at CERN, 
edited by B. Ferretti (CERN Scientific Information Service, 
Geneva, 1958), p. 74. 

™W. B. Fowler, R. P. Shutt, A. M. Thorndike, and W. L 
Whittemore, Phys. Rev. 95, 1026 (1954). 
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Fic. 8. Energy dependence of total, elastic, and charge-exchange 
p-p cross sections. Results of this experiment are indicated by 
aspen circles. The solid circles are from reference 6, squares 
from reference 3, and open triangle from reference 1. For com- 
parison, p-p and p-n total cross sections are shown. The uncer- 
tainties are both statistical and instrumental in origin. 


ticle and antiparticle cross sections vanishes in the high- 
energy limit.“ This prediction is in agreement with meas- 
urements at Bevatron energies of the charged-pion-nu- 
cleon interactions.'*'* The theorem is obviously not sat- 
isfied for the nucleon-nucleon system for energies up to 2 
Bev. Because of the greater mass and complexity of the 
fundamental! particles involved, and because the an- 
nibilation process plays an important role, it might 
be expected that cross-section measurements at still 
higher energies are required to test Pomeranchuk’s 
theorem for the nucleon-nucleon and the antinucleon- 
nucleon interactions. 
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The modified Chew-Low integral equation for the pion-nucleon P-wave scatterin 


derived by the present authors using the Chew-Low-Wick formalism and assuming a general static inter 
action Hamiltonian plus the meson-meson scattering term. Essentially the same result is shown to follow 


from dispersion relations in the no-nucleon-recoil approximation if we assume that the 


elastic scattering amplitude becomes a finite real number at large incident pion energy. If we further presume 
that the meson-meson scattering term alone is responsible for this asymptotic behavior, we can show that 
the extra term to be introduced into the Chew-Low integral equation is just the zero-energy limit of the 
corresponding term, which was energy dependent in our previous derivation. The modified effective-range 
expansion of the P-wave phase shift is compared with the data. The S-wave integral equations are also 
given; they are formally much simpler than those obtained previously in the static model calculation 


DISPERSION RELATIONS 
kK YLLOWING Ochme,! we introduce the no-nucleon- 


recoil approximation to the pion-nucleon scattering 
T matrix: 


0 
T (w,cos6) ~i fe te ia’ f e~“'dxd ydl 


Zz 


X (WoL js(y,0), ja(x,t) |-¥o) 


Ha fe siitgi *dx(WVo, {5.9¢°(x,0) 
+ 2a(x,0)ba(x,0)}¥o). (1) 


This is exact if Wo, the static physical nucleon state, is 
replaced appropriately by the initial and final physical 
nucleon states. (qa) and (q’,8) are the momenta and 
charges of the initial and final pions, respectively. The 
Heisenberg operators ¢.(x,/) and j,(x,/) are, respec- 
tively, the pion field variable and the pion source 
function. The second term of (1) is due to the meson- 
meson scattering term, (A/4) /[¢* Pdx. The scattering 
angle @ is the angle between q and q’. 

non-spin-flip and spin-flip 


As usual, we define 


amplitudes by 
T (w,cos8) = A (w,cosé)+ ie: qXq' Blw, os8) (2) 


and, further, non-isospin-flip and isospin-flip amplitudes 
by 


A (w,cos@) = A*(w,cus@)bag+ A (w,cos0)3[ 73,7 | » 


etc. The exact 
A+(w,@=0) and 


dispersion relations for A*(w) 
B+(w)= B+(w,@=0) are known 


* This work was supported by the National Science Foundation. 

+ On leave of absence from Hokkaido University, Sapporo, 
Japan. 

1R. Oehme, Phys. Rev. 102, 1174 (1956). The derivation of 
(1) is due to F. E. Low, Phys. Rev. 97, 1392 (1955). 

2M. L. Goldberger, Phys. Rev. 99, 979 (1955); M. L. Gold 
berger, H. Miyazawa, and R. Oehme, Phys. Rev. 99, 986 (1955) 
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g amplitudes was 
almost-forward 
We define additional amplitudes M*(w) by 
0d 
U+*(w : Cost (4) 
qd cosé 6 


The dispersion relations for M*(w) in the no-nucleon- 
recoil approximation (1) have been derived by Oehme.! 
Summarizing all these, A* U+(w) are even 
functions of real w in the sense that A*(w) =[A*+(—w) }*, 
etc., while A~(w), Bt(w), M~(w) are that 
A~(w)= —[A~(—w) }*, etc. All amplitudes are analytic 
on the upper half complex w plane except for two 
branch cuts, (+, +) and i, ©), and a pole 
at w=0. The residues are 2 /* for A~(w), 2 f?/u? for both 
B*(w) and M~(w), and zero for the rest, f being the 
renormalized equivalent ps-pv coupling constant. 


Ww), B Ww) 


odd, so 


Regarding the behavior at infinity in the w plane, 
we know practically nothing except that no essential 
singularities occur. As for A*(w), we 
traction motivated by the 


assume one sub- 
experimental possibility that 
w. As for the 
other amplitudes, from the 
empirical viewpoint amplitudes don’t 
satisfy optical theorems. We here presume the simplest 
situation to be expected from (1): We 
M*(w) alone becomes a real (finite) constant at infinity, 
while B*(w) and M 
We make this assumption simply because M*(w) cannot 


at large 
h 


the total cross section stays finite 
Wwe nave no su clue 
since these 
assume that 
(w) become zero asymptotically. 


go to zero at large w if the \ term is included, while the 
other amplitudes, unaffected by the second term of 
(1), could go to zero. 

With these assumptions we can write down the 


dispersion relations as follows 


q “ 2w’ ImA . w” dw 
At(w)=A*(p)+ 4 
T g 2 (2 — yy? — 


“ / Ww wW 
5 
“ 2f'g gt p® ko ImA-(w')de 
A~(w)=—A~(u)+ + 
iv uw wv, @g?(w?—w'—ie 
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Bt (w)=—+- 


ww 7 


’ 


27? (= 


; ; 
w*—w*—ie 


(0) 
B-(w)=- 


(_ = 
rv, w*—w'—te 


1 7 2’ ImB~ (w’)dw’ 


1 a 2’ Im! + (w" du 
M+*(w) = M+(ax )+ f aie 





rd, w?—w'—ie . 
(7) 
2f? 1 ¢* 2w ImM~(w’)de’ 
M-(s)=—+ tiaaerrrs 
ww wl, w?—w?— te 


where A*(yu) are subtraction constants and M*() is 
some real number. 


P-WAVE INTEGRAL EQUATIONS 


lo derive the integral equations for partial wave 
amplitudes from (5), (6), and (7), we make this further 
approximation: We retain only S- and P-wave ampli- 
tudes in 7T(w,cos@). We remark that this is no worse 
than the one-meson appreximation in the Chew-Low- 
Wick formalism,’ as seen, for example, by the fact that 
the one-meson approximation modifies the 7 matrix 
even below the inelastic threshold, while we do not, 
except for dropping higher partial elastic amplitudes. 
We therefore use the partial wave expansion of 
T (w,cos@) in the static model calculation.’ It is then 
shown that B*+(w) and M+*(w) are four linearly inde- 
pendent combinations of the four P-wave amplitudes. 
Dispersion relations (6) and (7) are finally rewritten as 





C.f* Mt+(x“) 1 ¢* | ta(w") |? 
ta(w) =———- — - + | qd’ } — 
Ora 12x nr, w’' —w—ie 
1a (w") |) 
+> Aas —H}, (8) 
r) w' +w 


where /4(w) =siné, exp(i6.)/q’, 64 being the phase shifts 
of the three P-wave channels with total isospin and 
angular momentum quantum numbers (4,4), (4,3) 
= (3,4), and (3,3). The Aag are the same as those given 
by Chew and Low,’ and C,= (—4, —1, 2). 

Equation (8) is just the Chew-Low equation’ if a 
term with M+(«) is dropped, and is identical to that 
derived previously by the present authors from a 
general static model supplemented by the \ term.‘ 

One remarkable improvement in the present deriva 
tion is that the new term in (8) is exactly energy 


independent, while in our previous derivation it was an , 


energy-dependent term. This difference is considered to 
be solely due to the difference between our retention of 
only elastic S- and P-wave amplitudes in 7 (w,cos#) 
and the conventional one-meson approximation in the 
Chew-Low-Wick formalism. 


*G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956) 
*M. Sugawara and A. Kanazawa, Phys. Rev. 115, 1310 (1959) 
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ric. 1. The modified effective-range formula (9) is plotted 


against w, where the experimental values of 4 are those of reference 
5.. Three values of a are assumed as shown on the figure. These 
then determine three values of /*/4r, which are also shown on 
the figure. Here w has been replaced by the sum of the incident 
pion energy and the nucleon kinetic energy in the c.m. frame of 
reference, and yw is the rest mass of the pion. 


MODIFIED EFFECTIVE-RANGE EXPANSION OF 
(4,2) PHASE SHIFT 


The modified effective-range expansion of the ($,3) 
phase shift was derived in our previous paper.‘ However, 
only the low-energy limit was compared with data, 
since (8) was considered as a zero-energy approxima- 
tion. Since we have now shown that (8) is the exact 
modification under the assumptions made, we here 
present a comparison with data of our (complete) 
modified effective-range expansion. 

The modified effective-range formula is 


¢ coté(1+aq cots) +ag* 
F(w)= 
wu (1 +aq* cots ?-+-a"q° ] 


3m 


=—[1—constw+---], (9) 


where 6 is the (3,3) phase shift and a= M*(@)/12z. 
Data’ are plotted, assuming a=0, —0.02y-*, and 


*S. W. Barnes, B. Rose, G. Giacomelli, J. Ring, K. Miyake, 
and K. Kinsey, Phys. Rev. Letters 3, 592 (1959); D. Bodansky, 
A. M. Sachs, and J. Steinberger, Phys. Rev. 93, 1367 (1954); 
J. Ashkin, J. P. Blaser, F. Feiner, and M. O. Stern, Phys. Rev. 
105, 724 (1957): H. L. Anderson, E. Fermi, R. Martin, and D. 
E. Nagle, Phys. Rev. 91, 155 (1953); J. Orear, Phys. Rev. 96, 
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0.03u~*, in Fig. 1, which also includes the correspond- 
ing values of {*/49 determined by the curves. It is 
seen that f?/44r=0.08 is attainable for a= —0.02y4~* or 
M*(x) 0.75y This somewhat 
smaller than our previous determination’ based upon 
the low-energy limit of (9). 


value of a@ is 


IDENTIFICATION OF M*(w) 


So far M*(w) is an unknown real constant. Suppose, 
however, that the (finite) scattering 
term contained in the second term of (1) alone survives 
at large w. This is consistent with our assumption that 
M+(w) becomes a real, finite number at large w, while 
M~(w) and B*(w) become zero asymptotically. Since 
the pion variable ¢_(x,0) in the second term of (1) can 


meson-meson 


be identified as a Schrédinger operator, we can apply 
the same technique as we used previously regarding 
the A term.’ We can show that 


(qq) 


T (w,cos@) Bas} n(q’’,q’) +2¢(q?,q at (10) 


bb 


where » and ¢ were defined before. From definition 
(4) it then follows that 


M+(«)=n(0,0) /y’, (11) 


where we have used the fact that the contribution from 
1417 (1954); H. L 


100, 268 (1955); H. L 
and U. E. Kruse, Phys 
1¢ 


Anderson and M 
Anderson, W. C 


Glicksman, Phys. Rev 
Davidon, M. Glicksman, 

I Rev. 100, 279 (1955); H. D. Taft, Phys 
Rev. 101, 1116 (1956); A. I. Mukhin, E. B. Ozerov, and B 
Pontekorvo, J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 371 (1957) 
[ translation: Soviet Phys.—JETP 4, 273 (1957) } 


AND A. 


KANAZAWA 


the second term of (1) | x ) 
pendent constant. 

Equation (8) with (11) is ju 
[Eq. (17) of reference 4 
M+(x iccording to our previous 
that the meson-meson scattering term con- 
stant A\~12 (note the difference in definitions of \ here 
and in the previous paper*) 


is an energy-inde- 


our previous result 
The present determination 


of a or impies, 


analysis,‘ 


S-WAVE INTEGRAL EQUATIONS 


The S-wave integral 


combining (5) and (7) 


equations are derived by 


They are as follows: 


ty(w +21 \W 


a Im{ (u/w’)[ ti (w’) —ts(w’) |}dq’? 
x 


where /,(w)=siné, exp(i6_)/q, 54 being S-wave phase 


shifts for total isospin quantum numbers 3 and 3. 
It would be interesting to check whether the term with 
M*(«) is important or not in achieving the fit of (12) 


to data. It is added that Eqs. (12) are formally much 


simpler than the S-wave equations derived from the 


static model calculation.‘ 
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Strong Interactions and a Model for Hyperons* 


I, GOLDBERG 
Departmenl of Physics, University of Michigan, Ann Arbor, Michigan 


AND 


Leon F. Lanpovitz 
Brookhaven National Laboratory, Upton, New York 
(Received April 14, 1960) 


Using a 4-dimensional approach, the couplings of the strongly interacting particles are restricted in a 
simple way which is not inconsistent with experiment. This leads to the consideration of a Goldhaber-type 
model. The gross properties of the hyperons are calculated in the intermediate-coupling approximation for 


this model. 


STRONG INTERACTIONS AND A MODEL 
FOR HYPERONS 


INCE all of the strange particles are strongly 

interacting, a theory of strange particles faces not 
only the problems associated with a field theory, but 
the additional problem that the strong interactions are 
not susceptible to the perturbation theory approach, 
which has been successful for calculations involving 
weak and electromagnetic couplings. However, one 
can still attempt to apply the general approach of 
field theory to the “strange” particles and attempt to 
use experiment to deduce information about the 
interactions. 

Many theories'~* have been advanced to deal with 
the strongly interacting particles and can best be 
classified in terms of the number of coupling constants 
which are introduced. These range from one to eight, 
for theories linear in boson fields, with special titles 


such as globai symmetry, cosmic symmetry, etc., given | 


to theories containing few coupling constants. The 
gamut runs from a single coupling constant for all 
strong interactions to separate constants for each 
interaction involving a different isotopic spin multiplet. 
It would seem desirable, particularly in view of the 
successes of the universal Fermi interaction, to limit 
the number of coupling constants as far as possible 
consistent with experiment. The procedure carried 
out in this paper indicates that it is possible to restrict 
the couplings of strongly interacting particles in a 
simple way. The particular approach leads to considera- 
tion of a Goldhaber-type model*-* which may be an 
aid in understanding the properties of baryons. 

* This work was partially supported by the U. S. Atomic 
Energy Commission and the Office of Naval Research 

'M. Gell-Mann, Phys. Rev. 106, 1296 (1957) 

* A. Pais, Phys. Rev. 110, 574 (1958). 

* J. Schwinger, Ann. Phys. 2, 407 (1957). 

‘A. Pais, Phys. Rev. 110, 1480 (1958). 

* A. Pais, Phys. Rev. 112, 624 (1958). 

* M. Goldhaber, Phys. Rev. 92, 1279 (1953) 

7M. Goldhaber, Phys. Rev. 101, 433 (1956) 

* G. Gyorgi, Nuclear Phys. 10, 197 (1959) 


The first limitation which might be attempted is to 
equate the = and A coupling constants: 


C2VK]=[ANVK, 
(SEK ]=[AEK ], (1) 
LLx |=[LAr]. 


We are led to an extremely simple way of formulat- 
ing the K interactions by observing that insofar as 
isotopic spin states are concerned there exist three 
spinors : the nucleon, cascade, and K ; and a singlet and 
a triplet, the A and &, respectively. Suppose we consider 
the nucleon as a spinor in a space J with basis vectors 


(;) 
I, 
representing p, n, respectively, and the K a spinor in a 


space K, basis vec tors 
( ) 
K 


representing the K°K~ doublet. If the product space, 
1 XK, is formed, the possible basis vectors are given by 


(2) 


This set of quantities, which transforms as a spinor 
under independent rotations in the spaces J and K, 
will be denoted by 7. If we examine the terms of this 
spinor, we notice that the quantum numbers of the first 
component are baryon number 1, strangeness —1, 
z component of isotopic spin +1. These are also the 
characteristics of 2+. Thus, we could form a second 
spinor such that 

2) (1K 1) 

_|¥*) Ki} 

me 12) Ks!’ 

2) Ks) 
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insofar as the properties by which one describes the 
particles are concerned. We can carry out a similar 
process using the cascade and the charge conjugate 


of the K°, K~ doublet and form a third spinor n; where 


K + 


+ 


K 
K® 
K 


(4) 


ROR ORD 


| 
. 
| 


Then interactions between hyperons, nucleons, and 
K’s may be written very simply as spinor products 
The simplest terms we can write are 


2191On2+ 6:4 n2+ Hermitian conjugate, 


where the symbol O indicates 1 or y*. This set of 
interactions is identical with the one proposed by Pais. 
The S,, S, symmetry is present and clearly inconsistent 
with experiment. However, these are not the only 
possible terms, since any scalar in the space 7XK is 
allowable.’ There is 
formed, namely 


one other scalar which can be 


aH Ot: txt OHO 8 txN2t+ H.c., (6) 


where #, and ¢x are isotopic spin operators in the spaces 
I and K, respectively. Then the most general charge- 
independent interaction linear in the K field with equal 
coupling for 2 and A is given by 

9:O (a, + Got: eK) Net gO (b) + bot, -ex)net+H.ic. (7) 
This differs from the Pais interactions® in that the S,, 
S. symmetry does not exist unless a2=4,.=0. We can 
demand the cosmic symmetry by setting 
a,= 6), d2= be, with no restrictions on the w interactions. 
These, of course, are not the most general charge- 
independent interactions, 


so-called 


since there might be terms 
of higher order in the K field, derivative couplings, etc. 
In this simplified notation the various symmetries are 
obvious. For example, invariance under G conjugation 
the fact that *;-ex commutes with the G 
operator and invariance under interchange of nucleon 
and casade K and K° are obvious from the manner in 
N3 


rests on 


which the spinors were formed. However, the N2, 
symmetry of Pais is not present. 

The z interactions of = and A may also be written in 
terms of the spinor 92; for example, 


(8) 


CR" HxYstIN2 + Co®* Hoy’ *KN2, 


is the most general # interaction involving the 2, A 
system. The first term is identical with the 2, A, x 
interaction of Pais and others. The second term differs 
from the first only in that A is replaced by —A in 
every term. In particular, the interaction %-fyystq2 
where «= +x, the total isotopic spin, corresponds to 
a choice ¢;= 2 and eliminates the direct A, x interaction. 

It is perhaps worth noting that the nucleon and 
cascade could be combined to form a four-component 


*Y. Shimamoto, Phys. Rev. Letters 1, 463 (1958) 


LANDOVITZ 


spinor and the interaction written 


CR* Natry sna, 


the 2 and V 
and is merely 


This corresponds to the assumption that 
have the same coupling with the z’s 
presented to indicate that all baryon interactions may 
be written in terms of “simple” spinor products 

The K-baryon interactions in the form given by 
Eq. ( 
the baryons. This is, of course, 


7) are suggestive of a Goldhaber-type model for 
due to the fact that 
> and A have, insofar as isotopic spin space is concerned, 
been written in terms of combinations of nucleons and 
K’s. If we adopt the philosophy of Goldhaber, the 
logical course is to try to write all hyperons as combina- 
K’s. I could formally 


space ol strangeness - 2. This 


tions of nucleons and hen we 
consider a product 
corresponds to /XAXK. If this is carried out, two 
different sets of basis vectors occur. One set is a simple 


two-component spinor in the space / 


I; 
KK 
I. 


The K,K- coefficient is present only to indicate that 
the basis vector corré spond to strangeness — 2. The 
second set corresponds to a 
it might be argued that 
scattering state rather than to additional particles. 
In order to get some feeling for the Goldhaber-type 
given by Eq. (7), 


total isotopic spin 3, and 


this would correspond to a 


model in terms of the interactions 


we can calculate in fixed-source approximation the 
energies corresponding to mass splittings of the hyper- 
ons. The deficiencies of this type of model are obvious, 
since it is clear that a fixed-source approximation is 
unreasonable. However, this type of calculation, which 
with intermediate coupling, 


fee 


can be carried out exactly 


ling for the situation. 


can give us some qualitative 


GOLDHABER MODEL 


To take as simple a Hamiltonian 
consider a 
pairs of K mesons by means of 
interaction. (To relativistic 
Hamiltonian for the Goldhaber model consistent with 
the considerations outlined in the previous section, our 
interaction would be 


as possible, we 


fixed which interacts with 


vector 


square source 
an isotopik 


obtain a completely 


KH = 21m + L177 

£1 nod + gw \ 
As usual, the fixed source approximation is obtained by 
replacing W by 
tributes to the A mass 


then the first term simply con- 


and we will consider it no 





STRONG INTERACTIONS 
further.) To simplify further, we will consider a separ 
able interaction 


H= f (ert buto)a 


g° : 
+ o. [Uber s f Vets, (10) 
M 


where @ is a spinor in isotopic spin space. The ¢, x 
satisfy the commutation relations 


(ba(x), we(x) |=[ba(x), #e(x’) ]= ib.95(x—x'), (11 


with all other commutators 0. 


Because of the pair interaction, the dominant 
interaction is an S-wave one between the A meson and 
nucleon. The fixed-source assumptions restricts us 
exclusively to S waves. 

The constants of the motion are, aside from energy, 


the total isotopic spin, T, 
T=- if (#2ep— Ger) dx, 
and strangeness, S, given by 
S= ~i f (#6-6n)e's (13 


We are principally interested in obtaining the bound 
states of this system. We will calculate in intermediate- 
coupling theory: i.e., in any normal product of 
creation and annihilation operators, any annihilation 
operator a(k) is replaced by f(&)a and a'(k) by /(kja 
and the variational principle is applied to obtain the 
best wave function /(&). This is equivalent to a Hartree- 
Fock procedure. (That this procedure is valid for a 
pair Hamiltonian is not at all obvious: however, 
it has been investigated by Drachman” for the scalar 
pair theory and found to give excellent results.) 
The Hamiltonian so obtained will then be exactly 
diagonalized. 

The reduced space Hamiltonian we must consider 
is, thus, 


H p=2( PP +09") + (g2/2M) U2 - Ga”, 


where 


| 
Q= ferora, 
(2x)? 


u(k) 
d’k——f(k), 


{ 2r)y* @W, , 


 S. Tomanaga, Progr. Theoret. Phys. (Kyoto) 2, 6 (1947 
"T. D. Lee and R. Christian, Phys. Rev. 94, 1760 (1954) 
2 R. J. Drachman, Phys. Rev. 109, 996 (1958). 
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and f(k) satisfies 
(2% - Gag”) 


M wr! wrt (x +99") 


geu(k) U 


{(k)=— (17) 


Following Wentzel,” we introduce four real variables 
instead of the two complex variables: 


o,°= (1 V2) (x +1X2), "= (1 V2) (x3+ix,), (18) 


with 


vj=r cosy cosé;, x -r cosg sind;, 


, , ; (19) 
Y;=r sing cosé,, x= —r sing sings. 
Then, 


H x" 10> p oo > r;’ |, (20) 


and the bound KA field behaves like a 4-dimensional 


harmonic oscillator. 
In Appendix A, we calculate the 4-dimensional 
Laplacian in these coordinates and find that 


10 a0 1 e 0 


~pr=- r _ 2 cot2¢ 


rar dr rilad’ 
1 e 1 eo 
de | (21) 
cos’y 002 sin?y dé? 


The meaning of the angular part becomes more obvious 
if we change variables 


| sin8 
r?tsiné 00 00 


™ 2 cos6é 


1 | o oe 
Og,0¢ 


P ” 
Og, 


sin’ 


As shown in Appendix B, since 
. « 4% 
Tx - | ¢'—¢’ “| 
) ) 
T«? is given by 


1 @ 0 1 
Tx’=- sind—+ 
siné 06 06 «sin’é 


e ae 
— 2 cos#— (25) 
Ig? Ag 0¢- 


8G. Wentzel, Helv. Phys. Acta 30, 135 


1957). 





2080 GOLDBERG 

Hence, the angular part is the isotopic spin of the 
bound K-meson field: it behaves like a symmetric 
top whose two 3-components are the two conserved 
quantities, the 3-compenent of isotopic spin and 
strangeness. From Edmonds," the normalized angular 
wave functions are 


2j+1\3 


Dim n?( os, 9, ¢g_). (28) 


82’ 


We can write @¢° in a form from which its matrix 
elements can be immediately determined : 


ees cos}Oe ; 


¢° . 


V2 \e~}'** sin}Oe~ he 
r D_;, ~-4°( 44, 8, ¢_) 
al — D_,, 34(¢4, 6, ¢_) 
Because of the vector nature of the interaction, we 
can write the wave function in the following form 


where 
iz, i 1, 4) 11, is—n, 5,0 


XVi.s la 


Y' t1.h.es 


The eigenvalue equations are 


H.sp = Ei oVi.s.is, 


ld*u, 2 
“41 (G42 3 
9 Li+d) (+9) + Fo ju, 
2d # 


gU s 
1- 


. 
rus 


M Q 2i+1 


1g? U?[(2i+1)?—s* 


2i+1 


(34) 


Note that s varies between (2i+1) Ss (2i+1) 


by steps of two and that for the maximum value of s 
‘A. R 


(Princeton 


Chap. 4 


Edmonds, Angular Momentum in Quantum Mechanics 
University Press, Princeton, New Jersey, 1957), 


AND 


a »-§ LANDOVITZ 


consistent with a given i, i.e., s=+(2i4+1), the equa 


tions decouple since only Tx | give this 


value of s 
There are no 


can 


criterion of 
+ (2i+1), 


solutions satisfying the 


square integrability for s*+(2i+1). For s 


if g is suffix iently large, 1. 


(35) 
Estimating the value of g necessary for the disappear- 
ance of positive-strangeness find (with M 
equal to the K mass 


states, we 


10/3 


The A corresponds to an s=—1, i=0 state, the Z to 


the s 2,i=4 state. Then, the Z—A mass difference is 


mz—ms=[(P+ (g2/M)U* }*=300 Mev 


The 


however, the r-mesonic effects have 


above result ; obviously much ‘too large; 


taken into 
the 


not been 
and these would bi 
energy of the A 

; os 


quadratic) whereas it would depress the = 


account exper ted to increase 


{ 


since e interaction with 


x's is 
We can now estimate the magnetic moment of the A°® 
The K mesons will not cor 
states relative to the nu 
moment operator is 


itribute since 


they are in S 


leon. Thus, the magnet 


1+r; 


Then, 
1 ~~ 1, 
M ?\Mp Tin 2nm, 
which is quite large compared with most previous 


estimates. 
CONCLUSION 


The work presented here is intended to point out 
that there is in fact no valid reason for assuming that 
the § 
all other particles without introdu 
symmetry, and to examine 
only a single strange field. The previous section indicates 
that we can qualitatively understand the fact that 
only hyperons with negative strangeness exist. The 
model chosen here gives rise to to two particles corre- 
However, if the 

1 multiplet 


1 baryons cannot be coupled identically to 
ing an additional 


the possibility of introducing 


sponding to = and A neglected 2’s 
are bound, an s ‘3 
the = of recoil, of 
course, will shift the levels and be responsible for the 
existence of the unbound states, the free nucleon, and K. 
At present we are trying to formulate quantitatively 
the effect of the pion field and of 


corresponding to 


might be introduced. The presence 


recoil. This is, of 
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course, difficult. One possible approach is to introduce 
the pion effects in strong-coupling approximation and 
to treat recoil as a perturbation. 

It is worth repeating that this model is a qualitative 
one. There is no guarantee that the K and - effects can 
be discussed separately. In fact, in the exact treatment 
the bound states must arise from the combined fields. 
No direct Kz interaction has been introduced so the 
K—x coupling takes place solely through virtual 
baryons. If the predictions of this model agree with 
experiment, it should still not be regarded as a true 
description of the hyperons; rather we must attempt to 
understand the factors which lead to the success of the 
model. In a subsequent paper a more quantitative 
treatment will be carried out. In particular, the effects 
of the pion field and of recoil will be introduced. 
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APPENDIX A 
The line element in the 4-dimensional space is given 
by 
dS? = dr+rde+r cos? ¢d6?+9r°* sin® gd6," 
=> hfdt? 


and, thus, 


(A.1) 


hi=1, he=r, hs=rcosg, hy=rsing. (A2) 


In general,'® 


ihe 1 


ILA: i 0&; h? 0g; 
a ek, 1 


re] [Lee 0 


rédr or ris 


1 oe 
{ A3 } 


+ —+ ; 
cos*¢ 00,7 sin’ y 06; 
6 P. M. Morse and H. Feshbach, Methods of Theoretical Physics 


(McGraw-Hill Book Company, Inc., New York, 1953), Vol. I, 
Chap. 5. 
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APPENDIX B 


We now derive the expressions for the strangeness 
and isotopic spin of the K field in terms of the angular 
variables, 


S=—i(#o—@r"). (B1) 


Then 
S= —}[(pi-— ips) (ait ive) + (pa— ipa) (tat 124) 
— (prbipe)(x1— ixe) — (patipa)(xs—ixa) ] 
—[(xips— x2p1)+ (xapa— Xap) J 


1 0 0 
(ait aa) 
i 06; 08, 


Introducing ¢4, then 


1~-Hew-owr] 


and introducing angular variables, we have 


1 ( a a ) 1 a 
2i\00, 06, id¢ 


1 a 
T; | ~since,—6 
i é 


“ 


732 


+-cos(6,;—6,) 


I 


0 0 
x(tng +co1¢g )| 
06; 06, 
1 fa] l a] 0 
| -sine +cosy ( — cote— )| 
t 00 sind dy, a¢g 


1 0 1 0 a] 
‘2 cose + sing ( — cotd— )| 
i 00 sind O¢, ag. 


Comparing with Edmonds,” we see that the three 
Euler angles for rigid rotator correspond exactly to 
6, Gg, G+: 


(B6) 


(B7) 


B=0, y= ¢x. (B8) 


Hence, 


1 @ 0 
Tx*= -| — sin6 
sind 06 ; 
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Hyperbolic Motion in Curved Space Time 
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Che differential equations of motion for a test particle moving 
vith uniform acceleration in a curved space time are proposed, 
generalizing the differential-geometric 
characteristics of a rectangular hyperbola in Minkowski space 


They are obtained by 


time. The problem is proposed, though not solved, of deriving 
these equations of motion from the field equations of general 
relativity. However, it is suggested that they also hold independ 
ently of general relativity in cosmological space times based on 
the Robertson-Walker metric 
for the particular case of de Sitter space time, which is relevant 
theory. It i this 


rhe equations are solved in detail 


to the steady-state found, inter alia, that in 


1. INTRODUCTION 


N the special theory of relativity the term “hyper 

bolic motion” is commonly applied to the motion 
of a test particle moving with constant proper accelera- 
tion along a straight line in a suitable Galilean frame of 
reference. relative 
to the instantaneous Galilean rest frame.) Hyperbolic 
motion was first noted by Minkowski! and was further 


(Proper acceleration= acceleration 


studied by Born,’ who also coined its name. This name 
derives from the fact that the plot of distance against 
time is a rectangular hyperbola [see Eq. (9) below 
By the 


constant acceleration is 


same terminology the classical motion with 
“parabolic 

The proble m discussed in the present paper is the 
generalization of the concept of hyperbolic motion to a 
general space time The immediate motivation for this 
work was a paper by McMillan* which discusses some 
rocket travel by use of the 


special relativistic formulas for hyperbolic motion. But 


aspects of intergalactic 


it is evident that for such problems on the cosmological 
scale the special theory of relativity can, in general, 
only furnish answers that are at best approximate. One 
exception occurs in the cosmological theory of Milne‘ 
which is based strictly on special relativity and in which 
MeMillan’s calculations, if correctly interpreted, hold 
exactly. In general cosmological space times, however, 
a more general treatment is needed. Such expected 
effects as the inability of the space traveller to return 
to earth after crossing the cosmological horizon (or 
rather a nearer point, depending on the available ac- 
celeration) are, even qualitatively, beyond the scope 
of the 

From a theoretical point of view the problem is by no 
means withou Indeed, on the basis of the 
general theory of relativity, the problem seems extraor- 
dinarily difficult 


special theory of relativity. 
interest 


rhe intricate calculations necessary 


H. Minkowski, Physik. Z. 10, 104 (1909 
> M. Born, Ann. Physik 30, 1 (1909), Sec 
E. M. McMillan, Science 126, 381 (1957) 
‘| \. Milne, Nature 130, 9 (1932 
Oxford University New York, 1948) 


Kinematic Relativit 


Press 


form acceleration 
through the 
a critical first fundamental particle 
that, 
a certain critical time 


space time a particle moving radially with unt 
ultimately moves with constant relative velocity 


that there is 


on its line of motion which it will never overtake; 


substratum ; 
(galaxy 
in turn, a light signal emitted at or after 
will not catch up with the accelerating particle; and that, if a 
partic le with a given available acceleration a passes beyond a 
certain proper distance the a horizon) it can no longer return 
to its place of origin. Possible applications to intergalactic rocketry 


are examined 


for obtaining the geodesic pat! 
from field 
allowance for the changes 
field 
should theoretically be possible to 
The prin- 
ciple of equivalence by itself is certainly insufficient for 


test parucies 
known.® To make 
a firing rocket in 
to be a prodigious 


tions re we 


the equa 
caused by 
the surrounding would seem 


task, 


derive the equations of 


though it 


motion in that way 


the purpose, just as it is insufficient in the case of “‘free”’ 


motion: innumerable paths are consistent with it. But 


nevertheless, proceed from 


we can, the principle of 


a simplicity requirement, 


equivalence with the help « 


as was originally done also by Einstein® in order to 
In this way we are led to unique 


It would be very 


justify his geodesic law 
differential equations for the pat} 
surprising if these equations turned 


out, on deeper 


analysis, to be inconsistent with the field equations 


which themselves arise from the principle of equivalence 

by a simplicity requirement 
Even if the differential equ: 

could be deduced from the field 


tions proposed below 


equations of general 


relativity, we should still have to merely postulate them 


in the case of cosmological theories not based on either 


general or special ’ 
work of Robertson’ and Walker® that all possible cos 


mological theories using homogeneous and _ isotropic 


relativity. It is well known from the 


world models share with general relativity the form of 
the line element and most of its properties [see Eq. (18) 
below ], and I believe my results are applicable to such 
I am not 

duction in any suct 


theories. aware of alternative methods of de- 


theory, nor. on the other hand, of 


any conflict of the proposed equations with the axioms 


of such theories. 


My equations turn out to be equivalent to one of the 


definitions of “uniform acceleration’? proposed by 


definition 


Marder.’ Marder also proposed another 
5V. Fock, The Theor f Space, Time, and Gravitation (Per 
gamon Press, New York, 1959), Chap. VI and references 28-42 
* A. Einstein, Ann. Physik 49, 769 (1916), Sec. 13 
7H. P. Robertson, Astrophys. J. 82, 284 (1935 
* 4. G. Walker, Proc. London Math. Soc. 42, 90 
+L. Marder, Proc. Cambridge Phil. Soc. 53, 194 


1937 
1957 
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which, however, I find does not reduce to hyperboli 
motion in flat space time. I comment on Marder’s work 
in an Appendix. 


2. HYPERBOLIC MOTION IN MINKOWSKI 
SPACE TIME 


For our later purpose it is necessary briefly to re- 
derive the standard equations of hyperbolic motion in 
special relativity by a slightly novel method. The 4- 
velocity * (Greek suffixes range from 1 to 4) and the 
4-acceleration A* of a moving particle, which has co- 
ordinates x*=(x,y,z,/) in a given Galilean reference 
frame, are defined by the equations 

U+=dx*/dr, A*=dU*/dr=adx*/dr’, (1 
where rf is proper time. Throughout this paper we shall 
assume that the units of length are chosen so as to make 
the speed of light unity. Then 

dr?= 


— (dx*+dy’+d2*)+dPF, 


(2) 
or 


dr?=g,dx"dx’, (—gu=—g2=—gss=gu=1; 


£ur=9, pwr). (3) 


Primes will be used throughout to denote differentiation 
with respect to r. Then from (2), as usual, 


= (1—2")$=y, (4) 


where v is the speed of the particle and y its Lorentz 
factor. If v is the 3-velocity of the particle, we have, 
from (1) and (4), 


dx* d 
U+=—t/=y(v,1), A*=y—(yv,7), 
di dl 


whence we can easily compute the squared magnitude 
(A)? of A*.”° In the special case of a particle moving 
rectilinearly in a given Galilean frame we find 


(A)? =gy,A*A’= —y*(dv/dt)?. 6) 


If we denote by a the proper acceleration of the par- 
ticle, we see from (6) that, in the rest frame, (A )*= —a? 
But (A) is an invariant and thus in all Galilean refer 
ence frames we have 
(A)*=g,,A"A’=—a’. 

Now assume that the particle moves with constant 
proper acceleration a from rest at the origin at time 
zero along the positive x axis. On equating the right 
members of (6) and (7) we find, successively, 


d al 
—(yoy=a, ta, 9 


> (3) 
al a 


(+e)? 


“W. Rindler, Special Relativity (Oliver and Boyd, Edin 
burgh, and Interscience Publishers Inc., New York, 1960), Sec. 23 
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One further integration yields the equation of motion 


ax’? +2x2—afl?=0, (9) 
which represents a rectangular hyperbola with asymp- 
totes (x+1/a)= +1 in the (x,f) plane. 

Evidently, light signals emitted at the origin at or 
after {= 1/a never reach the receding particle. Note also 
that any particle P which moves uniformly along the 
x axis meets the particle Q performing hyperbolic 
motion either not at all or twice, and then with the same 
relative speed on both occasions. This is obvious when 
we consider that in the rest frame of P the plot of Q’s 
path is also a rectangular hyperbola and that the plot 
of P’s path is a straight line perpendicular to the axis 
of the hyperbola. 

Consider now the simplest of all modern cosmological 
models, namely that due to Milne.* According to Milne, 
all fundamental particles (galaxies) originally occupy a 
small volume in Minkowski space time and are then 
suddenly shot out in all directions with all speeds short 
of the speed of light. Each fundamental observer (i.e., 
one attached to a galaxy) sees himself at the center of 
a sphere of galaxies whose unattained boundary expands 
at the speed of light. Consider a rocket performing radial! 
hyperbolic motion in this model. By reference to an 
(x) diagram it is graphically obvious that the rocket 
will eventually overtake every given fundamental 
particle on its line of motion, no matter how small a 
may be. Moreover, it will overtake the fundamental 
particles with ever increasing relative velocity, as 
follows easily from the second remark of the last para- 
graph. But these two properties are by no means char- 
acteristic of hyperbolic motion in all cosmological 
models, as we shall see. 

The following formulas, easily deducible from Eqs. 
(4), (8), and (9), will be needed later. If r denotes the 
proper time elapsed at the moving particle and 7 and 
vanish together, we find 


v=tanhar, + = coshar, 
(10) 
i= (1/a) sinhar, x= (1/a)(coshar—1). 


3. HYPERBOLIC MOTION IN GENERAL 
SPACE TIME 


The term “hyperbolic motion” is very suggestive. For 
it draws attention to the purely geometric aspect of the 
world line of a uniformly accelerating particle, and this 
lends itself to immediate generalization. What char- 
acterizes a rectangular hyperbola in the (x,/) plane of 
Minkowski space time, as a curve in that 4-space, is that 
it is a timelike plane curve of constant curvature. (In 
Euclidean space with positive definite metric a curve 
so characterized would be a circle. We recall that 
Sommerfeld" referred to hyperbolic motion as “‘circular”’ 
motion.) And the properties of plane-ness and constant 


‘A. Sommerfeld, Ann. Physik 33, 670 (1910) 
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curvature in flat 4-space have well-defined generaliza- 
tions in curved 4-space, which we shall now discuss 

Let us begin by recalling the following standard for 
mulas'® of the differential geometry of twisted curves 
in Euclidean 3-space : 


t=dr/ds, «n=dt/ds, wh=dn/ds+ct, (11) 


where «x, w, 5, r, t, n, b denote curvature, torsion, arc 
length, position vector, unit tangent, unit normal, unit 
binormal, respectively. (The last two equations are two 
of the three so-called Serret-Frenet formulas.) These 
formulas have analogs in the Riemannian geometry of 
n dimensions." In particular, in the space times of rela- 
tivity and in Robertson-Walker cosmological space 
time, referred to a metri 


dr’ = gyrdx*dx’, 


we define the generalized velocity and acceleration 
vectors for a particle having world line x*=x*(r) as 
follows: 


dx* DU* @&x* 
[vs . A* 
dr dr 


(12) 
dr? 


dr di 


where DU*/dr denotes the absolute derivative of U*, 
and the I’,,* are Christoffel symbols of the second kind." 
Comparison of (12) with (11) shows that 7 along the 
world line corresponds to arc length, and U* and A* 
correspond to t and «n, respectively. Consequently the 
magnitude of A* corresponds to the curvature of the 
world line, and, by reference to (7) and use of the 
equivalence principle, this magnitude is seen to be ia, 
a being the proper acceleration. Analogously to (11) 
(iii) there is defined in Riemannian geometry" a torsion 
2 (or second curvature) and unit binormal B* (or 
second normal) by the equations 


Ds A* 
QB +tal/*, 


dr\ ta 

Writing 8* for i2B*, these equations become 
D ¢ A* 

p* — 


dr a 


—al/*. (13) 


In the differential geometry of twisted curves it is 
well known that the vanishing of the curvature of a 
curve implies that the curve is a straight line, and the 
vanishing of the torsion implies that it is a plane curve. 
Let us call the left members of Eqs. (11) (ii) and (11) 
(iii) the curvature vector and torsion vector, respec- 
tively. In the Euclidean 3-space in which these vectors 

2D. J. Struik, Classical Differential Geometry 
Publishing Company, 
Eqs (2-7), (6-1) 

J. L. Synge and A. Schild, Tensor Calculus 
loronto Press, Toronto, 1949), Sec. 2.7 

4 See reference 13, Sec. 2.5 


Addison-Wesley 
Reading, Massachusetts, 1950), Chap. I, 


University of 
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are defined, the vanishing of their magnitudes implies 
the vanishing of each of their components. This is not 
the case in spaces with indefinite metric unless certain 
reality conditions are imposed 
of the characteristics of straight lines and plane curves 


The true generalization 


are obtained not by requiring the scalar curvature or 
torsion to vanish, respectively, but by requiring the 
curvature or torsion ve 
The vanishing of the ‘“‘curvature vector” 
known characteristic of a geodesic path 
a plane (i.e., torsionless) curve is one whose “torsion 


lor to vanish component-wise 
{* is the well- 
The analog of 


vector” QB* vanishes, which is equivalent to 8* vanish- 
ing. Thus the analog of a plane curve of constant curva- 
ture will be characterized by the differential equations 


D ¢ A* 
i= ( al/*=Q, f * constant. (14) 
dr < 


r 

It turns out that any curve so characterized will be time- 
like along its entirety if the initial direction is chosen 
timelike. This we shall show presently. At first sight it 
seems that we have too many equations to determine 


the path. However, the 8“ are not all independent ; they 


automatically satisfy the two identities 


gu *8"=0, gyrA*B"=0, 
remembered that 
differentiation, 
ZuvrA” 1”.) Therefore 
14) (12) 


and the given metric of the space there are then exactly 


as can easily be verified. (It must be 
£Zure/*U’=1, whence, by successive 
Suv *A’=0 and g,,U*DA"/dr 
only two of the four 6” are independent. With 
the right number of equations to determine the four 
unknowns x*(r). 

The two equations (14 
the equations 


are completely equivalent to 


DA*/dr=elU*. a =constant, 16) 


where the significance (14) (ii) of @ is not @ priori 


assumed (though it is implied). For, any curve satis- 
And the 
* and using the parenthe- 
find —g,,A*A’=a’ 


, whence (14) 


fying (14) satisfies (16 converse is also true: 


multiplying (16) (i) by g,-l 
sized remark following (15), we 


This is constant by (16) (ii i) follows. 


10 that Mink 
vature « of the 


$4474? where t 


It is shown in reference 
(AF is related to the space 
equation if= 
the speed. If we drop the requ 
nongeodesic paths for which (A ?=0. Examples are provided by 
any path satisfying «=asech*ai, a=constant. It ts 
nevertheless true that, for any timelike portion of the path, the 
condition (A =0 implies A*=0. For A*, being orthogonal to 
U*, is necessarily spacelike over such a portion and the statement 
follows. But it is simpler to use the « 4*=( than the 
equivalent equations (A ?=0, g,,dx*dx’>0, for the free motion 
of a real particle. (The condition that the path be timelike is 
still necessary, but, as is well known, this is an automatic conse 
quence of the equations A*=0 if the initial direction is chosen 
timelike.) In the same way, the vanishing of the magnitude of 8* 
implies 8*=0 only along timelike portions of the 
[see Eq. (15)(#)] 


WSK! space time 
vorld line by the 
is the time derivative of 


irement 7<1, it is easy to specify 


= coshal 


yuations 


world line 
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Equations (16) possess an obvious first integral, 


|’* = (coshar)L*+ (sinhar)M*, (17) 


where D.L*/dr= DM*/dr=0. Moreover, since at r=0 
we have U*=L* and A*=aM*", it follows that L* and 
M* must be orthogonal unit vectors, timelike and space- 
like, respectively, for a real particle path. It is also 
evident from (17) that the relevant world line must 
stay timelike if it is timelike initially, no matter what 
constant value we give to a. 

We now assert that a particle having uniform accel- 
eration in a general space time will have a timelike 
world line satisfying the differential equations (14) 
for, equivalently, the differential equations (16) | 
Firstly, equations are certainly invariant. 
Secondly, in Minkowski space time they yield hyper- 
bolic motion in the accepted sense. For if, in (17), we 
set L*= (0,0,0,1) and M*=(1,0,0,0) and integrate, we 
find 


these 


(x,y,2,l) =a (coshar— 1, 0, 0, sinh ar), 


which agrees with Eqs. (9) and (10). Thirdly, we have 
evidently chosen the simplest generalization from 
Minkowski space time to general space time. If we wish 
to avoid involving the curvature tensor, the generaliza- 
tion is unique. This completes our justification of the 
proposed equations. 

Two important limiting cases may be noted. Al- 
though, as we have seen, the condition a=0 is insuffi- 
cient to ensure a geodesic path, any curve satisfying 
Eqs. (14) becomes a geodesic as a — 0. For, on differ- 
entiating (17) absolutely, we find 


A*=al (sinhar)L*+ (coshar)M* }, 


and therefore in the limit, as a— 0, we get A*=0, the 
conditions for a geodesic path. If, on the other hand, 
we let a—» , the hyperbolic path becomes a null 
geodesic (light path). That this is true in Minowski 
space time is evident from Eq. (9). That it is also true 
in general space times can be seen as follows: reference 
to (17) shows that, as a— *, the direction of L™* 
becomes L*+M*, i.e., a null direction; and since this 
direction is transported parallelly along the path, 
the path must be a geodesic. 

As a simple illustration of hyperbolic motion consider 
the Schwarzschild metric 


dr? = — £ dr — r (dP +-sin*0d¢") + td’, 


where §=1—2m/r. It is easy to demonstrate the intui- 
tively expected fact that a particle with fixed spatial 
coordinates in this metric executes hyperbolic motion. 
Setting r, 8, @=constant, we find U*= (0,0,0,¢-*). From 
(12) we then find A*=I4.*é"'. The only nonvanishing 
C4" for our metric'® is I'44!= &m/r’, whence, from (14) 
(ii), a= m/t'r*. The condition (14) (i) also holds. Evi 
dently a equals the 3-force per unit mass experienced 


'R. C. Tolman, Relativity, Thermodynamics, and Cosmology 
Oxiord University Press, New York, 1934), Eqs. (95.2) 
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by the particle. The fact that the essential information 
comes from (14) (ii) and that (14) (i) is automatically 
satisfied is characteristic of all applications to axially 
symmetric situations. 


4. HYPERBOLIC MOTION IN DE SITTER 
SPACE TIME 


At the moment, the main interest of Eqs. (14) proba- 
bly lies in the field of cosmology. We therefore propose 
to find the form which these equations take in the case 
of world models based on the Robertson-Walker metric, 
and to proceed to an integration of the equations only 
in the still more particular case of de Sitter space time. 
This is the space time relevant to the steady-state 
theory and as such constitutes an important special 
case. It also has the didactic merit that in it all the 
necessary integrations can be performed in terms of 
elementary functions. 

The Robertson-Walker metric is defined by 


dr —e“[ dr? +r? (d#+-sin*d¢’) }+d?, 
(18) 
e“ = R*(1)(1+-kr*?/4), 


and it has been shown to be applicable to all homo- 
geneous and isotropic world models.’ * It has the follow- 
ing significance: (i) ¢ is a cosmic time coordinate; (ii) 
6, @ are the usual angular measurements made on in- 
coming light rays at the spatial origin r=0 (which can 
be identified with any fundamental particle) ; (iii) the 
world lines of fundamental particles are the geodesics 
r, 0, ¢=constant, whence r is a “co-moving” radial co- 
ordinate; (iv) light tracks correspond to the null geo- 
desics of the metric and, in particular, those through 


’ the spatial origin have the equations 6, @= constant, and 


dt/R(t)= +dr/(1+kr?/4), (19) 


the positive sign evidenily corresponding to light 
travelling in the direction of increasing 7. Additional 
hypotheses are needed before a particular form can be 
assigned to the scale function R(‘) and a particular 
value (1, —1, or 0) to the curvature index k, and these 
are supplied by the various cosmological theories. 
Furthermore, the hypothesis of isotropy and homo- 
geneity alone does not imply that free particles, other 
than the fundamental particles, have geodesic paths. 
Tolman" gives the Christoffel symbols of the second 
kind for a metric somewhat more general than (18) 
above, taking x*=(r,9,6,/). For our purposes we shall 
need only those [’,,” in which neither v nor @ is 2 or 3. 
From Tolman’s list we find that the only nonvanishing 
I's of this kind for the metric (18) are the following: 


| Th = 3 Iu Or, I; i! = he“Ou ‘at, Tig = | rh = 4du/dt. (20) 


We shall restrict our discussion to purely radial 
motions (@, ¢=constant)."* From symmetry considera- 


7 See reference 16, Eqs. (98.5) 
‘*In contrast to geodesic motions in a space (18), which are 
always radia! with respect to a suitably chosen origin, hyperbolic 
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tions it is clear that all such motions satisfy Eqs. (14) 
(i) automatically. Thus the conditions for hyperbolic 


motion reduce to (14) (ii). From (12) (ii) and (20) we 
easily calculate the components of A* for a purely radial 


motion: 
d’yr 10u/dry? 
or J+ 
dr* 2 drXdr 


2 Ou fdr 
A‘ e* ( 
dr? 2 aotNXdr 


Ou dr dl 


ol dr dr 


Reading off the metric coefficients g,, from (18) (4), 
and substituting the A* from (21), we find that Eq. (14) 
(ii) now takes the following form: 


Ou dr dl 


dr 1dusdry? 
A ( ) 
dr* 2 drXdr 


Oot drdr 
1 dusdr\? 
é ( ) 
2 at Xdr 
rhis is true for a radial motion with constant proper 
acceleration a in the space time whose metric is (18). 
In a particular model we must substitute in (22) the 
particular function w. 
We now specialize our discussion to de Sitter space 
time, which is characterized by the metric 
d= —&?"{ dr’+r (dP+sin*d¢’) |+df, (23) 
where p is Hubble’s constant. This is evidently a par- 
ticular case of (18), with R(t)=e?' and k=0, iie., 
u=2pt. For a radial path we deduce from (23) that 


fo 


r e~*pt(7’2—1), (24) 
where a prime, here and in the sequel, again denotes 
differentiation with respect to r. Differentiating (24) 
logarithmically we get 


” ; 


r'/r (25) 


— pl’ +t" / (t?—1). 


By means of this and the preceding relation, r can be 
eliminated from (22): taking out a factor r’ from the 
first bracket and using (24) and (25), we find 


fo fo ” fo vy f, 3 fo “) ° 
t2(i"2—1)[0" (t?—1)-'+ p P—[0" + p(t?—1) P="a. (26) 
motions may or may not be so, depending on the initial conditions 
It is well known that any two fundamental particles in a homo 
geneous and isotropic substratum determine a “‘linear equivalence” 
of fundamental particles (which can be repeatedly traversed by 
light signals). Every radial motion is confined to such a linear 
equivalence. Thus a motion containing three particles which do 
not belong to the same linear equivalence cannot be radial with 
respect to amy origin. It is easily seen that there are hyperbolic 
motions of this type. One has only to recall that every substratum 
(18) is locally Minkowskian and that slow hyperbolic motions 
are locally parabolic: a spatially parabolic trajectory through an 
almost static and flat substratum can evidently not be duplicated 
by a light signal 
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The substitution 


coshz 
reduces this differential equation to the form 
z’+p sinhz=a, 


and thus we find 


Jf (e—psinhs dz= 7+ constant. 


It is convenient at this stage to introduce the following 
notation, to which we shall adhere throughout 


a’ + Pp Yr, @reP » i o- . D, 


and we note that SD=a’: Integration of (29) now yields 


(29) 


(30) 


S+a tanh(z/2 


D—a tanh 


where of integration. From 
Eq. (4) and use of the the equivalence principle, it 


yf 


follows that | 


A is an arbitrary constant 


represents the Lorentz factor y of the 
accelerating particle relative to the substratum. We 
shall now suppose that the particle leaves the origin 
r=0. Then, from (27), =O at the 
S/D. Thus, 


from rest when { 
beginning of the motion and, from (31), A 
since from (27) 
1+tanh?(z/2) 
coshz ’ 
1—tanh?(z/2) 


we find from (31) that 


y=l=q(Sev"+D)¥ 


W = pSe*"+2SDer"—pD. (32) 


Making the substitution E=e*’, integrating, changing 
back to e*’, and finally adjusting the constant of inte- 
gration, we obtain the relation 


‘=p 
Next we propose to find r as a function of r, by use 


of (24). For this purpose we obtain from (33) the 
relation 


In(W/2¢*e*") (33) 


and from (27) the relation 


ro 


(f )§=a(Se?*"— 2 pet Dyt—, (35) 


Substituting these expressions in (24) and taking the 
positive square root for motion in the direction of in- 
creasing r, we get 


2¢ae 7( Sere’ 2 pe r— D)yy- (36) 


We again make the substitution -=e*’, integrate, 
change back to e*’, and adjust the constant of integra 
tion; thus we finally obtain 


r ale?’ 
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The relative local velocity at which the particle moves 
through the substratum is given by 


v= (1—y *)!'= (1/7) (¢?7—1)!, 


which, by use of (32) and (35), becomes 


(—S) 
v= — , 
q 


—_—— (38) 
Sea"+D 


Now we can draw some conclusions. Note that r is 
the time measured by a standard clock fixed to the ac- 
celerating particle while / is the cosmic time measured 
by standard clocks properly synchronized and fixed to 
the fundamental particles. At the beginning of the 
motion rf, /, r are all zero. Equation (33) now shows that 
t and r become infinite together. From (38) we see that, 
as t—» *, v approaches the limiting value a/g, which 
means that the accelerating particle ultimately moves 
through the substratum with the constant relative 
veloc ity 

t.=a/q= al p?+a*) A (39) 
The corresponding Lorentz factor y,. can be obtained 
directly from (39), or by letting r —> & in (32); we find 
Ya=9/P=P (PP +a’)! 

From Eq. (37) it follows that the accelerating par- 
ticle approaches asymptotically, but never overtakes, 
the fundamental particle with radial coordinate 


(40) 


r.=a/ pS. (41) 


To investigate this phenomenon further, it is convenient 
to introduce the proper radial distance /. This represents 
the sum of the infinitesimal distance measurements 
made at some cosmic instant ¢ by a chain of funda- 
mental observers situated along the line 6, @¢= constant, 
between the origin and a given fundamental! particle 
with coordinate r. In the case of de Sitter space time, 
we have, from (23), 


l=e?'r. (42) 


In terms of this variable the equation of motion of the 
accelerating particle simplifies. Substituting from (34) 
and (37) in (42), we find 


l= (a/¢)(coshqr—1). (43) 


Note that / becomes infinite with 7, in contrast to r, 
which approaches a finite limit. Note also the simi- 
larity of Eq. (43) with the special relativistic formula 
(10) (iv). In fact, it is evident that when p= 0 the metric 
(23) reduces to that of a flat static substratum and all 
our formulas must reduce to those of special relativity, 
as indeed they do. 

At the beginning of the motion (i.e., at the cosmic 
instant ‘=0) the proper distance between the spatial 
origin and the fundamental particle with radial co 
ordinate r,, is given by 


leit = Cr, =a/ pS. (44) 
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Suppose the rocket had originally come from this fun- 
damental particle at 7... Evidently /.,i¢ is a critical dis- 
tance for rockets with an available proper acceleration 
a: having travelled that far from their place of origin 
and being then at rest relative to the substratum, they 
can no longer return. We shall call J, the distance of 
the “a horizon.” For an actual return to its base, the 
outward going rocket must, of course, begin to de- 
celerate long before it reaches that proper distance. We 
have seen that, as a—> ©, hyperbolic motion becomes 
geodesic motion with the constant velocity of light. The 
a horizon then becomes the event horizon,” from 
beyond which not even light signals can be sent to the 
origin. Letting a —> in (44) we find that for the event 
horizon 


l=1/p (45) 


We can next show that a light signal emitted at the 
origin at or after the time 


(=p In(.S/a) (46) 


will not catch up with a particle released from rest at 
the origin at time /=0 and having constant proper ac- 
celeration a. This is analogous to the situation in 
Minkowski space time where a light signal sent out 
after ‘=1/a will not reach the receding particle. To 
prove our assertion, we note from (19) that the equation 
of motion of a light signal emitted at the origin at /=0 is 


l= p-'(er'—1). (47) 


Solving for /, we find the cosmic time /, needed for the 
signal to travel a proper distance /, namely 


(,= p™ Inpl+O(l"). (48) 


On the other hand, from (43) we find 
et = 2¢la '+2+O0(0"), 


which, when substituted in (33), gives the cosmic time 
t, which the particle takes to travel the distance /: 


tp= p Inpl+ p™ In(S/a)+O(t-"). (49) 


The difference between the times needed by the signal 
and by the particle to attain a given cosmic distance / 
is found by subtracting (48) from (49); if in this dif- 
ference we let 1—>+ ~, we obtain (46). We may note 
that when p/a is small compared with unity, the critical 
time is approximately 1/a, as in special relativity. 

For the sake of comparison we give brief mention to 
the case of unaccelerated motion in de Sitter space time. 
Tolman” has given the analysis of geodesic (i.e., un- 
accelerated) motion in a space time referred to the 
Robertson-Walker metric. In the present notation 
Tolman’s formula (153.6) becomes 


(2?—1=A/R*(t), 


Monthly 


(50) 
*W. Rindler Astron. Soc. 116, 662 
1956). 

* See reference 16, Sec. 153 


Notices Roy 
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where A is an arbitrary constant. Thus in all models 
with unbounded expansion y=/' — 1, i.e., the particle 
ultimately comes to rest relative to the substratum. For 
de Sitter space time, using (24), we easily find from (50) 
that 


1/yo—1\! 

r, = \imr= ( ‘ (51) 
re Na +I 

where yo is the Lorentz factor of the particle at the 
origin. This formula gives the radial coordinate at which 
the particle ultimately comes to rest. Thus the proper 
distance /=r,, gives a horizon for ballistic missiles with 
an available take-off speed corresponding to a Lorentz 
factor yo. From such a distance the missile can no 
longer be shot back to the origin. 


5. NUMERICAL CONSIDERATIONS 


It will not be out of place here to compute a few of 
the numerical values involved in possible space travel. 
Present day space vehicles do not, of course, travel with 
constant proper acceleration, but schemes have been 
discussed for providing permanent thrust by the anni- 
hilation of matter carried on board or of hydrogen 
scooped up in flight. Something approximating to 
motion with uniform acceleration could then result. 
The terrestrial gravitational acceleration g would no 
doubt be the most comfortable intergalactic cruising 
acceleration. With it, we should reach the g horizon 
comparatively quickly, as measured by the proper time 
on the rocket. This proper time we find by equating the 
right members of (43) and (44), which gives 


gp S741. 52) 


coshgr 


\IcMillan® has observed that if we measure time in 
years and distance in light years, the value of g is 1.03. 
As for p, the recent redetermination of Hubble’s con- 
stant is not yet completed, but it seems to be agreed 
that the value 1/p 
more 


10"° years is not likely to be out by 
than a factor of 2. With these values for g and p 
we find from (52) that r= 23.0 years. Even if the error 
in 1/p is as much as a factor of 2, the corresponding 
error in 7 is no more than +0.7 year. The proper time 
needed to reach the event horizon is only infinitesimally 
greater than that needed to reach the g horizon. From 
(43) we have 


dl= (g/q) sinhgqrdr = qidr. 


But the di relevant to our question is the difference 
between the right members of (45) and (44), and for / 
we can take either of these, whence 


dl l 


Combined with the this gives 


dr = p gq 


| ne cosmic 


preceding relation 
3x 10-* second. 

time elapsed during the trip to the 
horizon is easily calculated from (33). It comes to 
6.9X 10° years. In this time the proper distances be- 
tween the galaxies in the universe have just more than 


10-” years 
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time 
(1/p) In2 which it takes a light signal to travel from the 
origin to the event horizon, and this cosmic time differs 
by less than one year from that taken by our g rocket. 
This follows from the remark after Eq. (49) above. 
One fact brought out by such calculations is the vast- 


doubled. They double exactly in the cosmic 


ness of the terrestrial acceleration in a cosmological 
context. A graphic view of this fact is that a radius of 
curvature of approximately one light year is extremely 
small compared with intergalactic distances of the order 
of millions of light years; or, a rectangular hyperbola 
with unit semiaxes and linear extension of the order of 
10° units is hardly distinguishable from its asymptotes 
(light paths 

As long as pe*’ is small « 
formulas (32), 


ompared with a, our main 
(33), (38), (43) do not differ apprec iadly 
from their counterparts 10(7)-(iv) in special relativity. 
Thus with a~1, when r is less than 18, pe®’ is still less 
than 1/100, and special relativistic formulas give fair 
approximations 
Unfortunately, the prospect of ever realizing the 
acceleration g intergalactically seems slight. Consider 
i) matter carried 
hydroge n x ooped up 


method of 


the two most likely sources of energy 
on board, and 11) 
in flight 
propulsion consists in 


intergalacthk 


In either case the most efficient 
the available mass 
totally into propellant radiation. In case (i), if the total 


rest mass of the vehicle at its proper time r is M and 


converting 


radiative energy & c’dM/dr is emitted per second 
(we temporarily adopt cgs units), the momentum gained 
per second by the vehicle is E/c relative to its rest 
frame. Consequently, if the process is regulated to pro- 
since 


duce constant proper acceleration a, we have, 


the rest frame 
cdM /dr=(a/c)M, M)y/M=e" 


\ ratio of Mo/M much 
larger than 10° would seem to be impracticable, and 
this makes the ratio ar/< The maximum distance 
we could reach in, say, fifty years of proper time is then 
found from (43) to be less than 3500 light years, a cos- 
mologically quite 
not even take us out of our own galaxy 

In the second method, viz., that of scooping up hy- 
drogen, the rest mass of the column of hydrogen in 
front of the vehicle corresponds to the rest mass My— M 
annihilated in the first method. The steady-state theory 
predicts an intergalactic hydrogen concentration of the 
order of 10-” 
and extending from the earth to the event horizon 
(10” light years) would contain no more than 0.1 gram 
of hydrogen. A square scoop of side 1 km would pick 
up no more than 10° tons in all that distance, and so this 


Newton’s laws apply in 


where M,j is the initial rest mass 


insignificant distance which would 


g/cm’ and thus a column one cm* across 


method would seem to offer no advantage over the first. 
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APPENDIX. MARDER’S DEFINITIONS 


Three years ago Marder® briefly proposed two defi- 
nitions of ‘‘uniform acceleration in special and general 
relativity” which should be further clarified. In the 
notation of the present paper, Marder’s first definition 
stipulates that (i) g,.4*A” remain constant and that 
(ii) A* remain in a plane determined by two orthogonal! 
unit vectors L* and M*, of which the first is timelike 
and the second spacelike, and which are transported 
parallelly along the path. Marder finds that, if L*=l™* 
at the beginning of the motion, U’* must then satisfy 
what is exactly Eq. (17) above. Hence, our definitions 
are equivalent. The simpler stipulation that U*, rather 
than A*, should remain in such a plane also implies 
Eq. (17) and would be analogous to the demand for the 
“plane-ness” of the path. 

Marder’s second definition is dynamical. The vector 


C*= — A*— (m'/m)U*, (1) 


where m is the rest mass of the moving particle, is to be 
transported parallelly along the path. Evidently, al 
though this is not stated, C* is minus the four force per 
unit rest mass: C*=—(1/m)D(mU*)/dr. In_ these 
terms the definition seems “reasonable”. But it does 
not reduce to hyperbolic motion in flat space time 
(except in the degenerate case of geodesic motion), it 
implies a very special change of rest mass, and it leads 
to infinite proper accelerations. Writing 


f= —m'/m, (II) 
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we have, from (I) 


According to the definition, DC*/dr=0, whence 
DA*/dr= 8 U*+tA*. (IIT) 


Multiplying by U, and A, in turn, and using the re- 
lations given after (15), we find, respectively, 


w=, (IV) and aa’= fa’. (V) 


Now suppose a is constant and nonzero. Then £0, 
from (V), and DA*/dr=0, from (II1). But this means 
a=0 since U,DA*/dr=a®. Thus hyperbolic motion 
with a#0 is not included in this definition. If a is nol 
constant, it follows from (II) and (V) that 


ma=k(constant), (VI) 


which shows that the fotal proper three force is constant 
and not the proper three force per unit rest mass, as in 
hyperbolic motion. In addition, the proper mass must 
vary in a prescribed manner: from (II), (IV), and (VI) 
it follows that mm”—m"=—k, whence m= (k/B) 
sinh (C— Br), B and C being arbitrary constants. Thus, 
from (VI), 


a= B ese h(c— Br), (VIT) 


and this becomes infinite as r + C/B. The purely geo- 
metric equations for the path result if in (III) we sub- 
stitute for & and &’ first from (IV) and (V) and then 
from (VII). 
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The procedure to get the ground-state energy and excitation spectrum by looking at the normal modes for 
the simple excitations of a many-body system is extended and applied to a system with singular interaction 
It is shown that the singular two-body interaction can be consistently replaced by the so-called reaction 


matrix in the equations of motion and in the expressions for the energies « 


INTRODUCTION 


PROCEDURE to investigate directly the equa- 

tion of motion of an operator which represents a 
simple excitation of a many-body system to obtain 
knowledge about the ground-state energy and the 
character of a simple excitation of the system'~* is de- 
veloped further to show that the “bare” two-body inter 
action potential in the equation of motion can be re- 
placed by the ‘reaction’ matrix without a perturbation 
expansion in the coupling constant. For a system of Bose 
particles, we obtain a phonon spectrum and ground- 
state energy similar to that given in an earlier work,‘ 
and for a system of Fermi particles, we derive the 
ground-state energy® and the equation of motion for 
pair excitation® in terms of the reaction matrix. In both 
cases our equations become sets of self-consistent 
linear) equations. 


(non- 


MANY-FERMION SYSTEM 


The system of many fermions we consider in this 
section is composed of V fermions with two-body inter- 
actions with its total Hamiltonian given by’ 


Ar = Hew = 2 


ee 
Lu ptplp | 


p 


>» ‘*C *) 
PLpareGp Cad 


V p.ace.r J force 
x V (|) x—x’| W.(x)v,(x’)d*xd*x’, 

*On leave of absence from 
lokyo, Japan 

‘PD. Bohm and D. Pines, Phys. Rev. 92, 626 (1953). 

?K. Sawada, Phys. Rev. 106, 372 (1957); K. Sawada, K. A 
Brueckner, N. Fukuda, and R. Brout, Phys. Rev. 108, 507 (1957 

*P. W. Anderson, Phys. Rev. 110, 985 (1958); 112, 1900 (1958). 

*K. A. Brueckner and K. Sawada, Phys. Rev. 106, 1117 and 
1128 (1957) 

’ The expression we obtained here is analogous to that of K. A 
Brueckner and J. L. Gammel, Phys. Rev. 109, 1023 (1958) 
Expressions (20) and (24) contain effects of hole-hole scattering 
but do not contain the effect of simultaneous excitations of many 
particles [which appears in the expression of the R matrix as A/ 
in the denominator (see this reference) ] 

* The equations of motion we got here correspond to the one 
used by A. E. Glassgold, W. Heckrotte, and K. M. Watson, Ann 
Phys. 6, 1 (1959). See in this connection K. Sawada and R. M 
Rockmore, Phys. Rev. 116, 1618 (1959) 

? To avoid complications, we assume the potential V to be such 
that it does not produce the effect of recombinations of particles 
or holes such as discussed by J. Bardeen, L. N. Cooper, and J. R 
Schrieffer, Phys. Rev. 108, 1175 (1957); and N. N. Bogolyubov, 


Tokyo University of Education, 


ed states 


f ground and excit 


where €,= p?/2m is the kinetic energy and C,*, ¥,(x) 
represent a creation operator and a plane wave, respec- 
tively, in a large volume (Q) with momentum, spin, etc., 
described by p. The usual separation into “particle” and 
“hole” operators for C,* is defined as 


p> pr, (2) 
Pp» P<pr, 


where a*, b* are the creation operators for particles and 
holes, and py=Fermi momentum. However, it is more 
convenient to separate C,* by the following definition: 
Ce >, Gon, 
. one (3) 

M, 


where w, is the “true’’ one-particle energy [defined in 
(4) ], and w=dEy/dN. (Ev=lowest the 
N-particle system, and V=total number of particles. 
Here we have introduced two unknowns, w, and y, the 
equation for which we shall establish later. The reason 
we use (3) in this section is as follows: The “‘true”’ one- 
particle energy is the energy of the one-particle eigen- 
mode which is defined by the following equation of 
motion ; 


A,*,Hr | 


energy of 


WA » 9 (4) 
an ordered 
af b, and tl 
operators defined as in (7 


where 


represents yperator (a combina- 


tion of operators a*, a, 6 1e other normal mode 
below so arranged that the 
creation operator stands always to the left of the 
annihilation operator) which is supplied so as to satisfy 
(4), and Wp is the so-called ome -partic le energy. 
From (4), we get, denoting the .V particle lowest energy 
state and energy by | NV) and Ey, respectively, 


‘true”’ 


HrA,*|N)=(w, stiA 


From the definition of u and the manner of separa- 
w,p>dEy/dN; hence 
for very large N), 
represents an excited state with energy 


> 


tion of C into a and 3b in (3), 
WptEn> (dEn/dN)+En= En, 
and A,*|NV 


VU ethod in the Theory 
s Bureau, Inc., New York, 
1959): in other words, we :; that the interaction does not 
cause a drastic change in the rhroughout this paper, 
we assume a spherically symmetric potential and use the momen 
tum conservation law. [In (1), p+q=r+s. ] 


V. V. Tolmachev, anc ’. Shirkov, A Nea 


of Superconductivity, 1958 
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wpt En, (particle number V+1). For A, NV) we have 
similarly 


HrA,| N)=(—@ptEn)Ap\ N), (6) 
and Ey Wp < E nd (dkx dN)= Ex as hence A p N)=0 
because A,|'N) belongs to the state with particle 
number .V—1 and so its energy cannot be smaller than 
E-y_. In this sense A ,*(A,) is a creation (annihilation 

operator. 

The definition (3) has merit in that a,*(6,) is the 
zeroth order operator for A,*(B,) with exact energy 
and we can work with true excitations; of course, the 
equation for w, will become an intrinsic equation and 
some complication arises from this aspect. Similar to (4), 
we can define two, three, - ---particle normal modes if 
we can find an operator a,* which satisfies 


(a,* Ar | = —w,a,*. (7) 


If a,* contains products of two, three, ---C*’s [in (3) 
(and an equal number of C*’s and C’s) we consider a,,* 
as referring to two, three, ----particle normal modes. 
Some of these modes can, of course, be equivalant to 
products of one-particle modes (the author has not tried 
to enter into the question of the independence of the 
modes defined in this way*; the independence problem 
does not affect the following argument). If w,> muy, 
(u=dEn/dN) for an m-particle mode, a discussion 
similar to that given above leads to the conclusion that 
a,*| NV) represents an excited state with particle number 
m+ N, and if w,<my, a,*| V)=0. If a,* contains only 
the same number of C*’s and C’s (in combination with 
a, 6), for w,>0, a,* NV) represents an excited state of 
the V-particle system and, for w, <0, a,”|.V)=0. (For 
a,|N) all arguments are reversed.) 

Having found sufficient normal modes, we can expand 
the operator representing the total number of particles 
into normal modes ; 


\ => ,C,*C,=> »(ap*+56,) (a,+5,*) 
=> ,[(A,*+B,)(Ap+B,*)+--: ], (8) 


where represents combinations of normal-mode 

operators. Since the total number operator commutes 

with Hr, if we operate with (8) on the wave function 
\V) we get the expression 


\ >» 1+-:-:-, 9 


where --- is the c-number expression obtained by shift- 
ing the normal mode from left to right or vice versa 
(“ordering’’) in order to use the equation a,* | .V)=0 for 
@n<mp (m: m-particle mode). To reach (9), we have 
assumed that a or } in (8) can be expanded into normal 
modes. This assumption is completely reasonable since 
Eqs. (4) and (7) are more numerous than the equation 


*K. Nishijima, Progr. Theoret. Phys. 10, 549 (1953), contains 


a discussion on this point in field theory 
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of motion for the free particle (which can form a com- 
plete set).* 

The separation (3) together with (9) provides the 
fundamental equation with which to proceed. The 
definition w= dEy/d.V, when combined with (9), essen- 
tially determines /y as a function of particle number NV, 
and this is a direct consequence of the fact that we have 
used in “ordering’’ the normal mode the assumption 
that Ey is the lowest energy state of the N-particle 
system. 

Our Hamiltonian can now be split into the following 
form: 


Hyr=Hot+-Hl;, 
Ho= Dp Wp p*Gp— Dp Wypby*byt 


Hy; > o.r.a(ap* +b,)(a,*+5,) 
XAV 9 .9:0.7(€r+6,*)(a,+6,") 


W p)Op*dp— >. pl€p—Wp)dn"b,. 


Le Ep, 


(wp<s 


(10) 


+2 aley- 


The case where the potential V is given by the 
Coulomb repulsion between particles was discussed 
earlier’? [starting from definition (2)] and it was 
found that at high density the pair mode (a*6*, ba in its 
lowest representation) plays an important role. In this 
section, we shall examine the case where V contains 
hard-sphere interactions. Obviously, in this case, the 
zeroth order two-particle mode a*a* can hardly repre- 
sent the creation of particles in this mode because the 
correlation due to scattering with hard-sphere inter- 
action is too big, and we should first of all set up 
equations for normal modes of two-particle (or two-hole, 
bb in zeroth order) states and solve them without 
perturbation expansions. Of course, since we cannot set 
up exact eigenmodes, this being simply too difficult, we 


_ should content ourselves with approximate eigenmodes 


of the form (denoting such an approximate mode by X*) 
[X* Hr )|_= —wX*+¥. 


If Y=0, we get HrX*|N)=(wt+Ew)X*|N)(|N): N- 
particle ground state with energy Ew); X*|N) repre- 
sents the state with energy w+ Ey. Naturally, the eigen- 
mode X* contains a*a*, bb for scattering and also would 
contain other types of excitations attached to it (just 
as the electron interacting with a photon accompanies 
an attached cloud of photons). We should expect the 
approximate eigenmode X* to be “good” if the “inter- 
action” Y contains small interaction. In the present 
case, we show, in the course of constructing X*, that it 
contains only the “‘reaction”’ matrix which is less singu- 
lar than the original V. 


(a) Scattering Eigenmodes 


To find the approximate scattering eigenmode, we 
first construct the equation for it; using (10) we have, 


*M. Gell-Mann and K. A 
1957) and reference 2 


Brueckner, Phys. Rev. 106, 364 
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(2 >» aWp.q" Op Oy" +X p.q"b phy t 2k p.4"ap"b,), Hr | 
U Up uP” (v> ’ 2 


Xp ”" )} +2 i» 4 ay*b,{ 


* * n 
€; T Wy —€q) (ap sy Vp q +b,b,X, ” + 2a, 


ee! SP 


a,*d,+a,*b,:*F, 


where 


+ 2a,*b 


»+b,b,)t 


p.air.es 
V k UT V; 
By setting (11) equal to the following quantity (—wX™*) 
(representing the quantity in the square bracket by ¥"), 
(11)=—w, Lp a(Wp q"@p*aq” TX» a"b yb, 
+2€,.q"@p"b,)+¥", (11’ 


and constructing equations for y, x, and &, we get the 
approximate normal mode Y,* 
2 Up.a:p’.q' (Wp 


and interaction Y" 


(Vp 


(Wp 


see from these equations 


*o.P .@ 


We can that w and x are 
coupled to each other to give the eigenvalue equation 
but & is determined solely by ¥ and x, and hence & (or 
operator a*b) represents the “attached” field in our 
scattering mode. The energy w, in the above equations 
is not determined yet and should be determined later. 

The first two equations of (12) can be written com- 
pactly as follows; defining 


Vp.0" 1 1+0( p,q; u) Wp.0”, 
Xy.a"=3L1—0(p,9; uw) Wo.0", 
O(i, 7: mu 1 , and wj>u, 


uw 

if w; and wi <p, 
otherwise, 

we get 


{w.— 


(wp tw) }V p.0" 


»’.0’9 (p,q; uw), ’"s (13) 


aa PD POG 
and the orthonormality condition 
V p.0""O( 0,9; HV 9.9"= 


O(w,;2u)= 1 if 


. >.) 
Le Pe Ow nO(Wn; LM), 


wn > ly, 


=—1 if wa<2p. 


95 


SAWADA 


Xy q ’ 


(Wpt 


*he 


SP 


2 DU v.alEp.g" tXp T(E 9.q°Bq bet ba *b oF ».< (11) 


The solutions of Eq 
with w,>2yu and w,<2y. To proceed, for simplicity we 
assume V is such that it gives for (13) only the continu- 
[See also footnote for Eq. (1). 


13) have both types of solution 


ous eigenvalue w 
Following the considerations concerning Eq. (7), we 
should write our approximate scattering eigenmode as 


follows: (we here do not 


tion on WV’ 


sper 


ify the boundary condi- 


(X,*=)0,.V¥,."(a." 125 


Pd “ LP.4 
XL» a’ Up.a:p {wa— (wpt+w,)} 
Wn> 2p, 


for Ww 


a,p*b, 


for 
n<2p, (14) 
where as usual the starred operator means creation and 
the nonstarred operator of the 
corresponding eigenmode. 

By using a completeness relation for the wave func- 
tion ¥", 


means annihilation 


Dn 9(p,95 WV p.q"O(wn; 


2u Vv p 


(15) 


[note that this relation only applies for pg, p’g’ which 
both larger or 
can the 


eigen- 


satisfies w, and w, (or wy and w, 


we obtain 


smaller than yu simultaneously 
f bb 


expansion of a*a* and into 


modes Y,,* 


approximate 


és te" 


bb.) 


(16 


for w, and w,<y, 


where Eq gives a*a* and w,>w, and bb 


and in he subscript m means 
states w, > 2y 2u), and 
Fe pa.” 0(p’,q’ (17) 


S , 
a PF P 


Ryq.” 
defining space [ the de hning space is Wp and Wg both > 
or both <u, but in (16) R,-,-." has wp >yw and wy <p; 
hence we put a bar on R |. Substituting (16) into F, 
defined in (11), we have 


is a reaction matrix merging into the outside of its 


, as 


F,.=>.R...*(a,* ap*b oR +2”? (16’) 


12'S ° 
~ hm 


P.@ 





GROUND AND EXCITED 


where 
R re’ ® = 


Upq re 


=D Ryg."Wwn; wR...” {w.—(wpt+w,)}, (18) 


(this reduces to the ordinary two-particle scattering 
R matrix if 4 — 0; one can see this by using complete- 
ness for ¥"), is the reaction matrix for which both legs 
may be out of its defining space. Since (16) shows that 
F,, contains a* and 8, we now shift a* to the extreme 
left and 8 to the extreme right in the “interaction” term 
(Y") in (11); the reason for doing so is that our operators 
a* and 8 are much better operators than a*, a or b*, b, 
etc. [namely, when written down by (approximate) one- 
particle normal modes, a (or a*) can contain operators 
which represent creation (or absorption) of particles 
as well] and since a*(8) represents creation (annihila- 
tion) of scattering modes the latter position of the 
operator guarantees a minimal effect of the scattering 
mode on the equation. 
We obtain in this way; 


a,* 
(S| 
Br 
a,” 

a 8 )-2 Le ape" t+&5,0") 
XDolXin am*h gy(a,*ay+a,%,*) 
a (a p*dyt+ay*by*) dom Bak oo’ 
+2 pr .git Op *Gy*(Gyrby tbe be DR og?" 
—2 L» al Ep." +Xp a”) 
XLe (De an*R pq’ (Aqrbg+b,*b,) 
= (A ybg+b4*b,)> m Bale 59°” 
+2 Li" ody "ag tay *by* baby R pa ’ *) 


(19) 
with an equation for w,,° 


Le v.09 —Z x 9 


(wq<s) We <p 
Wn< 2p 
a 
Wy>u 


Wp=tpt2 


| a, oe 
- - |, (20) 
) 


Wn— (Wetw, 
or 


w@p( >) = 


> R 5_”* 
tot | =: eo 


Wp( <p) = 


} oS, 
Sp 


(20') 
(on<2p) W,— (wptw,) 


To get (20’) we have used Eq. (18) together with the 
relation derivable frorn the completeness relation (15) 
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[multiplying on the right of (15) with 6-7 and using the 
expression VW" = "+ (w,—w)~'v- OW" ] 


k ve’™ =6( p,q p) 


(new 


n Wa— (wetw,) 


e.. "O(w,; wR...” 
— ). (18’) 


(This expression also gives the ordinary reaction matrix 
for two-body scattering in the limit 4-0.) The last 
two terms of (19) represent the “interaction” between 
(approximate) normal modes a, 8, and other modes 
(including collective eigenmodes which we shall discuss 
in the next section). At this point, we should point out 
that Eq. (19) is exact and can be used to find a more 
exact eigenmode. 

Now, turning to the one-particle mode, we have its 
equation of motion given by the following: 


[(0.)"] 


with F defined in (11); using (16’) for F and shifting a* 
to the extreme left and 6 to the right, we have for (21), 


b b, 
(o)#*] --#(, 7) 
a,* a,* 


—LlXn anh, 9"(a,+b,*) 
—(a_t b*) Ln R pa"Bn 
+2 De: ax*(ba,—b,*b)R,,,*}, (22) 


b, fi 
~of )-z. F y.q(@g+6,*), (21) 
a 


ay 


with w, given by (20) or (20’). In the approximation 
which neglects the interaction term in (22), a,* (or 6,) 
represents the normal mode for one particle and hence 


N|N)=3,(a,*+6,)(a,+6,*)| NV) 
* >, 1-/.), 


(ep<s 


\V= 


2d» |, 


epcr 


(23) 


which determines » as a function of NV. [Usually this 
equation gives u4=wpr where pr is determined by 


V= L» 1. ] 


(p<p 


The ground-state energy in this approximation can 
be obtained by integrating the relation dEw/dN =, but 
since this cannot be performed explicitly, we content 
ourselves here with the result obtained by the following 
procedure: Writing down the total Hamiltonian (10) 
using (16’) and shifting the operators a* and 8 (and 
8", a) to the left and right, respectively, we get a 
constant term and sums of operators which have zero 
expectation values in the ground state (in the approxi- 
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mation we are considering). The constant term is our with 
ground-state energy,® : 

a Q..»=2). > 
Ey €p Lu» 4 k pa" 


equ 


T Le @ 9( p,q; M) Lin Ry “R pa 


” 


{w,- (Wp TW, 3 (24) 


Unfortunately, we cannot find the exact relation 
dE-n/dN 7 between (24) and (23), but if one restricts 
d/dN to operate only on the limitation on momentum 
sums [ namely, w)<y, wy, w, <u and 6(p,q; ) ] one gets 
dEy/dN#y; to this extent (24) is the approximation 
to Ey obtained by integration of equation dEn/dN M 
[namely, at low density; there is no guarantee that (24) 
approximates Ey obtained by integration at moderate 
or high density | 

Equation (20) together with (13) is the self-con- 
sistency equation and (24) approximates the ground- 
state energy. 


Pair-Scattering Mode 


rurning to the eigenmode which represents pair 
scattering (particle-hole correlation), we have the 
equations of motion derived from (10) 
é,)a,*b.*— A,» (0 a Oa IR par? © 9; 
(ap*a, "FP o.a’' t ay" F 4.4 29b) 
Wp, W, are given 44. (20). We can see by comparing 
(26) and (28a) that the interaction v is replaced by a 


reaction matrix 


*Fyq'Qq), (25 which is in fact the ordinary reaction matrix for 
scattering if u — O as can be I ising the complete- 
where ¢ and F are defined in (11) and the expansion of ness relation for nd represent the rather 
F into the approximate scattering eigenmode is given weak interaction induced bv t} ca in fact 


by (16’); 8-— 0 for »— 0 and int VP in 


. this limit, namely the difference between two reaction 
| 2 p(a, *b, *+a, *a ; 


b..*b ; } . matrices. M and pr nt “interaction” and contain 
—D y+d,-a ‘ (20) ' 

jis. xh as an interaction ker! { ction matrix only 

: " ; 7 nro oa 
and the dagger means complex-conjugated and trans- Equations (27 £7) pl ol equa 


: niin tn ate Matinne af the ewetem 
posed operator tions to discuss I € system 
After shifting a*, 8* to left and a, 8 to right in (25), when he interacts heli repulsion. 

The eigenmode ppl nat 
packet, 


we arrive at the following equations ; 


[a,*b,*,Hr | W»p—w,)a,*b,*¥— @, 
+ 
M. mr 
a,*a,,Hr | 
and from (27) we that. if we yg ind @ as 
small, essential coupling Kist y for d and © (whicl 


0 “6,1 ‘ ‘ b ," asp determines the eigenva state a) and hence the 


fields X and = can | regarded as attached fields. We 
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will not go into the details of this calculation although 
we may proceed in the same way as in section (a): 
Namely, in setting up the equation for (30), we leave 
the one-particle energy w, undetermined and determine 
@, as a sum of the right-hand side of (20), and Aw, 
which arises from the ordering of operator YX,’ in the 
interaction term (M and NV). Similarly for (22), we can 
expand ba, in the last term of the curly bracket into 
X,’; making a shift of creation and annihilation 
operators, we get the residual change in w, in the first 
term of (22). The same effect would arise in (19) also. 
Corresponding to the VR replacement, we find a 
“shielding” of the interaction R for small-momentum 
transfer occurring in the “interaction” term due to the 
partial attachment of the fieids a*a, b*) in (30). 

In concluding the case of Fermi systems, we should 
emphasize that all equations written down in Secs. (a) 
and (b) are still exact, except the energy of the ground 
state (24), and hence we can use these equations to get 
more correct normal modes, excitation energies, and 
ground-state energy; moreover, from these equations 
we can get the lifetime of the collective excitations [ or 
of the packet we made in (30) } as well. 


Il. MANY-BOSON SYSTEM 


The system of Bose particles can be described (near 
its ground state) by the procedure originally due to 
Beliaev'*-'? in the following manner; in the Hamilto- 
nian, first replace operators which represent the creation 
and annihilation of zero-momentum particles by (N)), 
where N is a ¢ number, and add to the Hamiltonian a 
term 

— > poy Cy*C us, (31) 


uw being some constant, C, representing an annihilation 
operator for a particle with momentum p. Then, after 
the evaluation of energies with the Hamiltonian H7(N) 
obtained in this way, N and yw are determined by 


N = N—(¥y, D peo) Cz*C,¥n), (32) 


(33) 


d 
p=—(Wr,Hr(N)¥p), 
ON 


with Vx the (ground state) wave function belonging to 
the Hamiltonian Hr(N), with N the total number of 
particles. The Hamiltenian Hr(N) has the following 
form: 


“S. T. Beliaev, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 289 
1958) [ translation: Soviet Phys. JETP 34, 417 (1958) ] 

1! N. M. Hugenholtz and D. Pines, Phys. Rev. 116, 489 (1959) 
This paper contains a proof that @,,0=0 holds in general if one 
collects the right combination of quantities. It was suggested by 
Hugenholtz that, instead of evaluating » by using (54), we would 
be able to determine yu by the equation a,,0=90. In this paper, we 
lo not go into detail on this problem. The author is grateful to 
Dr. Hugenholtz for a discussion 

®K. Sawada, Phys. Rev. 116, 1344 
Rev. 115, 1390 (1959 


1959); T. T. Wu, Phys 
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Hr(N) =, Cp*Cp(ept+NV 0. p10.) +4NV 0,0,0,0 
+P 0.¢.0,0Cp ee tl nator 

+> 9.r.cCp"hV0.pce.79C Ce(N)! 
+> v.¢.0 CeCe hV tp.cr0. (NW) 
+¥ 04Vo00CCN 


+F CeCe hV p.c0.0N, 


where ¢,= p’/2m—y and V,,,.,., is the same as defined 
in (1), Vo. pce.) = Vo.pe.et Vo.p:r.2, and all summations 
exclude the zero value of momentum. 

The energy of the system is then given by 


E=Ent+p(¥nr, Dd pwn »*C Wr), 


where Eg is (Wy, Hr(N)¥p). 
Now, when the interaction between particles involves 
hard-sphere repulsion, the correlations between a pair 
of particles are so strong that we should first of all con- 
struct an (approximate) eigenmode which takes into 
account the major part of these correlations. For this 
purpose, let us construct the simplest equation for the 
(approximate) particle-particle scattering eigenmode 
(Wer*"=Wue"): 
Doe We CPC P+ Le Xe"Cih +8", Ar] 
ar Cy" if (ar twiry "2 » q Vico r.0") 
+2 C,*[ = w4eXe"— 2 L» 4 hVo viva) NW y.0”] 
—L >» q bVo O(p.¢@ Vp o"N+ (ded dyn MCF +X4") 
X { (wi —NVo.0:0.%))Ce* 
—2 peels ce tt ined 
—2 Dor Ce*4V 0, pcr. (N)! 
—¥.4Vo.00r.C AN) 
” p P.@ c,*¢ 4 Vv P oo,n(N)4) j 


and the equations for ¥, x, and & [obtained from the 
first two lines of (36) ], 


{wn (wet ws) i 1"= Le 0 BV e.y.aWe.0" 
(Wn—we)X,"=2 Le q 4Vo ec.aWr.a"(N)I, 
wt” = - @ Vo 019.eWa.0°N- 


For simplicity, we have picked out a packet which is 
sufficient to show that all the V’s can be replaced by the 
reaction matrix ; later we will obtain a result indicating 
the need to improve our approximate eigenmode. 

One more assumption we need in order to proceed is 
that w,, which we must determine later, has the 
property w,— 0 for p-—+0 (a condition which should 
be verified later). 

Then we obtain the eigenmode 
Hr(N an” V v= (Wat En )an*Vn | 


Ge" - >. Wi XC YC *+2 >. Ci*Ro* (NYS (wn— we) 
+Roo"N/wn, (38) 


(34) 


(35) 


(36) 


(37) 


[which gives 


where we can see from (37) that the last two terms play 
a role of an attached field ; we assume that we work with 
a spherical potential and a boundary condition for (37) 
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The 


giving the prin = value for the singularity in R. 
means Lee¥ aV pe 1 p.adivk =)» q hh jk(p.aWp.a' 
inverse transformation gives 
n*, * 
7 i _ i Ga 
—2(N) A , eb gl 
N>. RooWxi" 


(Wn— Wp) 
Wr, 


and 


4 ‘“—"’ * 
(p.0)t, Se p 


4 
Man*—2(N)'> ,¢ oy Rop"R vf (Wn— Wp) 
—~N YO , Roo"R,;" (40) 


Using (39) and (40) in the square bracket on the right- 
hand side of (36), Eq. (36) after 


Wr. 


becomes some 


reduction ; 
* Hr | 
~ wnttn* +2 De (Sra r"Ci*+ Roa" (N)1/ (w,—wr) | 
oo rage »°NC 
De Dim Retam*Cy—2 ¥ 9g Cp Ror’? (N)! 
> in Ro. ™am*(N)5}, 


To reduce the equation we used the following identity 
which is derivable from the completeness of y" 


(41) 


This is a representation of the reaction matrix. This 
equation describes the motion of our packet (38) and 
the “interaction”’ term gives an estimate of how “ 
a packet it is; the equation itself is still exact; 
are as yet undetermined. 


good” 


the w,’s 


Let us then examine the single-particle excitation 
[this turns out to give on the right-hand side of its 
equation of motion the same quantity which is in the 
last curly bracket of (41) ] 
(C,*,.H7 ] 

— (e& +2Ro,*N € *p*— Ry. 
=D 2m Rea*e 


NC 
=2 Dp.eCeC.Re?”(N)! 


— yom Ror"am*(N)'. (42) 


By using the first line of (42), we can assume for the 
(approximate one-particle) eigenmode a form 


d,* C,*+0.¢ 


its equation becomes ; 
[ aCy*+0,C_., Hr | 


e*{— (aet+2Ro, 
ON yg, 
k 4 k 
( 


e{ (ex +2R 
—tal? «tn Rema C et? 2 eC, 


>> ™ ig in (>> Ru 


” het The 


T ’ - (N)§4 SMa OM. (43) 


*N)up +R, _.”N0, 


tN i i R, 
" Rea’? (WN)! 


« 
g Xm 


determines 
lines of (43) equal 


Then we which 


and % by 


get an equation 


setting the first two 


SAWADA 


to — aw, (uC ,* T v,C k — «4 ,* 
{a@i— (ee +2Ro, 


—R, Pie 


*N)}uet+R, 
N uit {ait (ea+2Ro, 


from this we have 
=[ (ec +2Ro,.*N)2—(R, 
the energy of elementary excitation 
The coefficients u, and 2, should sat 
hence from (44) we get, 


isfy 


u.?=4[ (&./an)+1 
€x=Ex t+2Ro"*N 
The inverse transform of t 


Cc," (47) 


u,d, . 


To determine w, appearing in the 
scattering mode, we note that the first 
in the curly bracket of (41 
using (46), (47), and (44 


parth e-particle 
and second term 
can be 


written as follows by 


(We €; 


(upd .* —v,d_,.)—R, 


and the first term in the squ 
hand side of (41) ] is 


Diba "C*=Livs 


hence, if WeF We, WE Gel a ¢ number when we shift d,* to 
the extreme left because it does not e with d 
for —/=k. Such a c number on the right-hand side of 
(41) represents the presence of a source which annihi- 
lates or creates a; 
shift a,* once again. 

In order to avoid this, we 


vanish) 


commut 


to remove this source it Is necessary to 


take (to make the c number 


(48) 


and this equation determines w,. Then (41 


[an*,Hr | 
—~ Wnlln 
< [— wird 
oe ee, 


14.25 °,/ 
ro Qui 


(49) 


and the for the single mode (43) 


becomes 


(d.*,Hr] 
= — id, 
+2 2.0 Cp 


+n[>- dn Re’ 


equation particle 


- ' 
— tee] 


These equations are still exact 
V’s are replaced by R’s 
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To determine the ground-state energy in the approxi- 
mation that a, and d, appearing in (49) and (50) 
represent approximate normal modes, we should put 
(40) into the Hamiltonian (34) and perform the shift of 
a* to left and a to right, then again put (47) in and shift 
d* to the left and d to the right. The constant term 
obtained in this way gives us (W(N),Hr(N)W(N)) in 
this approximation : 


Ex= a» aL (é, @,)—1 hep +20 (Wrry’”)} 
+4N2(Qy"y), (51) 
where 
(pM) = LD» are V poh V pacraWre", 
and é, « are defined in (46). By using the relation 
(yw 1) = R;;7+ >. 1 Rev’ Rit/ (wi+-@j;—w,—w,), (52) 


[note that we are assuming the solutions y of (37) 

do not belong to the bound state; hence y"=¢" 

+ (w,—w)'W" |, we get 

Ex=} L,(4,—¢,)—4} = (NR,.-»™)?/ (— 2w,) 
+4N*Roo+¥ » §[ (p/p) —1] 


x2 De Ri’? Ry?N/ (Wwp—we—w). (53) 


The three terms on the right-hand side of (53) represent 
a generalized form of earlier work‘ (note that the w’s are 
contained in the energy denominator of the R’s which 
depend on R through (45); hence the equations form a 
consistent set), and the last term is (part of) a correction 
to it when the particle density is low.'!~'? 

Similarly we can determine yu from (33) by using 


0 ¢ 
y(8)ve). (54) 
v 


4 


0 
u= —(Wx,Hr(N)¥r) (vs, 
ON 


Substituting (40) and (47) into (54) and performing the 
ordering of a*, a, and d*, d, we get 


u=NRow”+>D p 4[(Ep/ap)—1]2Rop””. (55) 
Here, we find a discrepancy with our assumption that 
w»+0=0, because owing to the presence of the second 
term of (55), w, determined by (48) and (45) does not 
satisfy the assumption used throughout, namely that 
wp+o=0.'! This means that to get the right energy 
spectrum we should improve our (approximate) eigen- 
mode a and d by using (49) and (50)."" Finally, N is 
given by (32), using (47): 


N=N->,4((@,/2,)—1]. 


(56) 
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Equations (37), (45), (47), (48), (49), and (50), 
together with (53), (55), and (56) describe the system ; 
among them (55), (45), (48), and (37) form the self- 
consistent set of equations. The energy of the ground 


state is given by (35), namely, 
E=Ext+u Lr Il, @»)—1), (57) 


with w given by (55). 


III. CONCLUSION 


Using the equations of motion for operators which 
represent simple excitations, we constructed a packet 
which approximates an exact normal mode of oscilla- 
tion. When the interaction between two particles is very 
strong, the construction of the approximate scattering 
eigenmode first and making the effect of this (approxi- 
mate) mode on the equation minimal (shifting opera- 
tors representing creation and annihilation of the 
packet), leads to the self-consistent set of equations. It 
was essential to take into account (at least a part of) the 
attached field in the constituent of the normal mode in 
order to get rid of the appearance of a singular potential 
in the equation of motion. 

Our results for the approximate excitation energy and 
the ground state energy represent the first (few) terms 
of these quantities exactly at low density. For higher 
densities, it is known that for the Fermi system when 
the force has long-tail (namely, a Coulomb-type inter- 
action) we should take into account the pair (particle- 
hole) excitation [Sec. I(b) ]. For the Bose system, the 
lifetime of the “phonon” excitation represented by d in 
Eq. (50) must be estimated by using (50) itself, and the 
lifetime should be long enough if the spectrum (45) is to 
represent elementary excitation accurately. 

In this paper, we have not attempted to answer these 
questions but have only aimed at showing that we can 
investigate the interesting properties of many-body 
systems by the construction of (approximate) normal 
modes for particle-particle scattering (and particle-hole 
scattering for a charged Fermi system at high density) 
even when the interparticle interactions contain a hard- 
sphere singularity. 
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Analysis of the Linear Cooperative Problem as a 
Markoff Process, W. W. Mutiins[ Phys. Rev. 114, 
389 (1959) |. In Sec. IV of this paper it is stated 
that the treatment of Kramers and Wannier' is in 
error due to an incorrect use of a certain expression 
for the transition probabilities of the cooperative 
chain. This statement and those that followed from 
treatment of Kramers and 


it are incorrect and the 


Wannier is correct. As Wannier has pointed out, 
the portion of their treatment under discussion is 
concerned with the probabilities of end members of 
a finite chain and was criticized by the author on 
the basis of formulas that apply only to the interior 
members of a long (or infinite) chain. Gratitude is 
expressed to Dr. G. H. Wannier for pointing out 


the author's error 


1H. A. Kramers and G. H 
2G. H. Wannier 


Wannier, Phys. Rev. 60, 252 


private communicatior 


1941 


Monte Carlo Calculations of Nuclear Evaporation 
Processes. III. Applications to Low-Energy Reac- 
tions, |. DostRovsky, Z. FRAENKEL, AND G. FRIED- 
LANDER [| Phys. Rev. 116, 683 (1959 Che entire 
exponent in Eq. (17) on p. 688 should be multiplied 
by (—2). The was used in the 


computer progran 


correct expressio 


Magnetic Quenching of Hyperfine Depolarization 
of Positive Muons, R. A. Ferreiri, Y. C. LEE, anp 
M. K. Pat [Phys 118, 317 (1960) }. In Eq. (3 


on p. 318, omit the expression between the 


Rev 
sign of 
equality and the arrow, including the latter. Omit 
r/2— in the fourth line 

second line following Eq. (5). In thi 


below Eq. (3), 


following Eq. (3) and 
seventh lin 
omit the portion up to the arrow 

Lifetime Matrix in Collision Theory, Friix T. 
SmitH [ Phys 118, 349 (1960 In the ab- 
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